
Stellarator and Heliotron Devices Notes

Kyle J. Bunkers

June 10, 2016



2

DRAFT:Wakatani Notes
June 16, 2016

c©K. J. Bunkers



3

Contents

Contents 3

2 Design Principles of Coil Systems in the Stellarator and Heliotron 5
2.2 The Magnetic Surface and the Rotational Transform . . . . . . . . . . . . . . . . . 5
2.3 The Magnetic Well and Magnetic Shear . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.4 The Average Magnetic Surface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.5 The Helically Symmetric Magnetic Field . . . . . . . . . . . . . . . . . . . . . . . . 13
2.6 The Magnetic Island and Destruction of the Magnetic Surface . . . . . . . . . . . . 16
2.7 The Magnetic Surface by Line Tracing Calculation . . . . . . . . . . . . . . . . . . . 19

3 A Description of Magnetically Confined Plasmas 21
3.3 The Vlasov Equation for . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.4 Magnetohydrodynamic Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.5 MHD WaveS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.6 The Drift-Kinetic Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
3.7 The Averaged Reduced MHD Equations . . . . . . . . . . . . . . . . . . . . . . . . 27

4 The MHD Equilibrium of a Toroidal Plasma in Three-Dimensional Geometry 35
4.2 The Generalized Grad-Shafranov Equation . . . . . . . . . . . . . . . . . . . . . . . 35
4.3 The Averaged MHD Equilibrium Equation . . . . . . . . . . . . . . . . . . . . . . . 38
4.4 A Three-Dimensional MHD Equilibrium Calculation based on the Variational Prin-

ciple . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
4.5 The Solov’ev-Shafranov Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
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Chapter 2

Design Principles of Coil Systems in the
Stellarator and Heliotron

2.2 The Magnetic Surface and the Rotational Transform

Note that (W-2.3) is inconsistent with (W-2.4) because of the factor of 2π issue. I will use
ι = ι/(2π) which Wakatani often refers to as ι.

2.3 The Magnetic Well and Magnetic Shear

Note that κ = b̂ · ∇b̂ (W-2.24) with b̂ = B/|B| = B/B also has the form

κ = b̂ · ∇b̂ = −b̂× (∇× b̂) (2.3.1)

using A× (∇×A) = ∇(A2/2)−A · ∇A. And so (W-2.25)

κ = b̂ · ∇b̂ = −b̂× (∇× b̂) = −b̂× (∇×B/B) = −b̂×
(

1

B
∇×B + ∇1

B
×B

)
=
−1

B2
(B× (∇×B)− b̂× (∇B ×B)) =

B · ∇B− ∇(B2/2)

B2︸ ︷︷ ︸
−B×J/B2

+
B∇B −B(b̂ · ∇B)

B2

=
1

B2

[
∇(B2/2)− b̂(B · ∇B) + J×B

]
(2.3.2)

and for J = 0 we then have (W-2.25). We have b̂ · κ = 0 from

b̂ · κ = b̂ · ([∇× b̂]× b̂) = −(∇× b̂) ·
(
b̂× b̂

)
= −(∇× b̂) · 0 = 0 (2.3.3)

We have κ in (ψ, β, φ) coordinates with ∇ψ × ∇β = B = ∇φ then yielding

κ = κψ∇ψ + κβ∇β (2.3.4)

since ∇φ ∝ b̂ so that 0 = κ · ∇φ = κφ| ∇φ|2 = B2κφ = 0 and B2 is not allowed to be zero.
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6 The Magnetic Well and Magnetic Shear

Using that J = 1/∇ξ1 × ∇ξ2 · ∇ξ3

A = A1∇ξ1 + A2∇ξ2 + A3∇ξ3 (2.3.5)

A1 = JA · ∇ξ2 × ∇ξ3 (2.3.6)

A2 = JA · ∇ξ3 × ∇ξ1 (2.3.7)

A3 = JA · ∇ξ1 × ∇ξ2 (2.3.8)

This is seen simply by recalling ∇ξj × ∇ξk isolates the correct component and the J normalizes
correctly. Thus using J = 1/B2,

κψ =
1

B2
κ · (∇β × ∇φ) =

1

B2
κ · (∇β ×Bb̂) = −(b̂× ∇β · κ)/B (2.3.9)

κβ =
1

B2
κ · (∇φ× ∇ψ) =

1

B2
κ · (Bb̂× ∇ψ) = (b̂× ∇ψ · κ)/B (2.3.10)

Using (W-2.25) one can also find that

κ =
1

B

∂B

∂ψ
∇ψ +

1

B

∂B

∂β
∇β +

1

B

∂B

∂φ
∇φ− ∇φ

B3

[
∇φ ·

(
∂B

∂ψ
∇ψ +

∂B

∂β
∇β +

∂B

∂φ
∇φ
)]

=
1

B

∂B

∂ψ
∇ψ +

1

B

∂B

∂β
∇β +

�
��

�
��1

B

∂B

∂φ
∇φ−

�
��

�
��∇φ

B3

∂B

∂φ
B2 =

1

B

∂B

∂ψ
∇ψ +

1

B

∂B

∂β
∇β

(2.3.11)

so κψ = 1
B
∂B
∂ψ

and κβ = 1
B
∂B
∂β

.

A simpler relationship for (W-2.29) is to just use the form directly∮
κψ

d`

B
=

∮
1

B

∂B

∂ψ

d`

B
=

∮
1

B2

∂B

∂ψ
d` =

∮
∂

∂ψ

(
− 1

B

)
d`

= − ∂

∂ψ

∮
d`

B

(2.3.12)

∮
κψ

d`

B
> 0⇒ ∂

∂ψ

∮
d`

B
< 0 (2.3.13)

Then note that because (α being the angle between ∇φ and dx with | dx| sin(α) the distance along
a magnetic field line since ∇φ = B)

dφ = ∇φ · dx = | ∇φ|︸︷︷︸
B

| dx| sin(α)︸ ︷︷ ︸
d`

= B d` (2.3.14)

Note that because L = φ0/B for these integrals, the factor of −1/2 in the integral with dφ still
works out to the same as with the integral with d`.

The condition (W-2.34) comes from using ∂φ0

∂ψ
= 0 with φ0 > 0 and so

1

φ0

∂

∂ψ

∮
d`

B
< 0 (2.3.15)

∂

∂ψ

∮
d`
B

φ0

< 0 (2.3.16)
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Design Principles of Coil Systems in the Stellarator and Heliotron 7

∂

∂ψ

( ∮
d`
B∮

B2 d`
B

)
︸ ︷︷ ︸

〈B2〉

=
∂

∂ψ

∮
d`
B∮

d` B
< 0 (2.3.17)

∂

∂ψ

1

〈B2〉
=
−1

〈B2〉2
∂

∂ψ

〈
B2
〉
< 0 (2.3.18)

∂

∂ψ

〈
B2
〉
> 0 (2.3.19)

with the definition

〈Q〉 ≡
∮

Q

B
d`

/∮
d`

B
(2.3.20)

The book tries to be too clever, defining Bζ = B · ∇ζ = 1/(2πJ ) not 1/(J ) based on (W-2.22).
What Wakatani has done, is used J = ∇ψ × ∇β · ∇φ and then defined ζ/(2π) = φ, ∇ζ = 2π∇φ
so that 2πJ = 2π∇ψ × ∇β · ∇φ = ∇ψ × ∇β · ∇ζ = Jζ .

It still follows that with J = <{
∑

m,n Jm,nei(mβ−nζ)}

dV

dψ
=

∫ 2π

0

dζ

∫ 2π

0

dβ J (2.3.21)

dV

dψ
= (2π)2J0,0 (2.3.22)

I have no idea what is meant by (W-2.40) with the comment about (W-2.7). We just showed that
(W-2.37) is exactly given by the m = n = 0 component only, so although the written form is
correct it seems somewhat odd to write out

∫ 2π

0

dζ

∫ 2π

0

dβ J =
dV

dψ︸︷︷︸∫ 2π
0

∫ 2π
0 J0,0 dβ dζ

+<

{∑
m,n

′
∫ 2π

0

dζ

∫ 2π

0

dβ Jm,nei(mβ−nζ)
}

(2.3.23)

So we then find for (W-2.41) with β = β0 + ι(ψ)ζ that passes through β = β0 and ζ = 0 with
N circuits around the torus. Wakatani seems to have normalized by N , the number of toroidal
circuits. I am unsure why he chose this definition, as it is unusual for flux tube specific volume.
Also, (W-2.41) and (W-2.42) are inconsistent, but I am pretty certain there is not supposed to be

DRAFT:Wakatani Notes
June 16, 2016

c©K. J. Bunkers



8 The Average Magnetic Surface

the factor of 1/(2π) in (W-2.41).

U(ψ, β0) =
1

N

∫ L

0

d`

B
=

1

N

∫ 2πN

0

dζ

Bζ
=

∫ 2πN

0

2πJ dζ = 2π

∫ 2πN

0

<{
∑
m,n

Jm,nei(mβ−nζ)} dζ

=
2π

N

∫ 2πN

0

<{
∑
m,n

Jm,nei(m(β0+ιζ)−nζ)} dζ =
2π

N

∫ 2πN

0

<{
∑
m,n

Jm,neimβ0ei(mι−n)ζ)} dζ

=
2π

N
<

{∑
m,n

Jm,neimβ0

∫ 2πN

0

ei(mι−n)ζ) dζ

}

= (2π)2J0,0 + <

{∑
m,n

′Jm,neimβ0
ei(mι−n)ζ

i(mι − n)

∣∣∣∣2πN
0

}

= (2π)2J0,0 + <

{∑
m,n

′Jm,neimβ0
e2πNi(mι−n) − 1

i(mι − n)

∣∣∣∣2πN
0

}

=
dV

dψ
+ <

{∑
m,n

′Jm,neimβ0
e2πNi(mι−n) − 1

i(mι − n)

}

=
dV

dψ

[
1 +

1

(2πN)J0,0

<

{∑
m,n

′Jm,neimβ0
e2πNi(mι−n) − 1

i(mι − n)

}]
(2.3.24)

In the case that ι = n0

m0
, N = n0 then we would find

U(ψ, β0) =
dV

dψ

[
1 +

2πn0

(2πn0)J0,0

<
{
Jm0,n0e

im0β0 + J−m0,−n0e
−im0β0

}]
=

dV

dψ

[
1 +

1

J0,0

<
{
Jm0,n0e

im0β0 + J−m0,−n0e
−im0β0

}] (2.3.25)

2.4 The Average Magnetic Surface

dxk
dt

= fk(xi, t, α) (W-2.45)

xk = ξk + εg1k(ξi, t, α) + ε2g2k(ξi, t, α) + · · · (W-2.47)

dξk
dt

= h0k(ξi, t) + εh1k(ξi, t) + ε2h2k(ξi, t) + · · · (W-2.48)

Note for (W-2.45) through (W-2.49) that what we are using is

d

dt

[
ξk + εg1k(ξi, t, α) + ε2g2k(ξi, t, α) + · · ·

]
= fk(ξi + εg1i(ξj, t, α) + ε2g2k(ξj, t, α) + · · · , t, α)

(2.4.1)

d

dt
=

∂

∂t
+
∂α

∂t

∂

∂α
+
∂xi
∂t

∂

∂xi
=

∂

∂t
+

1

ε

∂

∂α
+
∂ξi
∂t

∂

∂t
(2.4.2)
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Design Principles of Coil Systems in the Stellarator and Heliotron 9

where we are using that for each ∂
∂t

that we have g`,k(ξi, t, α) and that we have

dξi
dt

=
∂ξi
∂t

(2.4.3)

So that we in fact have suppressing variable dependencies gγ,` = gγ,`(ξδ, t, α), hγ,k = hγ,k(ξδ, t) and
fk = fk(ξi, t, α)

d

dt

[
ξk + εg1k + ε2g2k + ε3g3k + · · ·

]
=

{
fk(ξi) +

(
εg1i + ε2g2i + · · ·

) ∂fk
∂ξi

+
1

2

(
εg1i + ε2g2i + · · ·

) (
εg1j + ε2g2j + · · ·

) ∂fk
∂xi∂xj

+ · · ·
}
(2.4.4)

dξk
dt

+ ε

(
∂g1k

∂t
+

dξi
dt

∂g1k

∂ξi

)
+
∂g1k

∂α
+ ε2

(
∂g2k

∂t
+

dξi
dt

∂g2k

∂t

)
+ ε

∂g2k

∂α
+ ε2

∂g3k

∂α
+ · · ·

= fk + εg1i
∂fk
∂ξi

+ ε2g2i
∂fk
∂ξi

+
1

2
ε2g1ig1j

∂fk
∂xi∂xj

+ · · ·
(2.4.5)

h0k + εh1k + ε2h2k + ε

(
∂g1k

∂t
+ (h0i + εh1i)

∂g1k

∂ξi

)
+
∂g1k

∂α
+ ε2

(
∂g2k

∂t
+ h0i

∂g2k

∂ξi

)
+ ε

∂g2k

∂α
+ ε2

∂g3k

∂α
+ · · ·

= fk + εg1i
∂fk
∂ξi

+ ε2g2i
∂fk
∂ξi

+
1

2
ε2g1ig1j

∂fk
∂xi∂xj

+ · · ·

(2.4.6)(
h0k +

∂g1k

∂α

)
+ ε

(
h1k +

∂g1k

∂t
+ h0i

∂g1k

∂εi
+
∂g2k

∂α

)
+ ε2

(
h2k + h1i

∂g1k

∂ξi
+
∂g2k

∂t
+ h0i

∂g2k

∂ξi
+
∂g3k

∂α

)
= fk + εg1i

∂fk
∂ξi

+ ε2
(
g2i
∂fk
∂ξi

+
1

2
g1ig1j

∂fk
∂xi∂xj

)
+ · · ·

(2.4.7)

Or collecting like powers of ε

h0k +
∂g1k

∂α
= fk

h1k +
∂g1k

∂t
+ h0i

∂g1k

∂ξi
+
∂g2k

∂α
= g1i

∂fk
∂εi

h2k + h1i
∂g1k

∂ξi
+
∂g2k

∂t
+ h0i

∂g2k

∂ξi
+
∂g3k

∂α
= g2i

∂fk
∂εi

+
1

2
g1ig1j

∂fk
∂xi∂xj

(W-2.49)

Note that with f = f + f̃ and applying averaging to both sides again.

f = f + f̃ = f + f̃ = f + f̃ (2.4.8)

0 = f̃ (2.4.9)

However, the note below (W-2.51) that f̂ =
∫ α

0
dα′ f̃(α′) = 0 is clearly false. First, let’s change

this into a better looking formula by exchanging the integral order and changing dummy variables

f̂ =

∫ α

0

dα′ f̃(α′) =
1

2π

∫ 2π

0

dα

∫ α

0

dα′ f̃(α′) =
1

2π

∫ 2π

0

dα′
∫ 2π

α′
dα f̃(α′) (2.4.10)

=
1

2π

∫ 2π

0

dα′ (2π − α′)f̃(α′) =
1

2π

∫ 2π

0

dα (2π − α)f̃(α) =
�
��2πf̃ − αf̃ (2.4.11)
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10 The Average Magnetic Surface

Now as a counterexample, take the periodic function f = 1 + sinα (or f = sinα if you prefer).

Then f = 1 (or f = 0), f̃ = sinα and so

f̂ =
1

2π

∫ 2π

0

dα

∫ α

0

dα′ sinα′ =
1

2π

∫ 2π

0

dα (− cosα′)
α
0 =

1

2π

∫ 2π

0

dα (1− cosα) = 1 (2.4.12)

αf̃ =
−1

2π

∫ 2π

0

dα α sin(α) =
−1

2π

∂

∂t

∫ 2π

0

dα − cos(tα) =
1

2π

∂

∂t

(
sin(tα)

t

)2π

α=0

=
1

2π

∂

∂t

(
sin(2πt)

t

)
=

2πt cos(2πt)− sin(2πt)

2πt2
= 1

(2.4.13)

If instead we choose f̂ =
∫ α
α0

dα′ f̃(α′) so that we get the indefinite integral (i.e. if g(α) =
∫

dα f̃(α)

then g(α0) = 0 and so f̂ = g(α)) this then works. This is equivalent to choosing the C to be 0
for each integration in a Fourier series. To prove this, we recognize that the periodic function can
be expanded in a Fourier series, with the m = 0 component being f so that (with the ′ indicating
skipping m = 0)

f̃(α) = <

{
∞∑

m=−∞

′f̃me
−imα

}
(2.4.14)

and so using that we’ve chosen α0 such that the constant of integration is zero we then have

f̂(α) =

∫ α

dα′ <

{∑
m

′f̃me
−imα′

}
= <

{∑
m

′f̃m
e−imα

−im

}
= <

{∑
m

′if̃m
e−imα

m

}
(2.4.15)

Note then that this is in fact a new Fourier series with hm = if̃m/m, and that taking α→ α+2πM

for M an integer gives the same answer. So then f̂(α) is a periodic function with period of 2π as
well.

Now if we average this

f̂(α) =
1

2π

∫ 2π

0

<

{∑
m

′ if̃m
m
e−imα

}
= <

{∑
m

′ if̃m
2πm

e−im(2π) − e−im(0)

−im

}
= 0 (2.4.16)

as e−im(2π) − e−im(0) = 1 − 1 = 0 and there is no m = 0 component by definition. This actually
leads to a rather nifty identity.

We use

f̂ =

∫ α

α0

dα′ f̃(α′) =
1

2π

∫ 2π

0

dα

∫ α

α0

dα′ f̃(α′) =
1

2π

[
−
∫ α0

0

dα′
∫ α′

0

dα f̃(α′) +

∫ 2π

α0

dα′
∫ 2π

α′
dα f̃(α′)

]
(2.4.17)

=
1

2π

[
−
∫ α0

0

α′f̃(α) +

∫ 2π

α0

dα′ (2π − α′)f̃(α′)

]
=

1

2π

[
−
∫ α0

0

α′f̃(α′) +

∫ 2π

α0

dα′ (2π − α′)f̃(α′)

]
(2.4.18)

=
1

2π

[
2π

∫ 2π

α0

dα′ f̃(α′)−
∫ 2π

α0

dα′ α′f̃(α′)−
∫ α0

0

α′f̃(α′)

]
=

1

2π

[
2πf̂(2π)−

∫ 2π

0

dα′ α′f̃(α′)

]
(2.4.19)

= f̂(2π)− α′f̃ (2.4.20)
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Design Principles of Coil Systems in the Stellarator and Heliotron 11

Since this must equal 0, we find (using M ∈ Z)

f̂(0) = f̂(2π) = f̂(0 + 2πM) = αf̃ =
1

2π

∫ 2π

0

dα αf̃(α) (2.4.21)

Let us now prove

∂

∂α

(
âb̂
)

= 0 (W-2.56)

Remember that ∂
∂α
f̂ = f̃ . Now let’s just write out

∂

∂α

(
âb̂
)

=
1

2π

∫ 2π

0

dα
∂

∂α
(âb̂) =

â(2π)̂b(2π)− â(0)̂b(0)

2π
(2.4.22)

Now both â and b̂ are periodic with period 2π so that â(2π) = â(0) and b̂(2π) = b̂(0) so that
(W-2.56) indeed holds.

This then implies as

âb = −ab̂ (W-2.55)

from

∂

∂α
(âb̂) =

∂â

∂α
b̂+ â

∂b̂

∂α
= ãb̂+ âb̃ = 0 (2.4.23)

âb̃ = −ãb̂ (2.4.24)

Now because b̃ = b− b and ã = a− a we see that

âb = âb+ âb̃ =��bâ+ âb̃ (2.4.25)

ab̂ = ab̂+ ãb̂ = �
�ab̂+ ãb̂ (2.4.26)

and so we can exchange the ã→ a and b̃→ b in the above to get (W-2.55).

Let us get dr̄
dz

(W-2.59) to give a flavor for the replacements to (W-2.62). First we note that

dr̄

dz
=

br
B0

− brbz
B2

0

+
∂

∂r̄

(
br
B0

)
b̂r
B0

+
∂

∂θ̄

(
br
B0

)
b̂θ
r̄B0

(W-2.59)

∇ · b =
1

r

∂

∂r
(rbr) +

1

r

∂bθ
∂θ

+
∂bz
∂z

= 0 (2.4.27)

Note that ∇ · b = 0 is tacitly assumed so that we can switch r → r̄ without any higher order
terms. So then

∂br
∂r

+
br
r

+
1

r

∂bθ
∂θ

+
∂bz
∂z

= 0 (2.4.28)

b̂r
B2

0

∂br
∂r̄

= − b̂r
B2

0

(
br
r̄

+
1

r̄

∂bθ
∂θ

+
∂bz
∂z

)
(2.4.29)
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12 The Average Magnetic Surface

The reason we can replace ∂
∂r

with ∂
∂r̄

is because we view some function f(r(r̄, r1k, . . . )) so that

∂f

∂r̄
=
∂r

∂r̄

∂f

∂r
(2.4.30)

∂f

∂r1k

=
∂r

∂r1k

∂f

∂r
(2.4.31)

(2.4.32)

etc., and because

r = r̄ + εr1k + ε2r2k + · · · (2.4.33)

dr = dr̄ + ε dr1k + ε2 dr2k + · · · (2.4.34)

∂r

∂r̄
= 1 ,

∂r

∂r1k

= ε ,
∂r

∂r2k

= ε2 , · · · (2.4.35)

we see that

∂f

∂r̄
=
∂f

∂r
,

∂f

∂r1k

= ε
∂f

∂r
,

∂f

∂r2k

= ε2
∂f

∂r
, · · · (2.4.36)

(and similarly for θ = θ̄ + εθ1k + ε2θ2k + · · · ).

Taking the terms in order remembering that ∂
∂z
→ ∂

∂α
so that

− b̂rbr
r̄B2

0

= 0 (2.4.37)

from b̂rbr = −brb̂r. Then leave the second term alone and use ∂f̂
∂α

= f̃ (remembering that bz = 0
by problem setup)

− b̂r
B2

0

∂bz
∂z

=
br
B2

0

∂b̂z
∂z

=
br
B2

0

b̃z =
brbz
B2

0

− br ��bz
B2

0

=
brbz
B2

0

(2.4.38)

Thus,

dr̄

dz
=

br
B0�

�
��−brbz
B2

0

− b̂r
r̄B2

0

∂bθ
∂θ

+
�
�
��brbz

B2
0

+
b̂θ
r̄B2

0

∂br
∂θ̄

=
br
B0

− b̂r
r̄B2

0

∂bθ
∂θ
− bθ
r̄B2

0

∂b̂r
∂θ̄

=
br
B0

− 1

r̄B2
0

(
b̂r
∂bθ
∂θ̄

+ bθ
∂b̂r
∂θ̄

)

=
br
B0

− 1

r̄B2
0

∂(̂bθbr)

∂θ̄
=

br
B0

− 1

r̄B2
0

∂(̂bθbr)

∂θ̄

(2.4.39)

So then using Ψ = Āz − b̂rbθ
B0

with Ā = Āzẑ so that

br =
1

r

∂Āz
∂θ

bθ = −∂Āz
∂r

(W-2.64)
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Design Principles of Coil Systems in the Stellarator and Heliotron 13

Here we use that

br = br =
1

r

∂Āz
∂θ

=
1

r

∂Āz
∂θ̄

=
1

r

∂Āz
∂θ̄

=
1

r̄

∂Āz
∂θ̄

(2.4.40)

We see that

dr̄

dz
=

1

B0

1

r̄

∂Āz
∂θ
− 1

r̄B2
0

∂(̂bθbr)

∂θ̄
=

1

r̄B0

∂

∂θ̄

[
Āz −

b̂θbr
B0

]
=

1

r̄B0

∂Ψ

∂θ̄

(2.4.41)

as desired.

If we assume Ψ is a function of r̄ alone we can simplify somewhat. We see that this yields from
our original equations (looking at g1k = f̂k) that

r = r̄ +
b̂r
B0

(2.4.42)

θ = θ̄ +
(̂bθ/r)

B0

(2.4.43)

But with our simplification that Ψ = Ψ(r̄) then dr̄
dz

= 0 and so r̄ = C for some constant C = r̄c.

Then using that r = r̄c + b̂r
B0

we see that

(̂̂bθ/r)/B0 =

(
b̂θ
B0r̄c

+O([b/B0]2)

)
=

b̂θ
r̄cB0

+O([b/B0]2) =
b̂θ
rB0

+O([b/B0]2) (2.4.44)

Calling 1
r̄B0

∂Ψ
∂r̄

= ω which is independent of z then θ̄ = ωz + C1 where we choose C1 = 0 for
convenience. Then

r = r̄c +
b̂r
B0

θ = ωz +
b̂θ
rB0

(W-2.69)

In general we may of course write

Ψ =

∫ r̄

r̄′B0
dθ̄(r̄, θ̄, z)

dz
dr̄′

dθ̄

dz
= ω(r̄, θ̄, z)

(W-2.70)

with ω the mean rotation angle of the line of force.

2.5 The Helically Symmetric Magnetic Field

Note that with ∇ϕ = B =∇×A and

ϕ = B0z +
1

α

∞∑
n=1

bnIn(nαr) sinnζ (2.5.1)

ζ = θ − αz (2.5.2)
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14 The Helically Symmetric Magnetic Field

with α a constant and In a modified Bessel function that using Az = 0 as the gauge condition for
A yields

∂ϕ

∂r
= −∂Aθ

∂z
1

r

∂ϕ

∂θ
=
∂Ar
∂z

(2.5.3)

Let’s prove that ϕ satisfies ∇2ϕ in (r, θ, z) coordinates. First note the identities (for n ≥ 1)

In−1(z) + I ′n+1(z) = 2I ′n(z) (2.5.4)

In−1(z)− In+1(z) =
2n

z
In(z) (2.5.5)

I ′n(z) = In−1(z)− n

z
In(z) (2.5.6)

I ′n(z) = In+1(z) +
n

z
In(z) (2.5.7)

We then have

ϕ = B0z +
1

α

∞∑
n=1

bnIn(nαr) sin(n(θ − αz)) (2.5.8)

∇2ϕ =
1

r

∂

∂r

(
r
∂ϕ

∂r

)
+

1

r2

∂2ϕ

∂θ2
+
∂2ϕ

∂z2
=
∂2ϕ

∂r2
+

1

r

∂ϕ

∂r
+

1

r2

∂2ϕ

∂θ2
+
∂2ϕ

∂z2
(2.5.9)

=
1

α

∞∑
n=1

n2α2I ′′n(nαr) sin(n(θ − αz)) +
1

rα

∞∑
n=1

bnnαI
′
n(nαr) sin(n(θ − αz))

+
1

r2α

∞∑
n=1

In(nαr)(−n2) sin(n(θ − αz)) +
1

α

∞∑
n=1

bnIn(nαr)(−n2α2) sin(n(θ − αz))

(2.5.10)

=
∞∑
n=1

bn sin(nζ)

(
n2αI ′′n +

n

r
I ′n −

n2

r2α
In − n2αIn

)
(2.5.11)

=
∞∑
n=1

bn sin(nζ)

(
n2α

[
I ′n−1 + I ′n+1

]
2

+
n(In+1 + In−1)

2r
− n2

(
1

r2α
− α

)
In

)
(2.5.12)

=
∞∑
n=1

bn sin(nζ)

(
n2α

[
In + n−1

nαr
In−1 + In − n+1

nαr
In+1

]
2

+
n(In+1 + In−1)

2r
− n2

(
1

r2α
− α

)
In

)
(2.5.13)

=
∞∑
n=1

bn sin(nζ)

(
���

�n2αIn +
n2

2r
(In−1 − In+1)−

XXXXXXXXX

n

2r
(In−1 + In+1) +

XXXXXXXX

n(In+1 + In−1)

2r
− n2

(
1

r2α
−�α

)
In

)
(2.5.14)

=
∞∑
n=1

bn sin(nζ)

(
��

�
��n2

2r

2n

nαr
In −

�
�
��n

r2α
In

)
(2.5.15)

= 0 (2.5.16)
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Design Principles of Coil Systems in the Stellarator and Heliotron 15

as desired. Note that for

ϕ = B0z +
b

α
In(nαr) sin (n[θ − αz]) = B0z +

b

α
In(nαr) sinnζ (2.5.17)

∇ϕ = bnI ′n(nαr) sin(n[θ − αz])∇r +
bn

αr
In(nαr) cos(n[θ − αz])

∇θ
| ∇θ|

+ (B0 − bnIn(nαr) cosnζ) ∇z

= Br∇r +Bθ
∇θ
| ∇θ|

+Bz∇z

(2.5.18)

We see that this is a flux function through the use of

ζ = θ − αz (2.5.19)

∇ζ = ∇θ − α∇z (2.5.20)

| ∇ζ| =
√

1

r2
+ α2 (2.5.21)

| ∇θ| = 1

r
(2.5.22)

and so with B = Br∇r +Bζ
∇ζ
|∇ζ| we find

Bθ = Bζ
∇ζ
| ∇ζ|
· ∇θ
| ∇θ|

=
Bζ

r| ∇ζ|
(2.5.23)

Bz = Bζ
∇ζ
| ∇ζ|
· ∇z = −αBζ

| ∇ζ|
(2.5.24)

so that

αrBz −Bθ = −α
2rBζ

| ∇ζ|
− Bζ

r| ∇ζ|
=
−rBζ

| ∇ζ|

(
α2 +

1

r2

)
=
−rBζ

| ∇ζ|
| ∇ζ|2 =

∂Ψ

∂r
(2.5.25)

Bζ =
−1

r| ∇ζ|
∂Ψ

∂r
=

1

| ∇ζ|

(
Bθ

r
− αBz

)
(2.5.26)

Thus,

B · ∇Ψ = Br
∂Ψ

∂r
∇r · ∇r +Bζ | ∇ζ|

∂Ψ

∂ζ

∇ζ · ∇ζ
| ∇ζ|2

= Br
∂Ψ

∂r
+Bζ

∂Ψ

∂ζ
| ∇ζ|

=
1

r

∂Ψ

∂ζ

∂Ψ

∂r
+
−1

r��
�| ∇ζ|
∂Ψ

∂r

∂Ψ

∂ζ�
��| ∇ζ|

=
1

r

∂Ψ

∂ζ

∂Ψ

∂r
(1− 1) = 0

(2.5.27)

Alternatively, one can use

With Br = 1
r
∂Ψ
∂ζ

= 1
r
∂Ψ
∂θ

= − 1
rα

∂Ψ
∂z

and αrBz −Bθ = α ∂
∂r

(rAθ) + ∂Az
∂r

= ∂Ψ
∂r

with Ψ = αrAθ +Az we
see that

B · ∇Ψ = Br
∂Ψ

∂r
+
Bθ

r

∂Ψ

∂θ
+Bz

∂Ψ

∂z
=

1

r

∂Ψ

∂ζ

∂Ψ

∂r
+
Bθ

r

∂Ψ

∂ζ
− αBz

∂Ψ

∂ζ
(2.5.28)

=
1

r

∂Ψ

∂ζ

∂Ψ

∂r
+

1

r
(Bθ − αrBz)

∂Ψ

∂ζ
=

1

r

(
∂Ψ

∂ζ

∂Ψ

∂r
− ∂Ψ

∂r

∂Ψ

∂ζ

)
= 0 (2.5.29)

DRAFT:Wakatani Notes
June 16, 2016

c©K. J. Bunkers



16 The Magnetic Island and Destruction of the Magnetic Surface

2.6 The Magnetic Island and Destruction of the Magnetic

Surface

Given (note there is an error in the book in this equation)

Bz
dr

dz
= bnI ′n(nαr) sinnζ

Bz
dζ

dz
= −αB0 + bn

(
α +

1

αr2

)
In(nαr) cos(nζ)

(W-2.118)

with the ′ denoting differentiation with respect to nαr and ζ = θ−αz and Bz(r, z) = ∂ϕ
∂z

(r, z). We
then can note that these look similar to a Hamiltonian, the integral of the above (W-2.118), with

H =
1

2
α2r2 − b

B0

αrI ′n(nαr) cos(nζ) (2.6.1)

For then

dH

dz
=
∂H

∂r

dr

dz
+
∂H

∂ζ

dζ

dz
= 0 (2.6.2)

∂H

∂r
= α2r − b

nB0

∂(nαr)

∂r

∂

∂(nαr)
(nαrI ′n) cosnζ = α2r − b

B0

α cosnζ (I ′n + nαrI ′′n)

= α2r − b

B0

α(nαr) cosnζ

(
I ′n
nαr

+ I ′′n

)
= α2r − b

B0

α(nαr) cosnζ

(
1 +

1

α2r2

)
In

(2.6.3)

∂H

∂ζ
=

b

B0

nαrI ′n(nαr) sin(nζ) (2.6.4)

So then

∂H

∂r

dr

dz
=

(
α2r − b

B0

α(nαr) cosnζ

(
1 +

1

α2r2

)
In

)
bnI ′n(nαr) sinnζ

Bz

=
bnαrI ′n(nαr) sinnζ

Bz

(
α− b

B0

n

[
α +

1

αr2

]
In(nαr) cosnζ

) (2.6.5)

∂H

∂ζ

dζ

dz
=

(
b
B0
nαrI ′n(nαr) sin(nζ)

)
Bz

(
−αB0 + bn

(
αB0 +

1

αr2

)
In(nαr) cos(nζ)

)
= −bnαrI

′
n(nαr) sinnζ

Bz

(
α− b

B0

n

[
α +

1

αr2

]
In(nαr) cosnζ

)
�
�
�A
A
A

B0

B0

(2.6.6)

Hence we see the easy cancellation. How would one ever guess this, though? One uses

dr

dz
=

B · ∇r
B · ∇z =

Br

Bz
(2.6.7)

dζ

dz
=

B · ∇ζ
B · ∇z =

Bζ

Bz
(2.6.8)

with Br = Br and Bz = Bz. We have

Bζ = B · ∇ζ = Bζ
∇ζ · ∇ζ
| ∇ζ|

= Bζ | ∇ζ| (2.6.9)
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with the Bζ we’ve used previously in (2.5.26). Thus we confirm that

Bζ =
−1

r

∂Ψ

∂r
=
Bθ

r
− αBz =

bn

αr2
In(nαr) cosnζ − αB0 + αbnIn(nαr) cosnζ

= −αB0 + bnIn(nαr) cosnζ

(
α +

1

αr2

) (2.6.10)

which reduces these previous equations to

dr

dz
=

1

Bz

1

r

∂Ψ

∂ζ
=

1

rBz

∂Ψ

∂ζ
(2.6.11)

dζ

dz
=

1

Bz

−1

r| ∇ζ|
∂Ψ

∂r
| ∇ζ| = − 1

rBz

∂Ψ

∂r
(2.6.12)

To see how the Hamiltonian could be formed, choose a new t = z/(rBz) and then

dr

dt
=
∂Ψ

∂ζ
(2.6.13)

dζ

dt
= −∂Ψ

∂r
(2.6.14)

Since

Ψ =
B0

2α

{
(αr)2 − 2b

B0

αrI ′n(nαr) cos(nζ)

}
(2.6.15)

We see that Ψ is the Hamiltonian in this case. Because with Ψ = H, dH
dt

= 0 then dH
dz

= 0. We also
see that multiplying ψ by α/B0 will not change that dH

dz
= 0 and so calling the new Hamiltonian

H = αH/B0 we find

H =
α2r2

2
− b

B0

αrI ′n(nαr) cosnζ (2.6.16)

which is, of course, identical to the Hamiltonian given above.

Now the book instead chooses tBz = z and simultaneously chooses ρ = 1
2
αr2. Let us change to ρ

coordinates first, using r =
√

2ρ/α. Then

dr

dz
=

d

dz

√
2ρ

α
=

√
2

α

1

2
√
ρ

dρ

dz
=

√
1

2αρ

dρ

dz
=

√
1

2α 1
2
αr2

dρ

dz
=

1

αr

dρ

dz
(2.6.17)

∂

∂r
=
∂ρ

∂r

∂

∂ρ
= αr

∂

∂ρ
(2.6.18)

Thus, with the Hamiltonian H = H/B0 from before, we would then find

Bz
dr

dz
=

dr

dt
=

1

αr

dρ

dt
=

1

r

∂Ψ

∂ζ

Bz
dζ

dz
=

dζ

dt
= −1

r

∂Ψ

∂r
= −α�r

�r

∂Ψ

∂ρ

(2.6.19)

dρ

dt
= α

∂Ψ

∂ζ
dζ

dt
= −α∂Ψ

∂ρ

(2.6.20)
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18 The Magnetic Island and Destruction of the Magnetic Surface

We easily see that H = αΨ would then do, but if we normalize by B0 again this will also do no
harm, and so the new Hamiltonian will be the same as H above, yielding with ρ

H =
αΨ

B0

=
α2r2

2
− b

B0

αrI ′n(nαr) cosnζ = αρ− b

B0

√
2αρI ′n(n

√
2αρ) cosnζ (2.6.21)

This, then, of course will yield

dρ

dt
=
∂H
∂ζ

dζ

dt
= −∂H

∂ρ

(2.6.22)

For the action-angle, use a type 1 generating function W (q,Q) which in our case is W (q,Q) =
W (ζ,Θ) [I use (p, q)→ (P,Q) which in our case yields (ρ, ζ)→ (J,Θ)]. Then using

δW =
∂W

∂q
δq +

∂W

∂Q
δQ

= pδq − PδQ = ρδζ − JδΘ
(2.6.23)

Now we are periodic in ζ with period 2π so that W must be periodic. Note also that in these new
action angle coordinates, that the Hamiltonian H is independent of the action angle Θ (that is,
we select W in such a way that H is now independent of Θ and see if this is in fact possible). So
then H = H(J) and J must be independent of Θ as well. If we integrate through one period we
find ∮

dW = 0 =

∮
ρ dζ −

∮
J dΘ =

∮
ρ dζ − 2πJ (2.6.24)

J =
1

2π

∮
ρ dζ (2.6.25)

Now the new Hamiltonian equations say

dJ

dt
=
∂H

∂Θ
= 0 (2.6.26)

dΘ

dt
=
∂H

∂J
(2.6.27)

So then J is a constant of motion. Since H = H(J), then H is a constant of motion, and so is
∂H
∂J

= ν(J) ≡ αω(J). This implies an integration of Θ with respect to t yields

Θ = αω(J)t+ constant (2.6.28)

dΘ

dt
= αω(J) (2.6.29)

with the constant simply setting the zero for this coordinate.
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We can also see that ∫
dW =

∫
ρ dζ −

∫
J dΘ =

∫
ρ dζ − JΘ (2.6.30)

W =

∫
ρ dζ︸ ︷︷ ︸
≡S

−JΘ (2.6.31)

��
�
��
�∂W (ζ,Θ)

∂J
=
∂S

∂J
−Θ (2.6.32)

Θ =
∂S

∂J
(2.6.33)

2.7 The Magnetic Surface by Line Tracing Calculation

Let’s convince ourselves of the

R(Ψ, θB, φB) =
∑
mn

Rmn(Ψ)ei(mθB−nφB) (W-2.169)

conversion to

R(Ψ, θB, φB) =
∑
mn

Rmn(Ψ) exp

[
i
(mIepol + nI itor)θB0 + (mι − n)2πχ

µ0

I itorι + Iepol

]
(W-2.173)

via

χ =
µ0

2π

(
I itorθB + IepolφB

)
(W-2.171)

θB = ιφB + θB0 (W-2.172)

This implies that

2πχ

µ0

− I itorθB = IepolφB (2.7.1)

IepolφB =
2πχ

µ0

− I itorιφB − I itorθB0 (2.7.2)

φB =

2πχ
µ0
− I itorθB0

Iepol + ιI itor

(2.7.3)

So then

mθB − nφB = mιφB +mθB0 − n
2πχ
µ0
− I itorθB0

Iepol + ιI itor

= mι

2πχ
µ0
− I itorθB0

Iepol + ιI itor

+mθB0 − n
2πχ
µ0
− I itorθB0

Iepol + ιI itor

=
(mIepol +����mιI itor −����mιI itor + nI itor)θB0 + (mι − n)2πχ

µ0

Iepol + ιI itor

=
(mIepol + nI itor)θB0 + (mι − n)2πχ

µ0

Iepol + ιI itor

(2.7.4)

as desired.
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Chapter 3

A Description of Magnetically Confined
Plasmas

3.3 The Vlasov Equation for Describing Incompressible

Phase Fluid and Moment Equations

A quick proof from (W-3.36) to (W-3.37). using

n 〈Q〉 ≡
∫ ∞
−∞

dvx Qf (3.3.1)

Q = 〈Q〉+ δQ (3.3.2)

〈Q〉 = 〈〈Q〉〉+ 〈δQ〉 = 〈Q〉+ 〈δQ〉 (3.3.3)

〈δQ〉 = 0 (3.3.4)

ax = x̂ · (qE + qv ×B) = qEx + qvyBz − qvzBy (3.3.5)∫ ∞
−∞

dvx vx
∂f

∂t
=

∂

∂t

∫ ∞
−∞

vxf =
∂

∂t
(n 〈vx〉) (3.3.6)∫ ∞

−∞
dvx v

2
x

∂f

∂x
=

∂

∂x

∫ ∞
−∞

dvx v
2
xf =

∂

∂x

∫ ∞
−∞

dvx (〈vx〉+ δvx)
2f

=
∂

∂x

∫ ∞
−∞

dvx
[
〈vx〉2 f +���

���2 〈vx〉 δvxf + (δvx)
2f
]

=
∂

∂x

(
〈vx〉2 n+ n

〈
(δvx)

2
〉)

=
∂

∂x

(
n 〈vx〉2

)
+

∂

∂x

(
n
〈
(δvx)

2
〉)

(3.3.7)∫ ∞
−∞

dvx axvx
∂f

∂vx
=����faxvx

∣∣∞
−∞ −

∫ ∞
−∞

dvx f
∂axvx
∂vx

= −
∫ ∞
−∞

dvx axf = −n 〈ax〉 (3.3.8)

Where the last follows because ax has no vx dependence. (So technically n 〈ax〉 = ax).

In general, noting that ∂Ei
∂vi

= 0 and that

εilkBk
∂vl
∂vi

= εilkBkδli = εllkBk = 0 (3.3.9)
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22 The Vlasov Equation for . . .

we have∫ ∞
−∞

d3v va · ∂f
∂v

=

∫ ∞
−∞

d3v vjai
∂f

∂vi
=

∫ ∞
−∞

d3v

[
∂

∂vi
(vjaif)− ∂(vjai)

∂vi
f

]
=
���

���
���

∫ ∞
−∞

d2v ni · vjai −
∫ ∞
−∞

d3v δijaif −
∫ ∞
−∞

d3v vj
∂ai
∂vi

f

= −
∫ ∞
−∞

d3v ajf − q
∫ ∞
−∞

d3v vj
∂

∂vi
[Ei + εilkvlBk] f

= −
∫ ∞
−∞

d3v ajf −
���

���
���

��

q

∫ ∞
−∞

d3v εllkvjBkf

= −
∫ ∞
−∞

d3v af = −n 〈a〉

(3.3.10)

Where the cancellation on the d2v term is because nivjai = vn̂ · a→ 0 at the surface at infinity.
So we see in general we do get the 〈a〉 term, although in one dimension this is trivial.

Thus, putting it all together ∫ ∞
−∞

dvx

[
vx
∂f

∂t
+ v2

x

∂f

∂x
+ axvx

∂f

∂vx

]
= 0 (W-3.36)

∂

∂t
(n 〈vx〉) +

∂

∂x

(
n 〈vx〉2

)
+

∂

∂x

(
n
〈
(δvx)

2
〉)
− n 〈ax〉 = 0 (3.3.11)

∂

∂t
(mn 〈vx〉) = − ∂

∂x

(
mn 〈vx〉2

)
− ∂

∂x

(
mn

〈
(δvx)

2
〉)

+mn 〈ax〉 (W-3.37)

as required.

Let’s now do the ` = 2 moment equation ourselves piece by piece. (Use X2 = X ·X = X2
j = XjXj

for short hand). Wakatani seems to prefer a mixed vector, index notation, while I will just use a
pure index notation (although with 〈Xj〉2 = 〈Xj〉 〈Xj〉)∫ ∞
−∞

d3v
1

2
mv2∂f

∂t
=

1

2
m
∂

∂t

∫ ∞
−∞

d3v (〈vj〉 · 〈vj〉+���
���2 〈vj〉 · δvj + δvj · δvj)f

=
1

2
m
∂

∂t

(
n 〈vj〉2 + n

〈
δv2
j

〉) (3.3.12)

∫ ∞
−∞

d3v
1

2
mv2vi

∂f

∂xi
=

1

2
m

∂

∂xi

∫ ∞
−∞

d3v
(
〈vj〉2 + 2 〈vj〉 · δv + δv2

j

)
(〈vi〉+ δvi) f

=
1

2
m

∂

∂xi

(
n 〈vj〉2 〈vi〉+ n

〈
δv2
j

〉
〈vi〉+ n 〈vj〉2 〈δvi〉+ n 〈vj〉 · 〈δvjδvi〉+ n

〈
δv2
j δvi

〉) (3.3.13)

∫ ∞
−∞

d3v
1

2
mv2

j

q

m
(Ei + εilkvlBk)

∂f

∂vi
=

1

2

∫ ∞
−∞

d3v f
∂

∂vi

(
v2
j q (Ei + εilkvlBk)

)
=

1

2

∫ ∞
−∞

d3v f

(
2vj

∂vj
∂vi

q (Ei + εilkvlBk) +
��

�
��

��

v2
j qεilkBk

∂vl
∂vi

)

=

∫ ∞
−∞

d3v f

(
viqEi +���

���:
v · (v ×B) = 0

viεilkvlBk

)
= qEi

∫ ∞
−∞

d3v vif

= qn 〈vi〉Ei = qn 〈v〉 · E

(3.3.14)
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A Description of Magnetically Confined Plasmas 23

So we yield the same result. Wakatani’s discussion leading to (W-3.46) is sufficiently clear to me
that it needs no further explanation here. Just note that all of his identities for averages of δvi ’s
are due to choosing the Maxwellian as the distribution function.

3.4 Magnetohydrodynamic Equations

We have

d

dt

(
Pin

−γ
i

)
= 0 (3.4.1)

d

dt

(
Pen

−γ
e

)
= 0 (3.4.2)

Using quasineutrality ne = Zni = n then

d

dt

(
Pin

−γ
i

)
=

d

dt

(
PiZ

γn−γ
)

= 0 (3.4.3)

d

dt

(
Pin

−γ) = 0 (3.4.4)

Thus, when we sum for two species we find

0 =
d

dt

(
Pin

−γ
i + Pen

−γ
e

)
=

d

dt

(
PiZ

γn−γ + Pen
−γ) =

d

dt

(
Pi(Z

γ − 1)n−γ + Pn−γ
)

=
���

���
���

��

(Zγ−1 − 1)
d

dt
(Pin

−γ) +
d

dt

(
Pn−γ

)
= 0

(3.4.5)

d

dt

(
Pn−γ

)
= 0 (3.4.6)

We get Ohm’s law through

mene
dve
dt

= −∇Pe + neqe(E + ve ×B) + R (W-3.53)

and with dve
dt
� 1 (negligible electron inertia with

J = neqeve + niqivi

ρq = neqe + niqi ≈ 0

neqe = −niqi
J− niqivi = neqeve

(3.4.7)

with vi ≈ v (remembering neqe = −ne so niqi = ne) or Then

0 = −∇Pe + neqeE + (J− niqivi)×B + R (3.4.8)

0 = −∇Pe − neE + J×B− nev ×B + R (3.4.9)

ne (E + v ×B) = −∇Pe + J×B + R (3.4.10)

E + v ×B =
1

ne
(J×B− ∇Pe + R) (3.4.11)
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24 MHD WaveS

Note that a better way of using notation for conserving phase space “volume” for 2D is to simply
say 2πSv dv = 2πS0v0 dv0 and so (both S and S0 are independent of velocity so we can move them
around at will when integrating and S0 is a constant whereas S can be thought of as a function of
t, but independent of v)

Sv dv = S0v0 dv0 (3.4.12)∫
Sv dv =

∫
S0v0 dv0 (3.4.13)

Sv2

2
=
S0v

2
0

2
(3.4.14)

Sv2 = S0v
2
0 = constant (3.4.15)

and for 1D to say ` dv = `0 dv0 so that v` = constant. With T‖ ∝ v2
‖ and T⊥ ∝ v2

⊥ and S ∝ L2
⊥

and ` ∝ L‖ we find

T⊥ ∝ v2
⊥ ∝

1

S
∝ 1

L2
⊥

(3.4.16)

T‖ ∝ v2
‖ ∝

1

`2
∝ 1

L2
‖

(3.4.17)

And so then discover

T 2
⊥T‖ ∝ L−4

⊥ L
2
‖ ∝ n2 (3.4.18)

because n ∝ L−2
⊥ L

−1
‖ . So then

n3T 2
⊥T‖

n3n2
∝ 1 (3.4.19)

P 2
⊥P‖
n5
∝ 1 (3.4.20)

P 2
⊥P‖
n5

= constant (3.4.21)

as said in the book, reproducing (W-3.87).

3.5 MHD WaveS

Let’s go through linearization here. Our beginning MHD equations (taking the ideal case)

dρ

dt
+ ρ∇ · v = 0 (W-3.73)

ρ
dv

dt
= −∇P + J×B (W-3.74)

dP

dt
+ γP∇ · v = 0 (W-3.75)

E + v ×B = 0 (W-3.76)

∂B

∂t
= −∇× E (W-3.77)

µ0J =∇×B (W-3.78)
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A Description of Magnetically Confined Plasmas 25

and so, linearizing (W-3.73) first, (the zeroth order equation dρ0

dt
+ ρ0∇ · v0 = 0 must be satisfied

hence the cancellation)

d

dt
(ρ0 + ρ1) + (ρ0 + ρ1)∇ · (v0 + v1) = 0 (3.5.1)

dρ1

dt
+
��

���
���

��
(

dρ0

dt
+ ρ0∇ · v0

)
+ ρ1∇ · v0 + ρ0∇ · v1 = 0 (3.5.2)

∂ρ1

∂t
+ (v0 + v1) · ∇ρ1 + ρ1∇ · v0 +∇ · (ρ0v1) = 0 (3.5.3)

∂ρ1

∂t
+ v0 · ∇ρ1 + ρ1∇ · v0 +∇ · (ρ0v1) = 0 (3.5.4)

∂ρ1

∂t
+∇ · (ρ0v1 + ρ1v0) = 0 (3.5.5)

Wakatani assumes a zero background flow velocity (although does not explicitly state this) so that
v0 = 0 and we retrieve

∂ρ1

∂t
+∇ · (ρ0v1) = 0 (W-3.89)

Now, let’s do (W-3.74) (the zeroth order equation equation is −∇P0 + J0 ×B0 = 0, noting that
µ0J0 =∇×B0 = 0 )

(ρ0 + ρ1)
dv1

dt
= −∇(P0 + P1) + (J0 + J1)× (B0 + B1) (3.5.6)

ρ0
∂v1

∂t
=���

�−∇P0 − ∇P1 +���
��J0 ×B0 +@@J0 ×B1 + J1 ×B0 (3.5.7)

ρ0
∂v1

∂t
= J1 ×B0 − ∇P1 (3.5.8)

Now for (W-3.75), (zeroth order is dP0

dt
= 0)

dP1

dt
+ γ(P0 + P1)∇ · v1 = 0 (3.5.9)

∂P1

∂t
+ γP0∇ · v1 = 0 (3.5.10)

Now for (W-3.76) (zeroth order is E0 = 0)

E1 + v1 ×B0 = 0 (3.5.11)

And the rest are trivial with these previous calculations.

Wakatani doesn’t explain why he neglects the complex conjugate parts when he writes out his
primed equations. Here he is tacitly assuming that we take the real part of whatever is left at the
end of equations, and hence that is why we can set these quantities so simply.

Using Ω = b̂ · ∇× v1 and so Ωk = b̂ · ik× vk we then find when taking b̂ · ik×(W-3.90’) that

−iωρ0 ib̂k× vk︸ ︷︷ ︸
Ωk

= ib̂ · k× (Jk ×B0)−����
��

iPkik× k (3.5.12)

ωρ0Ωk = iib̂ · (Jk(k ·B0)−B0(Jk · k)) (3.5.13)

ωρ0Ωk = −(Jk ·B0)

B0

(k ·B0) +B0(Jk · k) (3.5.14)
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26 The Drift-Kinetic Equation

Now using µ0Jk = ik×Bk we find

ωρ0Ωk = −(Jk ·B0)

B0

(k ·B0) +
iB0

µ0
((((

((((k · k×Bk) (3.5.15)

−ωρ0Ωk =
(Jk ·B0)

B0

(k ·B0) (3.5.16)

The rest falls out simply from the manipulations that Wakatani describes.

3.6 The Drift-Kinetic Equation

Let’s prove that (vE + vG) · (µ∇B + q∇φ) = 0 (with E = −∇φ).

vE · µ∇B + vE · q∇φ =
E×B

B2
· µ∇B +

E×B

B2
· q∇φ

=
µ

B2
∇B · E×B +

���
���

���q

B2
(−E) · E×B

(3.6.1)

vG · µ∇B + vG · q∇φ =
��

���
���

���mv2
⊥

2qB3
B× ∇B · µB =

mv2
⊥

2qB3
B× ∇B · q∇φ

= −mv
2
⊥

2B3
E ·B× ∇B = − µ

B2
E ·B× ∇B

(3.6.2)

And because ∇B · E×B = E ·B× ∇B we see that we get perfect cancellation.

Let us derive (W-3.120) and hence (W-3.121). We begin with (vC =
v2
‖

Ω
∇× b̂)

dx

dt
= v‖b̂ + vE + vG + vC (W-3.112)

Then using (W-3.117) with v‖
√

m
2

√
K − µB − qφ

dv‖
dt

=
−1√
2m

(
µ

dB

dt
+ q

dφ

dt

)
(K − µB − qφ)−1/2 (W-3.117)

= − 1√
2m

(
dx

dt
· (µ∇B + q∇φ)

)
1

v‖
√

m
2

(3.6.3)

= − 1

mv‖

(
(v‖b̂ + vC) · (µ∇B + q∇φ) +

((((
(((

((((
(((

(vE + vG) · (µ∇B + q∇φ)
)

(3.6.4)

=

(
b̂ +

vC
v‖

)
·
(
− µ
m
∇B +

q

m
∇φ
)

(3.6.5)

We see

b̂× κ = b̂×
(
b̂ · ∇b̂

)
= b̂×

(
−b̂× (∇× b̂)

)
= −b̂(b̂ · ∇× b̂)− (∇× b̂)(b̂ ·−b̂) (3.6.6)

= −����
���b̂(b̂ · ∇× b̂) +∇× b̂ =∇× b̂ (3.6.7)

Here we use Bb̂ = B with ∇×B = 0 so that

b̂ · ∇× b̂ = b̂ · ∇× (B/B) = b̂ ·
(

1

B
���

�∇×B +
∇B
B2
×B

)
=

b̂

B
· ∇B × b̂ = 0 (3.6.8)
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A Description of Magnetically Confined Plasmas 27

3.7 The Averaged Reduced MHD Equations

First, let’s get the metric coefficients. The given system is (r, θ, ζ) where R0 > 0 is a constant with

r =

√
(
√
x2 + y2 −R0)2 + z2 (3.7.1)

tan θ =
z√

x2 + y2 −R0

(3.7.2)

ζ = −R0 atan(y/x)⇒ tan(−ζ/R0) = y/x (3.7.3)

Thus we find

dr =
2(
√
x2 + y2 −R0)(2xdx+2y dy

2
√
x2+y2

) + 2z dz

2
√

(
√
x2 + y2 −R0)2 + z2

=
(
√

(x2 + y2 −R0)(x dx+y dy√
x2+y2

) + z dz√
(
√
x2 + y2 −R0)2 + z2

=
(1− R0√

x2+y2
)(x dx+ y dy) + z dz√

(
√
x2 + y2 −R0)2 + z2

(3.7.4)(
∂r

∂x

)
y,z

=
(1− R0√

x2+y2
)x√

(
√
x2 + y2 −R0)2 + z2

=

(
1− R0√

x2 + y2

)
x

r
(3.7.5)

(
∂r

∂y

)
x,z

=
(1− R0√

x2+y2
)y√

(
√
x2 + y2 −R0)2 + z2

=

(
1− R0√

x2 + y2

)
y

r
(3.7.6)

(
∂r

∂z

)
x,y

=
z√

(
√
x2 + y2 −R0)2 + z2

=
z

r
(3.7.7)

sec2 θ dθ =
(
√
x2 + y2 −R0) dz − z xdx+y dy√

x2+y2

(
√
x2 + y2 −R0)2

⇒ dθ = cos2 θ
(
√
x2 + y2 −R0) dz − z xdx+y dy√

x2+y2

(
√
x2 + y2 −R0)2

(3.7.8)(
∂θ

∂x

)
y,z

= − zx cos2(θ)√
x2 + y2(

√
x2 + y2 −R0)2

(3.7.9)(
∂θ

∂y

)
x,z

= − zy cos2(θ)√
x2 + y2(

√
x2 + y2 −R0)2

(3.7.10)(
∂θ

∂z

)
x,y

=
cos2(θ)√

x2 + y2 −R0

(3.7.11)

sec2(− ζ

R0

)
− dζ

R0

=
x dy − y dx

x2
⇒ dζ = R0 cos2(

ζ

R0

)
y dx− x dy

x2
(3.7.12)(

∂ζ

∂x

)
y,z

=
yR0 cos2(ζ/R0)

x2
(3.7.13)(

∂ζ

∂y

)
x,z

=
−R0 cos2(ζ/R0)

x
(3.7.14)
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28 The Averaged Reduced MHD Equations

(
∂ζ

∂z

)
x,y

= 0 (3.7.15)

We form the Jacobian matrix and remember the form of the metric tensor

∂(r, θ, ζ)

∂(x, y, z)
=


∂r
∂x

∂r
∂y

∂r
∂z

∂θ
∂x

∂θ
∂y

∂θ
∂z

∂ζ
∂x

∂ζ
∂y

∂ζ
∂z

 =


x

(
1− R0√

x2+y2

)
r

y

(
1− R0√

x2+y2

)
r

z
r

− xz cos2(θ)√
x2+y2

(√
x2+y2−R0

)2 − yz cos2(θ)√
x2+y2

(√
x2+y2−R0

)2
cos2(θ)√
x2+y2−R0

R0y cos2
(
ζ
R0

)
x2 −

R0 cos2
(
ζ
R0

)
x

0



=


x

(
1− R0√

x2+y2

)
r

y

(
1− R0√

x2+y2

)
r

z
r

− xz

r2
√
x2+y2

− yz

r2
√
x2+y2

√
x2+y2−R0

r2

R0y
x2+y2 − R0x

x2+y2 0


(3.7.16)

∂(x, y, z)

∂(r, θ, ζ)
=


x

(
1− R0√

x2+y2

)
r

− xz√
x2+y2

y
R0

y

(
1− R0√

x2+y2

)
r

− yz√
x2+y2

− x
R0

z
r

√
x2 + y2 −R0 0

 (3.7.17)

gij =
∂ξi

∂xk
∂ξj

∂xk
(3.7.18)

gij =
∂xk

∂ξi
∂xk

∂ξj
(3.7.19)

and remember ( d`)2 = gij dξi dξj. So we have

( d`)2 = grr( dr)2 + gθθ( dθ)2 + gζζ( dζ)2 + (grθ + gθr) dr dθ + (grζ + gζr) dr dζ + (gθζ + gζθ) dθ dθ
(3.7.20)

Remember that we have

r2 = (
√
x2 + y2 −R0)2 + z2 = x2 + y2 − 2R0

√
x2 + y2 +R2

0 + z2 (3.7.21)

cos θ =

√
x2 + y2 −R0√

z2 + (
√
x2 + y2 −R0)2

=

√
x2 + y2 −R0

r
(3.7.22)

cos(ζ/R0) =
x√

x2 + y2
(3.7.23)

Let’s find the metric tensor components first

grr =

(
∂r

∂x

)2

+

(
∂r

∂y

)2

+

(
∂r

∂z

)2

=

(
1− R0√

x2 + y2

)2(
x2 + y2

r2

)
+
z2

r2

=

(
1− 2R0√

x2 + y2
+

R2
0

x2 + y2

)
x2 + y2

r2
+
z2

r2

=
x2 + y2 + z2

r2
− 2R0

√
x2 + y2

r2
+
R2

0

r2
=
x2 + y2 − 2R0

√
x2 + y2 +R+

0 z
2

r2
=
r2

r2
= 1

(3.7.24)
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grθ =
∂r

∂x

∂θ

∂x
+
∂r

∂y

∂θ

∂y
+
∂r

∂z

∂θ

∂z

=

(
1− R0√

x2 + y2

)
x

r

−zx cos2 θ√
x2 + y2(

√
x2 + y2 −R0)2

+

(
1− R0√

x2 + y2

)
y

r

−zy cos2 θ√
x2 + y2(

√
x2 + y2 −R0)2

+
z

r

cos2 θ√
x2 + y2 −R0

=

(
1− R0√

x2 + y2

)
−z cos2 θ (x2 + y2)

r
√
x2 + y2(

√
x2 + y2 −R0)2

+
z cos2 θ

r(
√
x2 + y2 −R0)

=
(√

x2 + y2 −R0

) −z cos2 θ

r(
√
x2 + y2 −R0)2

+
z cos2 θ

r(
√
x2 + y2 −R0)

=
−z cos2 θ

r(
√
x2 + y2 −R0)

+
z cos2 θ

r(
√
x2 + y2 −R0)

= 0

(3.7.25)

grζ =
∂r

∂x

∂ζ

∂x
+
∂r

∂y

∂ζ

∂y
+
∂r

∂z

∂ζ

∂z

=

(
1− R0√

x2 + y2

)
x

r

(
yR0 cos2(ζ/R0)

x2

)
+

(
1− R0√

x2 + y2

)
y

r

(
−R0 cos2(ζ/R0)

x

)
+
�
�
�z

r
(0)

=

(
1− R0√

x2 + y2

)
yR0 cos2(ζ/R0)[1− 1]

rx
= 0

(3.7.26)

gθθ =

(
∂θ

∂x

)2

+

(
∂θ

∂y

)2

+

(
∂θ

∂z

)2

=
z2x2 cos4 θ

(x2 + y2)(
√
x2 + y2 −R0)4

+
z2y2 cos4 θ

(x2 + y2)(
√
x2 + y2 −R0)4

+
cos4 θ

(
√
x2 + y2 −R0)2

=
(x2 + y2)z2 cos4 θ

(x2 + y2)(
√
x2 + y2 −R0)4

+
cos4 θ

(
√
x2 + y2 −R0)2

=
cos4 θ

[
z2 + (

√
x2 + y2 −R0)2

]
(
√
x2 + y2 −R0)4

=
r2

(
√
x2 + y2 −R0)4

(
√
x2 + y2 −R0)4

r4
=

1

r2

(3.7.27)

gθζ =
∂θ

∂x

∂ζ

∂x
+
∂θ

∂y

∂ζ

∂y
+
∂θ

∂z

∂ζ

∂z

=
−zx cos2 θ√

x2 + y2(
√
x2 + y2 −R0)2

yR0 cos2(ζ/R0)

x2
+

−zy cos2 θ√
x2 + y2(

√
x2 + y2 −R0)2

−R0 cos2(ζ/R0)

x

+
cos2 θ√

x2 + y2 −R0

(0)

=
− cos2 θ cos2(ζ/R0) [zy − zy]R0√

x2 + y2(
√
x2 + y2 −R0)2

= 0

(3.7.28)
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gζζ =

(
∂ζ

∂x

)2

+

(
∂ζ

∂y

)2

+

(
∂ζ

∂z

)2

=
y2R2

0 cos4(ζ/R0)

x4
+
R2

0 cos4(ζ/R0)

x2
+ 02

=
R2

0(y2 + x2)

x4

x4

(x2 + y2)2
=

R2
0

x2 + y2

(3.7.29)

Because the tensor matrix is diagonal, we see that gii = 1/gii and so

grr = 1 (3.7.30)

gθθ = r2 (3.7.31)

gζζ =
x2 + y2

R2
0

=
x2 + y2

R2
0

− 2R0

√
x2 + y2

R2
0

+
R2

0

R2
0

+ 1 +
2

R0

(√
x2 + y2 −R0

)
=

(
√
x2 + y2 −R0)2

R2
0

+ 1 +
2

R0

(√
x2 + y2 −R0

)
= 1 +

r2

R2
0

(
√
x2 + y2 −R0)2

r2
+

2r

R0

(√
x2 + y2 −R0

)
= 1 +

2r

R0

cos θ +
r2

R2
0

cos2 θ =

(
1 +

r

R0

cos θ

)2

(3.7.32)

So we recover (W-3.144) with considerable effort, that is

( d`)2 = ( dr)2 + r2( dθ)2 +

(
1 +

r

R0

cos θ

)2

( dζ)2 (W-3.144)

Note the inconsistency of defining

∇⊥ ≡ −ζ̂
∂

∂ζ
(W-3.149)

but assigning | ∂
∂ζ
|/| ∇⊥| ∼ O(δ). Because | ∇⊥| = | − ζ̂ ∂

∂ζ
| = | ∂

∂ζ
| this is a completely impossible

assignment. I believe that Wakatani meant | ∂
∂ζ
| = | ∇⊥| ∼ O(δ) and later = O(1), as this would

make sense.

We combine Ohm’s Law and the induction equation

∂B

∂t
= −∇× E (3.7.33)

E = −v ×B + ηJ (3.7.34)

∂B

∂t
= −∇× (−v ×B + ηJ)

=∇× (v ×B) +−∇× η

µ0

∇×B

= v����∇ ·B + B · ∇v −B∇ · v − v · ∇B +
η

µ0

[
���

���
�−∇(∇ ·B) + ∇2B

]
= B · ∇v −B∇ · v − v · ∇B +

η

µ0

∇2B

(3.7.35)

dB

dt
=
∂B

∂t
+ v · ∇B = B · ∇v −B∇ · v����

�−v · ∇B +
η

µ0

∇2B +���
�

v · ∇B

= B(∇ · v) + B · ∇v +
η

µ0

∇2B
(3.7.36)
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We now take the ζ̂ component of this equation so

ζ̂ · dB

dt
= −ζ̂ ·B(∇ · v) + ζ̂ · (B · ∇v) +

η

µ0

ζ̂ · ∇2B (3.7.37)

d(ζ̂ ·B)

dt
= −Bζ(∇ · v) + B · ∇(ζ̂ · v)− v · (B · ∇ζ̂) +

η

µ0

∇2(ζ̂ ·B)− η

µ0

B · ∇2ζ̂ (3.7.38)

dBζ

dt
= −Bζ(∇ · v) + B · ∇vζ − v · (B · ∇ζ̂) +

η

µ0

∇2Bζ −
η

µ0

B · ∇2ζ̂ (3.7.39)

Now, Wakatani claims that the terms involving B · ∇ζ̂ and B · ∇2ζ̂ are zero (at least implicitly).
This is not at all clear, and I believe it is an incorrect statement. It may be true that they are zero
to the order of accuracy we are looking for, although it seems a bit unlikely. We can calculate that

∇ζ = R0
y

x2 + y2
∇x−R0

x

x2 + y2
∇y (3.7.40)

| ∇ζ|2 = R2
0

y2 + x2

(x2 + y2)2
=

R2
0

x2 + y2
=
R2

0

R2
(3.7.41)

∇ζ/| ∇ζ| =
√
x2 + y2

R0

(
R0

y

x2 + y2
∇x−R0

x

x2 + y2
∇y
)

=
y√

x2 + y2
∇x− x√

x2 + y2
∇y

= sin(ζ/R0)∇x− cos(ζ/R0)∇y = sin(ζ/R0)x̂− cos(ζ/R0)ŷ = ζ̂

(3.7.42)

Thus

B · ∇ζ̂ = B · ∇(ζ̂)xx̂ + B · ∇(ζ̂)yŷ = B · ∇(sin(ζ/R0))x̂−B · ∇(cos(ζ/R0))ŷ

= B
cos(ζ/R0)

R0

· ∇ζ x̂ + B
sin(ζ/R0)

R0

· ∇ζ ŷ

= B
cos(ζ/R0)√
x2 + y2

· ζ̂ x̂ + B
sin(ζ/R0)√
x2 + y2

· ζ̂ ŷ

=
Bζ√
x2 + y2

(cos(ζ/R0)x̂ + sin(ζ/R0)ŷ)

(3.7.43)

=
Bζ√
x2 + y2

{
cos(ζ/R0)

[
x

r

(
1− R0√

x2 + y2

)
∇r − xz√

x2 + y2
∇θ +

y

R0

∇ζ

]

+ sin(ζ/R0)

[
y

r

(
1− R0√

x2 + y2

)
∇r − yz√

x2 + y2
∇θ − x

R0

∇ζ

]}

=
Bζ√
x2 + y2

{
x√

x2 + y2

[
x

r

(
1− R0√

x2 + y2

)
∇r − xz√

x2 + y2
∇θ +

y

R0

∇ζ

]

+
y√

x2 + y2

[
y

r

(
1− R0√

x2 + y2

)
∇r − yz√

x2 + y2
∇θ − x

R0

∇ζ

]}

=
Bζ√
x2 + y2

(
∇r

[√
x2 + y2

r

(
1− R0√

x2 + y2

)]
− z∇θ

)

=
Bζ√
x2 + y2

r̂

√
x2 + y2 −R0√

(
√
x2 + y2 −R0)2 + z2

− z

r
θ̂



(3.7.44)
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= Bζ

(
cos θ√
x2 + y2

r̂− z

r
√
x2 + y2

θ̂

)
= Bζ

(
cos θ

R
r̂− z

rR
θ̂

)
(3.7.45)

with R =
√
x2 + y2 as a definition.

Now if we wish to rid ourselves of the variable z, we could use

z = (
√
x2 + y2 −R0) tan θ = tan θ

√
r2 − z2 (3.7.46)

z2 = tan2 θ(r2 − z2)⇒ z2(1 + tan2 θ) = tan2 θr2 (3.7.47)

z =
tan θ√

1 + tan2 θ
r =

sin θ√
cos2 θ + sin2 θ

r = sin θr (3.7.48)

So we find

B · ∇ζ̂ = Bζ

(
cos θ

R
r̂− sin θ

R
θ̂

)
(3.7.49)

Note, that if we convert to a pure cylindrical system, (R, z, ζ) (note that ζ̂ = −ϕ̂ for normal
(R,ϕ, z) coordinates) we find

r2 = (R−R0)2 + z2 (3.7.50)

∇r =
R−R0

r
∇R +

z

r
∇z = cos θ∇R + sin θ∇z (3.7.51)

tan θ =
z

R−R0

⇔ cos θ =
R−R0

r
⇔ sin θ =

z

r
(3.7.52)

∇θ = cos2 θ︸ ︷︷ ︸
(R−R0)2/r2

(R−R0)∇z − z∇R
(R−R0)2

=
R−R0

(R−R0)2 + z2
∇z − z

(R−R0)2 + z2
∇R

=
cos θ

r
∇z − sin θ

r
∇R

(3.7.53)

Thus, (∇R = R̂)

Bζ

R
(cos θ∇r − z∇θ) =

Bζ

R

(
cos θ [cos θ∇R + sin θ∇z]− z

[
cos θ

r
∇z − sin θ

r
∇R
])

(3.7.54)

=
Bζ

R

(
∇r
[
cos2 θ + sin2 θ

]
+ ∇θ [sin θ cos θ − sin θ cos θ]

)
(3.7.55)

=
Bζ

R
∇R = −Bφ

R
∇R (3.7.56)

in agreement with the plasma formulary for B · ∇A in cylindrical coordinates.
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Similarly,

∇2ζ̂ = ∇2(ζ̂)xx̂ + ∇2(ζ̂)yŷ

= ∇2(
y√

x2 + y2
)x̂− ∇2(

x√
x2 + y2

)ŷ

=
−y

(x2 + y2)3/2
x̂ +

x

(x2 + y2)3/2
ŷ

=
−y

(x2 + y2)3/2

[
x

r

(
1− R0√

x2 + y2

)
∇r − xz√

x2 + y2
∇θ +

y

R0

∇ζ

]

+
x

(x2 + y2)3/2

[
y

r

(
1− R0√

x2 + y2

)
∇r − yz√

x2 + y2
∇θ − x

R0

∇ζ

]

=
−(x2 + y2)

R0 (x2 + y2)3/2
∇ζ =

−1

R0(x2 + y2)1/2
ζ̂

R0√
x2 + y2

= − 1

(x2 + y2)2
ζ̂ = − 1

R2
ζ̂

(3.7.57)

∇2ζ̂ =
−1

R2
ζ̂ (3.7.58)

∇2(−ζ̂) =
−1

R2
(−ζ̂)

∇2ϕ̂ =
−1

R2
φ̂

(3.7.59)

and so we agree with the plasma formulary for cylindrical coordinates, as well.

Thus, in fact our equation should be

dBζ

dt
= −Bζ(∇ · v) + B · ∇vζ − v · Bζ

R

(
cos θr̂− sin θθ̂

)
+

η

µ0

∇2Bζ −
η

µ0

B · ∇2ζ̂ (3.7.60)

dBζ

dt
= −Bζ(∇ · v) + B · ∇vζ −

Bζ

R
(vr cos θ − vθ sin θ) +

η

µ0

∇2Bζ +
η

µ0

Bζ

R2
(3.7.61)

If we were to look at orderings after inserting (W-3.147), I believe that we would recover dI1
dt

= 0
to O(δ3).
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Chapter 4

The MHD Equilibrium of a Toroidal
Plasma in Three-Dimensional Geometry

4.2 The Generalized Grad-Shafranov Equation

We have with a = a(r) being a flux function so that

B · ∇a =∇ · (aB) = 0 (W-4.5)

J

µ0

· ∇a =∇×B · ∇a =∇ · (B× ∇a) = 0 (W-4.6)

∇ ·B = 0 (W-4.7)

We can choose a = Ψ the poloidal flux function. We note that as we are on a particular magnetic
surface, so that the derivatives are only along the poloidal and toroidal directions, and not the
“radial” direction.

So we then find (assuming p = p(Ψ))

J×B = ∇p (4.2.1)

J×B · ∇Ψ = ∇p · ∇Ψ (4.2.2)

(∇×B)×B · ∇Ψ =
dp

dΨ
| ∇Ψ|2 (W-4.10)

[(∇Ψ)B−B(∇Ψ)] : ∇B =
dp

dΨ
| ∇Ψ|2 (4.2.3)

with AB : CD = (A ·D)(B ·C).

If we take

B = ∇Ψ× bθ + Fbζ (W-4.11)

with F a poloidal current flux function and bθ and bζ vectors on the magnetic surface (but with
no implied direction, as we will see).

So then

µ0J =∇×B =∇× [∇Ψ× bθ + Fbζ ] =∇× (∇Ψ× bθ) + F∇× bζ + ∇F × bζ (W-4.12)
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36 The Generalized Grad-Shafranov Equation

Plugging these into our previous (W-4.7), (W-4.8) (B · ∇Ψ = 0), and (W-4.9) (J · ∇Ψ = 0) yields

∇ ·B =∇ · (∇Ψ× bθ) +∇ · (Fbζ)

=((((
(((bθ · ∇× ∇Ψ− ∇Ψ · ∇× bθ +���

��∇F · bζ + F∇ · bζ
= 0

(4.2.4)

F∇ · bζ = ∇Ψ · ∇× bθ (4.2.5)

where the dF
dΨ
∇Ψ · ∇ × bθ vanishing because ∇Ψ has no variation in either the ζ or θ direction

which is all that bθ has (with ∇F = dF
dΨ
∇Ψ since F is a flux function).

B · ∇Ψ =((((
((((

(
(∇Ψ× bθ) · ∇Ψ + Fbζ · ∇Ψ

= 0
(4.2.6)

bζ · ∇Ψ = 0 (W-4.14)

and

µ0J · ∇Ψ = ∇Ψ · ∇× (∇Ψ× bθ) + F ∇Ψ · ∇× bζ +((((
((((∇F × bζ · ∇Ψ

= 0
(4.2.7)

−∇Ψ · ∇× (∇Ψ× bθ) = F ∇Ψ · ∇× bζ (4.2.8)

∇Ψ · [∇ · (∇Ψbθ − bθ∇Ψ)] = F ∇Ψ · ∇× bζ (4.2.9)

where we have used

C · ∇× (A×B) = (C ·A)∇ ·B− (C ·B)∇ ·A + C · (B · ∇A)−C · (A · ∇B) (4.2.10)

C · ∇× (A×B) = C · [∇ · (BA−AB)] (4.2.11)

(4.2.12)

∇Ψ · ∇× (∇Ψ× bθ) = (∇Ψ · ∇Ψ)∇ · bθ − (∇Ψ · bθ)∇ · ∇Ψ + ∇Ψ · (bθ · ∇∇Ψ)− ∇Ψ · (∇Ψ · ∇bθ)

= | ∇Ψ|2∇ · bθ + ∇Ψ · (bθ · ∇∇Ψ)− ∇Ψ · (∇Ψ · ∇bθ)

=���
��

��| ∇Ψ|2∇ · bθ + ∇Ψ · [∇ · (bθ∇Ψ)]−����
���| ∇Ψ|2∇ · bθ − ∇Ψ · (∇Ψ · ∇bθ)

= ∇Ψ · [∇ · (bθ∇Ψ)]− ∇Ψ · [∇Ψbθ] +((((
(((∇Ψ · bθ∇2Ψ

= ∇Ψ · [∇ · (bθ∇Ψ− ∇Ψbθ)]

(4.2.13)

Note that in our case we can use

∇Ψ · ∇× (∇Ψ× bθ) = (∂iΨ)εijk∂jεklm(∂lΨ)bθm = εijkεklm(∂iΨ)∂j(∂lΨ)bθm

= εijkεklm [∂j[bθm(∂lΨ)(∂iΨ)]− bθm(∂lΨ)∂j∂iΨ]
(4.2.14)

Now note that (first swapping the order of differentiation and then swapping order in the Levi-
Civita tensor. In the second, just exchanging dummy indices i and j completely)

εijkεklmbθm(∂lΨ)∂j∂iΨ = εijkεklmbθm(∂lΨ)∂i∂jΨ = −εjikεklmbθm(∂lΨ)∂i∂jΨ (4.2.15)

εijkεklmbθm(∂lΨ)∂j∂iΨ = εjikεklmbθm(∂lΨ)∂i∂jΨ (4.2.16)
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The MHD Equilibrium of a Toroidal Plasma in Three-Dimensional Geometry 37

and so

εjikεklmbθm(∂lΨ)∂i∂jΨ = −εjikεklmbθm(∂lΨ)∂i∂jΨ (4.2.17)

εjikεklmbθm(∂lΨ)∂i∂jΨ = 0 (4.2.18)

Continuing, then we find

∇Ψ · ∇× (∇Ψ× bθ) = εijkεklm [∂j[bθm(∂lΨ)(∂iΨ)]−(((((
(((bθm(∂lΨ)∂j∂iΨ]

= (δilδjm − δimδlj)∂j[bθm(∂lΨ)(∂iΨ)]

= ∂m[bθm(∂iΨ)(∂iΨ)]−(((((
((((∂l[bθi(∂lΨ)(∂iΨ)]

= ∂m[bθm(∂iΨ)(∂iΨ)] =∇ · (| ∇Ψ|2bθ)

(4.2.19)

where bθi∂iΨ = ∇Ψ · bθ = 0 has been used.

Thus, collecting all we have

F∇ · bζ = ∇Ψ · ∇× bθ (4.2.20)

∇Ψ · bζ = 0 (4.2.21)

∇Ψ · bθ = 0 (4.2.22)

−∇ · (| ∇Ψ|2bθ) = F ∇Ψ · ∇× bζ (4.2.23)

Thus, I don’t believe that you can get (W-4.13), (W-4.15), (W-4.16), (W-4.17), and (W-4.18)
simply from these three relations. The choice of setting all the terms to zero individually will
certainly work, assuming that it is consistent to choose all these terms to be zero.

We see that this can work by choosing the relationship between bθ and bζ as (W-4.19).

bθ = bζ +
∇ψ × (∇h× ∇Ψ)

| ∇Ψ|2
(4.2.24)

bζ = ∇Ψ× ∇λ (4.2.25)

We then see that (use f = ∇h× ∇Ψ so that (∇Ψ× f)× ∇Ψ = f | ∇Ψ|2 −((((((∇Ψf · ∇Ψ)

bθ × ∇Ψ = bζ × ∇Ψ +
∇ψ × (∇h× ∇Ψ)

| ∇Ψ|2
× ∇Ψ

= bζ × ∇Ψ +
(∇h× ∇Ψ)| ∇Ψ|2

| ∇Ψ|2

= bζ × ∇Ψ + ∇h× ∇Ψ

(4.2.26)

as required.

It then easily follows (from ∇ · (∇a× ∇b) = 0) that (W-4.22) is true and (W-4.23) is simply the
rightmost relation in (W-4.22).
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4.3 The Averaged MHD Equilibrium Equation

First let’s show that [f , g] = ∇f × ∇g · ζ̂ is a Poisson bracket (note that [f , g] = ∇f × ζ̂ · ∇g =
−∇f × ∇g · ζ̂ is also a good Poisson bracket). The required properties for a Poisson bracket are

[f , g] = − [g , f ] (4.3.1)

[f + g , h] = − [f , h] + [g , h] (4.3.2)

[fg , h] = −f [g , h] + [f , h] g (4.3.3)

[f , [g , h]] + [g , [h , f ]] + [h , [f , g]] = 0 (4.3.4)

Let us verify them for f, g, h.

[f , g] = ∇f × ∇g · ζ̂ = −∇g × ∇f · ζ̂ = − [g , f ] (4.3.5)

[f + g , h] = ∇(f + g)× ∇h · ζ̂ = ∇f × ∇h · ζ̂ + ∇g × ∇h · ζ̂ = [f , h] + [g , h] (4.3.6)

[fg , h] = ∇(fg)× ∇h · ζ̂ = f ∇g × ∇h · ζ̂ + ∇f × ∇h · ζ̂g = f [g , h] + [f , h] g (4.3.7)

and finally

[f , [g , h]] + [g , [h , f ]] + [h , [f , g]] = 0 (4.3.8)

∇f × ∇(∇g × ∇h · ζ̂) · ζ̂ + ∇g × ∇(∇h× ∇f · ζ̂) · ζ̂ + ∇h× ∇(∇f × ∇g · ζ̂) · ζ̂ = 0 (4.3.9)

Using Einstein index notation we see

∇f × ∇(∇g × ∇h · ζ̂) · ζ̂ = ζiεijk(∂jf)∂k[ζlεlmn(∂mg)(∂nh)] = ζiεijkεlmn(∂jf)∂k[ζl(∂mg)(∂nh)]

(4.3.10)

= [δil(δjmδkn − δjnδkm)− δim(δjlδkn − δjnδkl) + δin (δjlδkm − δjmδkl)] ζi∂jf∂k[ζl(∂mg)(∂nh)]
(4.3.11)

= ζl(∂mf∂n[ζl∂mg∂nh]− ∂nf∂m[ζl∂mg∂nh])− ζm(∂lf∂n[ζl∂mg∂nh]− ∂nf∂l[ζl∂mg∂nh])

+ ζn(∂lf∂m[ζl∂mg∂nh]− ∂mf∂l[ζl∂mg∂nh])
(4.3.12)

Looking at the first term in parantheses, we see (things in {} are not operated on by the differential
and ζlζl = ζ̂ · ζ̂ = 1)

ζl(∂mf∂n − ∂nf∂m) [{ζl∂mg}∂nh+ {ζl∂nh}∂mg + {∂mg∂nh}ζl] (4.3.13)

= ζl∂mfζl∂mg∂n∂nh+ ζl∂mfζl∂nh∂n∂mg + ζl∂mf∂mg∂nh∂nζl

− (ζl∂nfζl∂mg∂m∂nh+ ζl∂nfζl∂nh∂m∂mg + ζl∂nf∂mg∂nh∂mζl)
(4.3.14)

= ∇f · ∇g∇2h+ (∇h∇f : ∇∇g) + ∇f · ∇g(ζ̂∇h : ∇ζ̂)

−
[
(∇f ∇g : ∇∇h) + ∇f · ∇h∇2g + ∇f · ∇h(ζ̂∇g : ∇ζ̂)

] (4.3.15)

The second term in parantheses is given by

ζm(∂lf∂n − ∂nf∂l) [{ζl∂mg}∂nh+ {ζl∂nh}∂mg + {∂mg∂nh}ζl] (4.3.16)

= ζm∂lfζl∂mg∂n∂nh+ ζm∂lfζl∂nh∂n∂mg + ζm∂lf∂mg∂nh∂nζl

− (ζm∂nfζl∂mg∂l∂nh+ ζm∂nfζl∂nh∂l∂mg + ζm∂nf∂mg∂nh∂lζl)
(4.3.17)

= (ζ̂ζ̂ : ∇f ∇g)∇2h+ ζ̂ · ∇f(ζ̂∇h : ∇∇g) + ζ̂ · ∇g(∇f ∇h : ∇ζ̂)

−
[
ζ̂ · ∇g(∇f ζ̂ : ∇∇h) + ∇f · ∇h(ζ̂ζ̂ : ∇∇g) + (ζ̂ · ∇g)(∇f · ∇h)∇ · ζ̂

] (4.3.18)
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and finally the third term in parantheses is given by

ζn(∂lf∂m − ∂mf∂l) [{ζl∂mg}∂nh+ {ζl∂nh}∂mg + {∂mg∂nh}ζl] (4.3.19)

= ζn∂lfζl∂mg∂m∂nh+ ζn∂lfζl∂nh∂m∂mg + ζn∂lf∂mg∂nh∂mζl

− (ζn∂mfζl∂mg∂l∂nh+ ζn∂mfζl∂nh∂l∂mg + ζn∂mf∂mg∂nh∂lζl)
(4.3.20)

= ζ̂ · ∇f(ζ̂∇g : ∇∇h) + (ζ̂ζ̂ : ∇f ∇h)∇2g + ζ̂ · ∇h(∇f ∇g : ∇ζ̂)

−
[
∇f · ∇g(ζ̂ζ̂ : ∇∇h) + ζ̂ · ∇h(∇f ζ̂ : ∇∇g) + (ζ̂ · ∇h)(∇f · ∇g)∇ · ζ̂

] (4.3.21)

So we would find altogether (using ∇ · ∇ζ = 0) that we get (then using permutations of f, g, h)

[f , [g , h]] = ∇f · ∇g∇2h+ (∇h∇f : ∇∇g) + ∇f · ∇g(ζ̂∇h : ∇ζ̂)

−
[
(∇f ∇g : ∇∇h) + ∇f · ∇h∇2g + ∇f · ∇h(ζ̂∇g : ∇ζ̂)

]
+ (ζ̂ζ̂ : ∇f ∇g)∇2h+ ζ̂ · ∇f(ζ̂∇h : ∇∇g) + ζ̂ · ∇g(∇f ∇h : ∇ζ̂)

+
[
ζ̂ · ∇g(∇f ζ̂ : ∇∇h) + ∇f · ∇h(ζ̂ζ̂ : ∇∇g)

]
+ ζ̂ · ∇f(ζ̂∇g : ∇∇h) + (ζ̂ζ̂ : ∇f ∇h)∇2g + ζ̂ · ∇h(∇f ∇g : ∇ζ̂)

−
[
∇f · ∇g(ζ̂ζ̂ : ∇∇h) + ζ̂ · ∇h(∇f ζ̂ : ∇∇g)

]

[g , [h , f ]] = ∇g · ∇h∇2f + (∇f ∇g : ∇∇h) + ∇g · ∇h(ζ̂∇f : ∇ζ̂)

−
[
(∇g∇h : ∇∇f) + ∇g · ∇f ∇2h+ ∇g · ∇f(ζ̂∇h : ∇ζ̂)

]
− (ζ̂ζ̂ : ∇g∇h)∇2f + ζ̂ · ∇g(ζ̂∇f : ∇∇h) + ζ̂ · ∇h(∇g∇f : ∇ζ̂)

+
[
ζ̂ · ∇h(∇gζ̂ : ∇∇f) + ∇g · ∇f(ζ̂ζ̂ : ∇∇h)

]
+ ζ̂ · ∇g(ζ̂∇h : ∇∇f) + (ζ̂ζ̂ : ∇g∇f)∇2h+ ζ̂ · ∇f(∇g∇h : ∇ζ̂)

−
[
∇g · ∇h(ζ̂ζ̂ : ∇∇f) + ζ̂ · ∇f(∇gζ̂ : ∇∇h)

]

[h , [f , g]] = ∇h · ∇f ∇2g + (∇g∇h : ∇∇f) + ∇h · ∇f(ζ̂∇g : ∇ζ̂)

−
[
(∇h∇f : ∇∇g) + ∇h · ∇g∇2f + ∇h · ∇g(ζ̂∇f : ∇ζ̂)

]
− (ζ̂ζ̂ : ∇h∇f)∇2g + ζ̂ · ∇h(ζ̂∇g : ∇∇f) + ζ̂ · ∇f(∇h∇g : ∇ζ̂)

+
[
ζ̂ · ∇f(∇hζ̂ : ∇∇g) + ∇h · ∇g(ζ̂ζ̂ : ∇∇f)

]
+ ζ̂ · ∇h(ζ̂∇f : ∇∇g) + (ζ̂ζ̂ : ∇h∇g)∇2f + ζ̂ · ∇g(∇h∇f : ∇ζ̂)

−
[
∇h · ∇f(ζ̂ζ̂ : ∇∇g) + ζ̂ · ∇g(∇hζ̂ : ∇∇f)

]
We can now see the cancellation term by term. Remember that ∇f ∇g : ∇∇h = ∇g∇f : ∇∇h.
Let’s mark similar terms with color to see it.
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∇f · ∇g∇2h+ (∇h∇f : ∇∇g) + ∇f · ∇g(ζ̂∇h : ∇ζ̂)

−
[
(∇f ∇g : ∇∇h) + ∇f · ∇h∇2g + ∇f · ∇h(ζ̂∇g : ∇ζ̂)

]
−
[
(ζ̂ζ̂ : ∇f ∇g)∇2h+ ζ̂ · ∇f(ζ̂∇h : ∇∇g) + ζ̂ · ∇g(∇f ∇h : ∇ζ̂)

]
+
[
ζ̂ · ∇g(∇f ζ̂ : ∇∇h) + ∇f · ∇h(ζ̂ζ̂ : ∇∇g)

]
+ ζ̂ · ∇f(ζ̂∇g : ∇∇h) + (ζ̂ζ̂ : ∇f ∇h)∇2g + ζ̂ · ∇h(∇f ∇g : ∇ζ̂)

−
[
∇f · ∇g(ζ̂ζ̂ : ∇∇h) + ζ̂ · ∇h(∇f ζ̂ : ∇∇g)

]
+ ∇g · ∇h∇2f + (∇f ∇g : ∇∇h) + ∇g · ∇h(ζ̂∇f : ∇ζ̂)

−
[
(∇g∇h : ∇∇f) + ∇g · ∇f ∇2h+ ∇g · ∇f(ζ̂∇h : ∇ζ̂)

]
−
[
(ζ̂ζ̂ : ∇g∇h)∇2f + ζ̂ · ∇g(ζ̂∇f : ∇∇h) + ζ̂ · ∇h(∇g∇f : ∇ζ̂)

]
+
[
ζ̂ · ∇h(∇gζ̂ : ∇∇f) + ∇g · ∇f(ζ̂ζ̂ : ∇∇h)

]
+ ζ̂ · ∇g(ζ̂∇h : ∇∇f) + (ζ̂ζ̂ : ∇g∇f)∇2h+ ζ̂ · ∇f(∇g∇h : ∇ζ̂)

−
[
∇g · ∇h(ζ̂ζ̂ : ∇∇f) + ζ̂ · ∇f(∇gζ̂ : ∇∇h)

]
+ ∇h · ∇f ∇2g + (∇g∇h : ∇∇f) + ∇h · ∇f(ζ̂∇g : ∇ζ̂)

−
[
(∇h∇f : ∇∇g) + ∇h · ∇g∇2f + ∇h · ∇g(ζ̂∇f : ∇ζ̂)

]
−
[
(ζ̂ζ̂ : ∇h∇f)∇2g + ζ̂ · ∇h(ζ̂∇g : ∇∇f) + ζ̂ · ∇f(∇h∇g : ∇ζ̂)

]
+
[
ζ̂ · ∇f(∇hζ̂ : ∇∇g) + ∇h · ∇g(ζ̂ζ̂ : ∇∇f)

]
+ ζ̂ · ∇h(ζ̂∇f : ∇∇g) + (ζ̂ζ̂ : ∇h∇g)∇2f + ζ̂ · ∇g(∇h∇f : ∇ζ̂)

−
[
∇h · ∇f(ζ̂ζ̂ : ∇∇g) + ζ̂ · ∇g(∇hζ̂ : ∇∇f)

]
The sharp-eyed will notice that there are terms of the form (I have left all of these in black)

ζ̂ · ∇h(∇g∇f : ∇ζ̂)− ζ̂ · ∇h(∇f ∇g : ∇ζ̂) (4.3.22)

which do not obviously cancel each other.Using ζ̂ = κ∇ζ with κ some function, then ∇ζ̂ =
∇κ∇ζ + κ∇∇ζ. We then have

((((
(((

((((
(

ζ̂ · ∇h(∇g∇f : ∇∇ζ)−
((((

(((
((((

(
ζ̂ · ∇h(∇f ∇g : ∇∇ζ) + ζ̂ · ∇h(∇g∇f : ∇κ∇ζ)− ζ̂ · ∇h(∇f ∇g : ∇κ∇ζ)

(4.3.23)

= ζ̂ · ∇h ([∇f · ∇κ][∇g · ∇ζ]− [∇f · ∇ζ][∇g · ∇κ]) (4.3.24)

Thus we see in general that the only way for cancelation is that ζ̂ · ∇h = 0 (or that κ = constant).
This is in fact implied with f, g, h being independent of ζ so that ∇(f, g, h) · ζ̂ = 0. Thus, we see
that all these types of terms are in fact zero.

Where (W-4.32) comes from is a bit of a mystery. Given our previous statements on the definition
of a Poisson bracket we might expect

B̄ · ∇f = [f , Ψ] +
∂f

∂ζ
(4.3.25)
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rather than Wakatani’s

B̄ · ∇f = [Ψ , f ] +
∂f

∂ζ
(4.3.26)

based off of (W-3.198)

B̄ · ∇= B0
∂

∂ζ̄
+ ∇Ψ× ζ̂ · ∇ (W-3.198)

B̄ · ∇f = B0
∂f

∂ζ̄
+ ∇Ψ× ζ̂ · ∇f = B0

∂f

∂ζ̄
+ ∇f × ∇Ψ · ζ̂ (4.3.27)

Wakatani’s definition is fine, although a bit non-standard. Even taking Wakatani’s defintion as
given, though, it is still a good bit mysterious how one can obtain

d

dt

(
B̄ · ∇f

)
− B̄ · ∇df

dt
=

∂

∂t
[Ψ , f ]−

[
Ψ ,

∂f

∂t

]
+

[
u ,

∂f

∂ζ

]
− ∂

∂ζ
[u , f ] + [u , [Ψ , f ]]− [Ψ , [u , f ]]

(4.3.28)

From now on, we will use [r, s] = ∇s × ∇r · ζ̂ = ∇r × ζ̂ · ∇s as our definition for the Poisson
bracket. As one would expect

d

dt

(
B̄ · ∇f

)
=

d

dt
[Ψ , f ] +

d

dt

∂f

∂ζ

=

[
dΨ

dt
, f

]
+

[
Ψ ,

df

dt

]
+ ∇Ψ× dζ̂

dt
· ∇f +

d

dt

∂f

∂ζ

(4.3.29)

B̄ · ∇df

dt
=

[
Ψ ,

df

dt

]
+

∂

∂ζ

df

dt
(4.3.30)

So that

d

dt

(
B̄ · ∇f

)
− B̄ · ∇df

dt
=

[
dΨ

dt
, f

]
+ ∇Ψ× dζ̂

dt
· ∇f +

�
�
�
�
�[

Ψ ,
df

dt

]
+

d

dt

∂f

∂ζ
−

{
�
�
�
�
�[

Ψ ,
df

dt

]
+

∂

∂ζ

df

dt

}

=

[
dΨ

dt
, f

]
+ ∇Ψ× dζ̂

dt
· ∇f +D−f

(4.3.31)

Unfortunately, if we use the approximation that follows, we find that

d

dt

∂f

∂ζ
− ∂

∂ζ

df

dt
≡ D−f 6= 0 (4.3.32)

This approximation is that d
dt

= ∂
∂t

+ u · ∇ and further that u · ∇f = ∇u × ζ̂ · ∇⊥f (W-3.165)

[also noting that ∇⊥f = ∇f for f independent of ζ and that the dζ̂
dt

term is zero when expanded
this way] we find

d

dt

(
B̄ · ∇f

)
− B̄ · ∇df

dt
=

[
∂Ψ

∂t
+ ∇u× ζ̂ · ∇Ψ , f

]
+D−f =

[
∂Ψ

∂t
− [Ψ , u] , f

]
+D−f

(4.3.33)
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where we have used Wakatani’s reversed Poisson bracket definition.

We find

D−f =
�
�
��∂

∂t

∂f

∂ζ
+ ∇u× ζ̂ · ∇∂f

∂ζ
− ∂

∂ζ

[
�
�
�∂f

∂t
+

∂

∂ζ

(
∇u× ζ̂ · ∇f

)]

= −∇∂u
∂ζ
× ζ̂ · ∇f −

��
��

�
��
�

∇u× ∂ζ̂

∂ζ
· ∇f =

[
f ,

∂u

∂ζ

] (4.3.34)

(again using Wakatani’s reversed Poisson bracket) because ∇u × ∇f should be purely in the ζ̂

direction and ∂ζ̂
∂ζ

has no component in the ζ̂ direction.

Further noting that Ψ = A+ Ψh with ∂Ψh
∂t

= 0 we find

d

dt

(
B̄ · ∇f

)
− B̄ · ∇df

dt
=

[
∂A

∂t
− ∂u

∂ζ
+ [u , Ψ] , f

]
(4.3.35)

d

dt

(
B̄ · ∇f

)
− B̄ · ∇df

dt
=

[
∂A

∂t
− ∂u

∂ζ
− [Ψ , u] , f

]
(4.3.36)

(4.3.37)

Note that this is rather different than what Wakatani actually obtains,

d

dt

(
B̄ · ∇f

)
− B̄ · ∇df

dt
=

[
∂A

∂t
− ∂u

∂ζ
− [u , Ψ] , f

]
(W-4.34)

A simpler method of getting this is through approximating immediately that

dg

dt
=
∂g

∂t
+ ∇u× ζ̂ ·

∇g︷︸︸︷
∇⊥g =

∂g

∂t
− [u , g] (4.3.38)

or using his reverse Poisson bracket definition

dg

dt
=
∂g

∂t
+ [u , g] (4.3.39)

So that what is found is

d

dt

(
B̄ · ∇f

)
=

d

dt
[Ψ , f ] +

d

dt

∂f

∂ζ

=
∂

∂t
[Ψ , f ] + [u , [Ψ , f ]] +

∂

∂t

∂f

∂ζ
+

[
u ,

∂f

∂ζ

] (4.3.40)

B̄ · ∇df

dt
= B̄ · ∇

(
∂f

∂t
+ [u , f ]

)
=

[
Ψ ,

∂f

∂t

]
+

∂

∂ζ

∂f

∂t
+ [Ψ , [u , f ]] +

∂

∂ζ
[u , f ] (4.3.41)

This is a bit suspect compared to our earlier exact answer, but we now find

d

dt

(
B̄ · ∇f

)
− B̄ · ∇df

dt
=

∂

∂t
[Ψ , f ] + [u , [Ψ , f ]] +

�
�
��∂

∂t

∂f

∂ζ
+

[
u ,

∂f

∂ζ

]
−

([
Ψ ,

∂f

∂t

]
+
�
�
��∂

∂ζ

∂f

∂t
+ [Ψ , [u , f ]] +

∂

∂ζ
[u , f ]

) (4.3.42)

=
∂

∂t
[Ψ , f ]−

[
Ψ ,

∂f

∂t

]
+

[
u ,

∂f

∂ζ

]
− ∂

∂ζ
[u , f ] + [u , [Ψ , f ]]− [Ψ , [u , f ]]

(4.3.43)
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So the mystery is demystified. In any case, applying the Jacobi identity for the Poisson bracket,
we find

[Ψ , [u , f ]] = − [u , [f , Ψ]]− [f , [Ψ , u]] (4.3.44)

Thus,

[u , [Ψ , f ]]− [Ψ , [u , f ]] =
((((

((((
(((

((
[u , [Ψ , f ]] + [u , [f , Ψ]] + [f , [Ψ , u]] = − [[Ψ , u] , f ] (4.3.45)

Thus,

=

=[ ∂Ψ
∂t

, f]︷ ︸︸ ︷
∂

∂t
[Ψ , f ]−

[
Ψ ,

∂f

∂t

]
+

=[− ∂u∂ζ , f]︷ ︸︸ ︷[
u ,

∂f

∂ζ

]
− ∂

∂ζ
[u , f ]− [[Ψ , u] , f ] (4.3.46)

=

[
∂Ψ

∂t
− ∂u

∂ζ
− [Ψ , u] , f

]
(4.3.47)

=

[
∂A

∂t
− ∂u

∂ζ
− [Ψ , u] , f

]
(4.3.48)

again different from Wakatani declares.

Thus, my two methods agree and Wakatani most likely has a sign error on his [[Ψ , u] , f ] term.

4.4 A Three-Dimensional MHD Equilibrium Calculation

based on the Variational Principle

Let’s show how one gets (W-4.78-79) from the linearized equations. Using Q = Q0 + Q̃, where Q0

is independent of time (but not necessarily of spatial coordinates) and v = ṽ. We have to first
order

∂ρ̃

∂t
+∇ · (ρ0ṽ) = 0 (4.4.1)

∂B̃

∂t
=∇× (ṽ ×B0) (4.4.2)

with ṽ = ∂ξ
∂t

and ξ(x, 0) = 0 = B̃(x, 0) and ρ̃(x, 0) = 0. Thus, integrating

ρ̃(t)−���ρ̃(0) = −∇ ·
∫ t

0

dt′ ρ0
∂ξ

∂t′
= −∇ · (ρ0 [ξ(t)−���ξ(0)]) = −∇ · (ρ0ξ) (4.4.3)

and

B̃(x, t)−����B̃(x, 0) = −∇×
[
B0 ×

∫ t

0

dt′
∂ξ

∂t′

]
=∇× (ξ ×B0) (4.4.4)

just as described.

Note that in this case the adiabatic law being followed can be put as

dP

dt
=
∂P

∂t
+ v · ∇P = −γP∇ · v (4.4.5)
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which will yield P0 = ργ0 then we see that we can get with P0 independent of time that

∂P̃

∂t
+
∂ξ

∂t
· ∇P0 = −γP0∇ ·

∂ξ

∂t
(4.4.6)∫ t

0

dt′
∂P̃

∂t′
+

∫ t

0

dt′
∂ξ

∂t′
· ∇P0 =

∫ t

0

dt′ − γP0∇ ·
∂ξ

∂t′
(4.4.7)

P̃ (t)−
�
��P̃ (0) + ξ(t) · ∇P0 = −γP0∇ · ξ(t) (4.4.8)

P̃ (t) = −ξ(t) · ∇P0 − γP0∇ · ξ(t) (4.4.9)

just as described in (W-4.81).

With

W =

∫
d3x

(
B2

2µ0

+
P

γ − 1

)
=

∫
d3x

(
B ·B
2µ0

+
P

γ − 1

)
(4.4.10)

δW =

∫
d3x

(
B · δB
µ0

+
δP

γ − 1

)
(4.4.11)

For our small perturbations δB = B̃ and δP = P̃ so that

δW =

∫
d3x

(
B · ∇× (ξ ×B0)

µ0

+
−ξ · ∇P0 − γP0∇ · ξ

γ − 1

)
(4.4.12)

We then use that

B · ∇× (ξ ×B0) = B · ξ����∇ ·B0 −Bξ : ∇B0 + BB0 : ∇ξ −B ·B0∇ · ξ (4.4.13)

If we only take to first order then we see that the B→ B0 and thus we find

B · ∇× (ξ ×B0) = −B0ξ : ∇B0 + B0B0 : ∇ξ −B0 ·B0∇ · ξ (4.4.14)

= −ξ · ∇(B2
0/2) + B0B0 : ∇ξ −B2

0∇ · ξ (4.4.15)

So combining, we would find

δW = −
∫

d3x

(
ξ · ∇(B2

0/2)−B0B0 : ∇ξ +B2
0∇ · ξ

µ0

+
ξ · ∇P0 + γP0∇ · ξ

γ − 1

)
(4.4.16)

δW = −
∫

d3x

(
ξ · ∇(B2

0/2)−B0B0 : ∇ξ
µ0

+
ξ · ∇P0

γ − 1
+∇ · ξ

[
B2

0

µ0

+
γP0

γ − 1

])
(4.4.17)

We can use that a∇ · ξ = ∇ · (aξ) − ∇a · ξ and that the ∇ · (aξ) term disappears due to the
boundary condition n · ξ = 0. Thus,∫

d3x ∇ · ξ
[
B2

0

µ0

+
γP0

γ − 1

]
=

∫
d3x ∇ ·

[(
B2

0

µ0

+
γP0

γ − 1

)
ξ

]
−
∫

d3x ∇
[
B2

0

µ0

+
γP0

γ − 1

]
· ξ

(4.4.18)

=
(((

((((
(((

((((
((∫

d2x n ·
[(

B2
0

µ0

+
γP0

γ − 1

)
ξ

]
−
∫

d3x ∇
[
B2

0

µ0

+
γP0

γ − 1

]
· ξ

(4.4.19)

DRAFT:Wakatani Notes
June 16, 2016

c©K. J. Bunkers



The MHD Equilibrium of a Toroidal Plasma in Three-Dimensional Geometry 45

We have then found

δW = −
∫

d3x

(
ξ · ∇(B2

0/2)−B0B0 : ∇ξ
µ0

+
ξ · ∇P0

γ − 1
− ξ · ∇(B2

0/µ0)− γξ · ∇P0

γ − 1

)
(4.4.20)

=

∫
d3x

(
ξ · ∇(B2

0/2) + B0B0 : ∇ξ
µ0

+
(γ − 1)ξ · ∇P0

γ − 1

)
(4.4.21)

=

∫
d3x

(
ξ · ∇(B2

0/2) + B0B0 : ∇ξ
µ0

+ ∇P · ξ
)

(4.4.22)

They find that

δW = −
∫

d3x F · ξ (4.4.23)

F =
1

µ0

(∇×B)×B− ∇P =
B · ∇B− ∇(B2/2)

µ0

− ∇P (4.4.24)

We also can now use that

B0B0 : ∇ξ = B0 · ∇(B0 · ξ)− ξB0 : ∇B =∇ · (B0ξ ·B0)− ξ · [B0 · ∇B0] (4.4.25)

Again, we can use the divergence theorem on the first term with B0 · n = 0 to find∫
d3x B0B0 : ∇ξ =

∫
d3x ∇ · (B0ξ ·B0)−

∫
d3x [B0 · ∇B0] · ξ

=
���

���
���

��∫
d2x n · (B0ξ ·B0)−

∫
d3x [B0 · ∇B0] · ξ

(4.4.26)

Thus, we have

δW =

∫
d3x

(
ξ · ∇(B2

0/2) + B0B0 : ∇ξ
µ0

+ ∇P
)

=

∫
d3x

(
∇(B2

0/2)−B0 · ∇B0

µ0

+ ∇P
)
· ξ

= −
∫

d3x

(
B0 · ∇B0 − ∇(B2

0/2)

µ0

− ∇P
)
· ξ

= −
∫

d3x F · ξ

(4.4.27)

F =
B0 ·B0 − ∇(B2

0/2)

µ0

− ∇P =
1

µ0

(∇×B0)×B0 − ∇P (4.4.28)

which we note (taking the quantities to be their equilibrium values) matches Wakatani’s (W-4.82)
and (W-4.83).

4.5 The Solov’ev-Shafranov Equation

Lots of math, but seems straightforward.
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4.6 The Pfirsch-Schlüter Current, and Equilibrium with

Rational Magnetic Surfaces

We use

J×B = ∇p (4.6.1)

J⊥ ×B = ∇p (4.6.2)

∇ · J = 0 (4.6.3)

Using J⊥ = −b̂× b̂× J with b̂ = B/|B|, so that, if we solve for J⊥ via

B× (J⊥ ×B) = B× ∇p (4.6.4)

−B2b̂×
(
b̂× J⊥

)
= B× ∇p (4.6.5)

(J⊥)⊥ =
B× ∇p
B2

(4.6.6)

J⊥ =
B× ∇p
B2

= −
B× ∇V dp

dV
B2

(4.6.7)

Thus, we find with J‖ = σB that ∇ · J = 0→∇ · J‖ = −∇ · J⊥ that

∇ · [σB] = −∇ ·
[

B× ∇V dp
dV

B2

]
(4.6.8)

B · ∇σ = −∇ ·
[

dP

dV
B× ∇V
B2

]
= −dP

dV
∇ ·

[
B× ∇V
B2

]
+
���

���
���

�
d2P

dV2
∇V · B× ∇V

B2
(4.6.9)

We use a B given in a coordinate system (V , θ, ζ) so that

BV = B · ∇V ≡ B · eV = 0 (4.6.10)

Bθ = B · ∇θ ≡ B · eθ (4.6.11)

Bζ = B · ∇ζ ≡ B · eζ (4.6.12)

B = BV ∇V +Bθ∇θ +Bζ ∇ζ (4.6.13)

We can also write

BV = B · J ∇θ × ∇ζ ≡ B · eV (4.6.14)

Bθ = B · J ∇ζ × ∇V ≡ B · eθ (4.6.15)

Bζ = B · J ∇V × ∇θ ≡ B · eζ (4.6.16)

with J = 1/(∇V · ∇θ × ∇ζ) the Jacobian for this system.

With

B · ∇σ = −dP

dV
∇ ·

[
B× ∇V
B2

]
(4.6.17)

It is simple to see

∇ · (∇a× ∇b) = ∇b · ∇× ∇a− ∇a · ∇× ∇b = 0 (4.6.18)
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for any a and b. Thus, ∇ · (eθ/J ) =∇ · (eζ/J ) = 0. Thus, using the covariant representation of
B we find

∇ ·
(

B× ∇V
B2

)
=∇ ·

(
(���

�BV ∇V +Bζ ∇ζ +Bθ∇θ)× ∇V
B2

)
(4.6.19)

=∇ ·
(
Bζ ∇ζ × ∇V +Bθ∇θ × ∇V

B2

)
(4.6.20)

=∇ ·
(
Bζeθ/J −Bθeζ/J

B2

)
=∇ ·

(
Bζeθ/J
B2

)
−∇ ·

(
Bθeζ/J
B2

)
(4.6.21)

=
Bζ

B2
��

�
��
�

∇ ·
(

eθ
J

)
+

eθ
J
· ∇

(
Bζ

B2

)
− Bθ

B2
��

�
��
�

∇ ·
(

eζ
J

)
− eζ
J
· ∇

(
Bθ

B2

)
(4.6.22)

=
1

J

[
eθ · ∇

(
Bζ

B2

)
− eζ · ∇

(
Bθ

B2

)]
(4.6.23)

We can further simply by the following steps.

∇ ·
(

B× ∇V
B2

)
=

Bθ

JBθ
eθ · ∇

(
Bζ

B2

)
− Bζ

JBζ
eζ · ∇

(
Bθ

B2

)
(4.6.24)

= Bθeθ · ∇
(

Bζ

JBθB2

)
− BθBζ

B2
eθ · ∇

(
1

JBθ

)
−Bζeζ · ∇

(
Bθ

JBζB2

)
+
BθB

ζ

B2
eζ · ∇

(
1

JBζ

) (4.6.25)

= Bθeθ · ∇
(

Bζ

JBθB2

)
−Bζeζ · ∇

(
Bθ

JBζB2

)
+
BθB

ζ

B2
eζ · ∇

(
1

JBζ

)
− BθBζ

B2
eθ · ∇

(
1

JBθ

) (4.6.26)

We can note that JBθ = dΨP (V)
dV and JBζ = dΨT (V)

dV so that ∇[(JBθ)−1] = −1
(JBθ)2 ∇(dΨP

dV ) =

[d2Ψp
dV /(dΨp

dV2 )2]∇V and similarly for JBζ . Thus, (using ei · ej = δij)

eζ · ∇
(

1

JBζ

)
∝ eζ · ∇V = eζ · eV = 0 (4.6.27)

eθ · ∇
(

1

JBθ

)
∝ eθ · ∇V = eθ · eV = 0 (4.6.28)

So these terms vanish and we are left with

∇ ·
(

B× ∇V
B2

)
= Bθeθ · ∇

(
Bζ

JBθB2

)
−Bζeζ · ∇

(
Bθ

JBζB2

)
(4.6.29)

Now we can construct this as B· term in two different ways. First let’s do it based off of the Bθêθ
term.

∇ ·
(

B× ∇V
B2

)
= B · ∇

(
Bζ

JBθB2

)
−Bζeζ · ∇

(
Bζ

JBθB2

)
−Bζeζ · ∇

(
Bθ

JBζB2

)
(4.6.30)

= B · ∇
(

Bζ

JBθB2

)
−Bζeζ · ∇

(
BζB

ζ +BθB
θ

JBθBζB2

)
(4.6.31)
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We can use that B2 = BθB
θ + BζB

ζ (due to ei · ej = δij) with our identities for JBθ = Ψ′P (V)
and JBζ = Ψ′T (V) so that we can write

∇ ·
(

B× ∇V
B2

)
= B · ∇

(
Bζ

JBθB2

)
−Bζeζ · ∇

(
B2

JBθBζB2

)
(4.6.32)

= B · ∇
(

Bζ

JBθB2

)
−Bζeζ · ∇

(
J

Ψ′PΨ′T

)
(4.6.33)

Similarly we can construct a B· term off of the Bζ êζ term.

∇ ·
(

B× ∇V
B2

)
= −B · ∇

(
Bθ

JBζB2

)
+Bθêθ · ∇

(
Bθ

JBζB2

)
+Bθêθ · ∇

(
Bζ

JBθB2

)
(4.6.34)

= −B · ∇
(

Bθ

JBζB2

)
+Bθeθ · ∇

(
BζB

ζ +BθB
θ

JBθBζB2

)
(4.6.35)

Once again, we can use that B2 = BθB
θ + BζB

ζ (due to ei · ej = δij) with our identities for
JBθ = Ψ′P (V) and JBζ = Ψ′T (V) so that we can write

∇ ·
(

B× ∇V
B2

)
= −B · ∇

(
Bθ

JBζB2

)
+Bθeθ · ∇

(
B2

JBθBζB2

)
(4.6.36)

= −B · ∇
(

Bθ

JBζB2

)
+Bθeθ · ∇

(
J

Ψ′PΨ′T

)
(4.6.37)

Now we can take α2

α1+α2
(4.6.33) and add this to α1

α1+α2
(4.6.37) for another expression for∇·

(
B× ∇V

B2

)
given by

∇ ·
(

B× ∇V
B2

)
=

α2

α1 + α2

B · ∇
(

Bζ

JBθB2

)
− α2

α1 + α2

Bζeζ · ∇
(
J

Ψ′PΨ′T

)
− α1

α1 + α2

B · ∇
(

Bθ

JBζB2

)
+

α1

α1 + α2

Bθeθ · ∇
(
J

Ψ′PΨ′T

) (4.6.38)

=
B

α1 + α2

· ∇
[
α2Bζ

JBθB2
− α1Bθ

JBζB2

]
+ ∇

(
J

Ψ′PΨ′T

)
· α1B

θeθ − α2B
ζeζ

α1 + α2

(4.6.39)

We can note that

∇
(
J

Ψ′PΨ′T

)
= −J (Ψ′PΨ′T )′

(Ψ′PΨ′T )2
∇V +

∇J
Ψ′PΨ′T

(4.6.40)

so that the ∇V term vanishes when dotted into eθ or eζ and we in fact have

∇ ·
(

B× ∇V
B2

)
=

B

α1 + α2

· ∇
[
α2Bζ

JBθB2
− α1Bθ

JBζB2

]
+

(
∇J

Ψ′PΨ′T

)
· α1B

θeθ − α2B
ζeζ

α1 + α2

(4.6.41)
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Thus, when we substitute we find

B · ∇σ = −P ′∇ ·
[

B× ∇V
B2

]
(4.6.42)

B · ∇σ = −P ′
[

B

α1 + α2

· ∇
[
α2Bζ

JBθB2
− α1Bθ

JBζB2

]
+

(
∇J

Ψ′PΨ′T

)
· α1B

θeθ − α2B
ζeζ

α1 + α2

]
(4.6.43)

B · ∇σ =

[
B

α1 + α2

· ∇
[
−P ′α2Bζ

JBθB2
− −P

′α1Bθ

JBζB2

]
+−P ′

(
∇J

Ψ′PΨ′T

)
· α1B

θeθ − α2B
ζeζ

α1 + α2

]
(4.6.44)

(4.6.45)

and so

B · ∇
[
σ −

(
α2

α1 + α2

−P ′Bζ

JBθB2
− α1

α1 + α2

−P ′Bθ

JBζB2

)]
= − P ′

Ψ′PΨ′T

[
α1

α1 + α2

Bθeθ −
α2

α2

Bζeζ

]
· ∇J

(4.6.46)

B · ∇
[
σ − P ′

(
α1

α1 + α2

Bθ

JBζB2
− α2

α1 + α2

Bζ

JBθB2

)]
= − P ′

Ψ′PΨ′T

[
α1

α1 + α2

Bθeθ −
α2

α2

Bζeζ

]
· ∇J

(4.6.47)

Here α1 and α2 are weight factors free except for α1 + α2 6= 0.

If we take Hamada coordinates then J = 1⇒ ∇J = 0 and so we find

J‖ = σB = P ′
[

α1

α1 + α2

Bθ

Bζ
− α2

α1 + α2

Bζ

Bθ

]
B

B2
+ γ(V)B (4.6.48)

where γ(V) is the integrating factor. We can write this instead as

J‖ = P ′
Bθ

Bζ

B

B2
+ γ1(V)B (4.6.49)

= P ′
Bθ

Bζ

B

B2
− P ′ α2

α1 + α2

[
Bθ

BζB2
+

Bζ

BθB2

]
B + γ(V)B (4.6.50)

so that it is simple to see

γ1(V) = γ(V) +
α2

α1 + α2

BθB
θ +BζB

ζ

BζBθB2
B (4.6.51)

= γ(V) +
α2

α1 + α2

1

BζBθ
B (4.6.52)

Note that the toroidal current contained within a flux surface can be written as

IT =

∫ V
0

dV ′
∫ 2π

0

dθ J · ∇ζ (4.6.53)

It is not actually clear that this implies

I ′T (V) = Jζ(V) (4.6.54)

because it is not obvious that IT = IT (V) or
∫

dθ J · ∇ζ = Jζ(V) is a true statement (where the
factor of 2π has clearly been suppressed).
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A better way of seeing the truth of this statement is using that

IT =

∫
ST

dS
∇ζ
| ∇ζ|
·B =

∫
ST

dS n ·B (4.6.55)

We can use that

µ0Ienc =

∫
S

dS n ·B (4.6.56)

It is clear from this that Ienc ≡ IT for our situation and that Ienc can only depend on the flux
surface you are on (it can have no θ or ζ dependence in our case). Thus IT = IT (V) is proven.
Now, we have

IT (V) =

∫ V
0

dV ′
∫ 2π

0

dθ J · ∇ζ (4.6.57)

So if we take ∂
∂V we easily see

I ′T (V) =

∫ 2π

0

dθ J · ∇ζ (4.6.58)

Unless Jζ = J · ∇ζ is independent of θ the only thing we can take from this is that Jζ = Jζ(V , θ).
Luckily, we know that in Hamada coordinates we have that Bθ and Bζ are flux coordinates and
so using

J×B = ∇p (4.6.59)

JθBζ − JζBθ = p′ (4.6.60)

We use that ∇ · J = 0⇒ ∂Jθ

∂θ
+ ∂Jζ

∂ζ
= 0 and so

∂

∂θ

[
p′

Bζ
− JζB

θ

Bζ

]
+
∂Jζ

∂ζ
= 0 (4.6.61)[

Bθ

Bζ

∂

∂θ
+

∂

∂ζ

]
Jζ = 0 (4.6.62)[

Bθ ∂

∂θ
+Bζ ∂

∂ζ

]
Jζ = 0 (4.6.63)

B · ∇Jζ = 0 (4.6.64)

so that Jζ = Jζ(V) is indeed a flux surface function.
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Chapter 5

MHD Instabilities in Heliotrons
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