Kyle Bunkers Tails Number of Heads Explainer

1 Problem Statement

You are offered to play a game where you win if you flip heads the number of times I previously
flipped tails. That is, to win, you need to flip heads N times where N = T + 1, with T the
cumulative total of previous coin flips being tails. (Assume a fair coin.) What is the probability
of winning this game? (This comes from the fivethirtyeight Riddler from August 3, 2018. The
solution method is also from there, as I originally just did the simulation in python.)

2 Answer

It is easier to think of this from the other perspective calling a win above a loss below. Then a
“win” only occurs if you flip tails often enough (avoid a flipping heads 7"+ 1 times with 7" the
number of times you previously flipped tails).

The probability of winning on zero previous flips is 27! times the probability of winning on 1 tail
flip, because you have to get a tail initially or you lose. The probability of winning on one previous
tail flip is (1 —272) times the probability of winning on 3 tail flips. Here, the reasoning is that the
only way you lose, is if you flip two heads after your first tail. In any other case you are then on
your second tail. Clearly this will continue, for the T'th tail flip. We have Pr(T") for us “winning”
as

Pr(T)=(1-2"""")Pr(T+1) (1)

Thus, our probability of winning after 7" flips is recursive. The probability of the losing the game
(that is from the beginning) is Pr(0) which we can write as

Pr(0) = (1 =2 Pr(1) = (1 —27OD) (1 — 270+1) Pr(2) (2)
ﬁ — 9~ (s+1) (3)

where we assume limy_, o, Pr(/N) — 1 because then the factor that prevents us from always getting
to the Nth coin flip becomes 2=+ — 0. That is eventually it is “certain” we will win because
the likelihood of a string of heads of that size becomes basically impossible.

Okay, let’s return back to the terminology in the question. What we have found is the probability
of losing after T" flips in the actual game is given by (1). We would like to know the probability of
winning the game overall. This is simply 1 — Pr(0) because Pr(0) is now the probability of losing
the game. Thus the answer is

CTT( ) TT (L) o

s=0 s=1

Let’s see what we get for “partial” products. We have

nn =11 (1~ 1) )
nn =11 (%5 ©)
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We find

® ~ 0.288 788095086 6029
1-9~0.711211904 9133974

(13)
(14)

and so the probability of winning (in the original formulation of the game) is about 71%.

We can find these numbers and do a simulation trial with the file below.

headTailsgame.py
#!/usr/bin/env python3

import numpy as np
import matplotlib.pyplot as plt

# From The Riddler Aug. 3 2018 puzzle

# find the probability to win in a game where you need T+1 heads in a row where T is the number of

previous tails found (with a fair coin)

# calculate series prod_j=1"infty (2°j—1)/2"]
def Phi(digits):

phi=0.5

eps=10*x(—digits)

err=1

j=2

while err>eps:
phiold=phi

phi=(2%xj—1) /2% j*phi
err=np.abs (phi—phiold) /phi
j=j+1

return phi

# set random seed
np.random. seed (1)

# looks through series to see if the game is a win.
def searchseries(series ,comment) :
if comment:
print (series)
tails=0
heads=0
for j in range(len(series)):
if (heads>tails):
return 1
if (series[j]==0):
tails=tails+1
heads=0
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if (series[j]==1):
heads=heads+1
if (heads>tails):
return 1
return 0

# constructs a single game, inefficient as continues
# after game is won to cutoff
# However, this should work well since victories
# should mostly come from short runs, so a small
# cutoff should get us a good approximation
def single_game (cutoff ,comment):

trials=np.random.random(cutoff)

trials=(trials >0.5)=x1

x=searchseries (trials ,comment)

return x

# set cutoff and number of trials of game to play
def trials (num, cutoff ,comment=False):
trial_list=np.zeros (num)
for i in range(num):
trial_list [i]=single_game (cutoff ,comment)
if comment:
print (trial_list [i])
win=trial_list .sum()/np.shape(trial_list)[0]
return win

# actual answer to 10 digits

tru=Phi(15)

print (7actual”,1—tru)

# two trials to see the accuracy we are approximately at
a=trials (10000,9)

b=trials (10000,9)

print (7a” ,a)

print (”b” ,b)
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