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Chapter 1

Introduction

We get the difference in momentum by finding the impulse I, which is defined as the change in
momentum I = Ap I = mAv = fabF(t) dt. we get the y component by just looking at the
Coulomb force,

mAwv :/ dt F,(t) :/ dt Fe(t)sin[0(t)] (1.1)

where 6 is the angle given by 1.1.

tv
Figure 1.1: Schematic yielding relations for 6 due to the right triangle formed. This assumes little

deviation so that b is approximately constant, and that the particle continues at a constant velocity
v for it’s entire time. (Also that the test and source particle are vertically aligned at ¢ = 0).

So we find with r(t) = v/b? + t?v? that

> e;e b o be;e
mAv,, = dt ————— :/ dt : 1.2
S R=rr treo [ 1 20 (12
Let’s now calculate this explicitly. First let’s choose u = tv/b with du = { dt so that
beie [ b 1 e;e o0 du
Av,=—— [ du— = — 1.3
e’ 47eg /OO U 1 +u2]3/2 4degub /Oo 1 +u2]3/2 (1.3)
Use u = tanf so du = sec? #df and
w/2 2 /2
ee sec” 0 ;€ e;e . 72
mAv, = / de = / df cosf = sin(6
Y dmevd | g [sec20]*/?  dmevdb J o) 4evd ( )‘—”/2 (1.4)
9 €;e . (7’(’) e;e
= sin =) =
4dmevb 2 2mevb
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8 Random Walk Estimate of Bohm-Diflusion

just as advertised.

1.4 Random Walk Estimate of Bohm-Diffusion

From the Lorentz equation for an electron
mev = —e(E+ v x B)
We take - x B and find (using v x B = v, x B, with || referenced to B)

mevxB=—¢ExB+eBx (v, xB)=—¢ExB+e[v,B°— BvrB]
mev X B=—¢E x B+ ev, B
ExB m.vxB
T B e

\ A

as indicated. Note that if we hadn’t switched v — v we would have had
B x (v x B) =vB* - BBy = v, B>+ BBy, — BBy = v, B’

which is a bit trickier to see, as we need to use v =By /B + v .

1.5 Exercises Chapter 1

1.5.1 Dominant Diffusivities

(1.5)

(1.9)

Above which temperature does the Bohm diffusivity exceed the (a) classical (b) neoclassical heat
diffusivity across a magnetic field of 1 T? Assume n =1 x 10*m™3, ¢ = 0.1, and B/B, = 10.

Solution:

The classical diffusivity is given by

i
C_— = 1.10
¢-L (1.10)
1973/2 /_iT'B/Q 2
S A (1.11)
V2 niZ%*InA
The neoclassical diffusivity is given by
2 2 9 2
NC Ppi B\ p; €(B C
NC _ oelPt — o [ =) = /2 = A 1.12
g0 =vale i (2) Ao [ (2) « (112)
while for Bohm diffusivity we simply have
T
Dgopm = 1.13
ot = 16e B (1.13)
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Introduction 9

So if we take the ratio of classical to Bohm, and set it less than 1, we can solve for the T where
Dgonm begins dominating,

C 16eBp? 8eB2lmy 4 2min; Z*e* In A
S _f0eBor_ SeDupt gt = VA e A (1.14)
Dgonm 2T'7;; 1273/2, /m;T5/%€3 332 BT3/26}

4/2myn; Z4e3 n A\ 2
T>< M2 © n) (1.15)

3m3/2Bed
We note in passing that for 7' > than the right hand side we have Dg,,» dominating, as expected.

Now, the T is actualy going to be kgT', and the right has units of Joules when we put everything
in in SI. Plugging in values

2/3
T 44/2(1.67 x 10727 kg)(1 x 102°m~3)(1.60 x 10712 C)3(15) / ~ (108 x 1077 J3/2)2/3
B 3m3/2(1T)(8.854 x 10 12F /m)? T

(1.16)
~ 1.06 x 107 J ~ 6.63 eV (1.17)
Now we use
NC 2 2 2 8 B2Zm22
ST (B LeBpi e (B °Z p V2n;Ztt In A
DBohm 2 Bp 2T7'” 2 Bp 127‘(’3/2\ /miT5/2€% (1 18)
_ |e (B 2 42min; Z4e3 In A <1 '
- V2\B, 332 BT3/262

2/3
T ¢ { B\” / 42min; Z4e® In A 2/3
2\ B, 3m3/2Be3 (1.19)
~ (22.36)%3(1.06 x 10718 J) ~ (7.9)(1.06 x 10718 J) ~ 8.374 x 107 ¥ J ~ 52.4eV

So we find Doy > fic for T > 6eV and Dpopm > fZNC for T'> 50eV, as given in the book.

1.5.2 Derive the Rutherford Formula
Referring to Figures 1.1 and 1.5 in the book, derive the Rutherford formula

a Ze?
tan — = ——— 1.20
2 4mem.v%b ( )
relating the deflection angle « in an electron-ion collision to the impact parameter b. Hint: Note
that angular momentum is conserved because the electrostatic Coulomb interaction is spherically
symmetric, so that 720 = const = bv.

Solution:

We see that for the electron very far away, that 6, is the angle between the dashed line and u, so
that the component of v in the u direction will be v, = vX-(cos(m —6by)X+sin(m—by)§y) = —v cos .
Because u is symmetric, we now that when the electron is long past the ion it will have precisely
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10 Exercises Chapter 1

the opposite velocity. Because this is a small angle, we will say that the component along u is
almost always cosf. Thus, the change in momentum is

> o F 0
Ap = 2m.vcosby = / dt F(t)cosf = / dé L.COS
e % ¢ (1.21)
b Ze2cos6 Ze? B Ze?sin '
= do = cosfdf = ——
—6, dregr? s dmegbv | g, 2meqbv

Now we use that §y = o + [ where 20 is the angle that u bisects when you trace the original
particle path’s asymptote and the reverse particle path’s asymptote. We then see that 20 +a =7
and so we get o = 20 — m. If this is so, then

tan («/2) = tan(fy — 7/2) = — cot b, (1.22)

Now, we haven’t been careful about the signs of things, and if one were, we’d eliminate the — sign,
and so we find

Ze?sinf
2mev COS 00 = vao (123)
Ze?
t 0y = 1.24
oL 2mepbv (1.24)
« Ze?
tan — = 1.25
Y 2mepbv (1.25)
as desired.
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Chapter 2

Kinetic and Fluid Descriptions of a
Plasma

2.2 Fluid Equations

Note that we have my less desirable definition for divergence of a tensor,
<>
V - II = 0,115 (2.1)

so that in some cases I will have to be careful of the order I do things in integrals.

2.3 Exercises Chapter 2

2.3.1 Momentum and Energy Equations

Derive the momentum equation (HS-2.16) and the energy equation (HS-2.17) from the conservation
laws (HS-2.9)-(HS-2.11).

dv,

manaw =—Vp,— V- <7_1'>a +en.(E+V,xB)+R, (HS-2.16)
3 dT,
571@? +p,V:V,=-V. q, + (7_7)0,: VV,+Qq (HS_217)
0
8—7; YV (V) =0 (HS-2.9)
0 And
a(mnV)%—V-H:ne(E%—VxB)—{—/dgv mv C(f) (HS-2.10)
T 2 2
O (3L mnV +V-Q=enE-V+/d%ﬂ0(f) (HS-2.11)
ot 2 2 2
= “
II=pl+m+mnVV (2.2)
5pV V2
Q=q+p7+‘7?-V+mn \% (2.3)
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12 Exercises Chapter 2

Solution:

First let’s get (HS-2.16). We first use from (HS-2.13) that

V.-%=W+V-T+V-(mnVV) (2.4)
V. (mnVV)=mnVV -V 4+mnV-VV+mVV.Vn=mV((nV-V+ Vn:-V)+mnV.VV
(2.5)

or, more clearly perhaps,

note number density conservation can be written as

2—7;+Vn-V+nV-V—O (2.7)

So then, we find

on

ot
We can then plug this into (HS-2.10) using that the integral is defined to be R, and see

V. (mnVV)=mV— —mnV . VV (2.8)

%(mnV)—I—Vp—i—V-;—r}%—mV%—mnV-VV:ne(E—i—VxB)—l—R (2.9)
oV -
mng—l—m E—FVP—FV-W—WL E%—mnV-W:ne(E—%VxB)%—R (2.10)
ov -
mna+mnV- VW=-W-V.w+ne(E+V xB)+R
(2.11)
Now, we use that
dg dq
dal _ 9% . 2.12
a| “a TV Ve (2.12)
and reference all to this frame, so that
oV —
mn E—#V-W =—VW-V-m+ne(E+V xB)+R (2.13)
dVv, <
mn-— =—Vp,—V-m,+ne(E+V,xB)+R, (2.14)
That was the simple one. Now let’s get the energy equation.
First let’s expand V - Q out
5 V2
V-Q:V-q+§v-(nTV)+v-(%’.V)+v-(m" V) (2.15)
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Kinetic and Fluid Descriptions of a Plasma 13

Let’s handle this term by term (we use that ™= <7_T>T, OF Tjp = Tgj.

V-IV)=TVn-V+nVT'-V+nITV. -V (2.16)
V- (7-V)=V.V.7 +7:VWW=V.V.7+7:VV (2.17)
V.-nV*V)=2nVVV -V +V*Vn-V +nV?*V .V (2.18)

Wher the tensor relationship is easily seen from
8j (ij‘/k> = Vk(‘?ﬂjk —+ ijajvk = Vkajﬂ'kj + ijaj‘/k (219)
We can also break up the time derivative terms and the defintion for the collision integral,

2
onT) _ T  ,ond@mV?) OV vﬁ"/dsvﬂ(;(f)_QJFR.v (2.20)

ot "ot "ot ot ot ot

So that altogether, the energy conservation law states

3_7%8_T+£a_n+ V8V+mv26n V -
29t 20t "ot T2 ot q
5T 5nT
+ 2 Vn- V+—VT V+LV ViV.V.-T4+5%: WV (2:21)

mV? mnV?

+mnVVV .-V + Vn -V +

V:-V=enrE-V+Q+R-V

We can change some quantities into full derivatives right now, (I will suppress the a subscript for
now)

3_ng+3Tdn+manV+mV2dn v.
2 dt 2 dt dt 2 dt 4
T
+TVn-V+nVT-V+5LV V4+V.V.7+7:VV (2.22)
2
mzvv.vzenE-V+Q+R.V
If we take V - (2.11), we would get
dVv -
V-mnE+V-Vp+V-V-7T:neE-V+R-V (2.23)

subtracting this from our previous equation yields some cancellations, especially when we recognize

TVn-V+nVI-V=Vp-V,

3ndT 3T dn dV. mVZ%dn 5nT o
oL an D voagr Y.V R v
Sa T ra "™ T 2 T (2.24)
) .
+ mnV V-V-mnV. ddV Q

We can now collect like terms

3ndT+3T dn
2 dt 2

V2 /4
v - V) m (—”+nv V)+V-q+nTv-V+%’:W

dt 2 dt (2.25)
eV A
dt dt
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14 Exercises Chapter 2

We use number continuity which says

Z—Z—FVn-V—l—nV-V:i—?—FnV-V:O (2.26)

to eliminate those terms, use nT = p, as well, and we are left with

3ndT
§E+pV-V+V-q+?:W=Q (2.27)
Which, can be written (adding back the subscript a on all terms to remind ourselves that the full

derivatives are convective derivatives)

3n, dT,
SE APV V==V g, = e WV Q, (2.28)
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15

Chapter 3

The Collision Operator

3.9 Exercises Chapter 3

3.9.1 Calculate Some Frequencies

Calculate the deflection frequency (HS-3.45) and the parallel velocity diffusion frequency (HS-3.47)
from their definitions (HS-3.38) and (HS-3.39) by using the relation (HS-3.44).

2Lab

) =~ 2l ) (HS-3.39
"
vt = —2Lab¢b—(;’) (HS-3.39)
v
d dyy
o ( 2 o ) = (V) (HS-3.44)
v (v) = aab¢(xb) _3G(xb> (HS-3.45)
G
vit(v) = 20, gb) (HS-3.47)
22
~ nyeze; In A
Vah = HS-3.48
dmegmog, ( )
_ /
Gla) = 22 > f¢ () (HS-3.43)
x
2
Lab = (eaeb) In A (3.1)
mea€o
Solution:
We first need to get ¢y from ¢,,. We see that (HS-3.44) implies
Uy = v2/dv V2 iy (3.2)
DRAFT:Helander/Sigmar Notes ©K. J. Bunkers
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16 Exercises Chapter 3

For a Maxwellian, we have (remember that z, = v/vgy,)

mpny

/
A0 = TGl (33)
_ Ugh, MpT
Oy = —47TTb /dxb G(ZEb) (34)
If we look at the integral, we see
B ¢(x) — x¢/(x) _/ ¢ / d (1 ¢(x)
/dx Gla) = /d.:n 2x? =) de 2x2 ) de dz \ 2z o) 2x (3.5)
:/dm b _o|_o__°¢ |
202 222 2x 2x
SO
__ Uthy M1 d(xp) (3.6)
AT,  2my
So (with 2Tp/my = v7, )
3 2
9 9 Uy o Uth, M O(Tp) MUy,
Uy =v /dv vy = —U—Qb dzy 4b7rTb 2y - 47wgb dwy, 2pd(wp) (3.7)
2 2 2
o _nbvthb xb¢(xb) _/ ﬁ /
= { > dzy ¢/ (1) (3.8)
We can now use
, 2 .
¢ (ZEb) = ﬁ@ b (39)
So that
2, a2 de= —x 5 —e %
dey e = [ d b = b—%—/d 3.10
fam et [ (ﬁ(—mb) dz, ) 27 " avE 10
¢ () / ¢ (xy)  —xp¢/ (1) + P(xy) 3G ()
_ o) [ g, $) ) - a8 (3.11)
And so, we get
2 2 2
Uiy, [2pd(ze)  G(w) o
_ _ _ M _ 12
o= - 2] _ 0T " () — Ga)] (3.12)
And so
2L 2e2e2lnA [ n e2e?ln A
ab __ o a~b b _ a~b
VD = T Py(v) = T2 [—gw(fﬁb) - G(l"b)]} = memie (O(x) — G(xp))  (3.13)
ab __ ~ 925(131,) — G(xb>
Vp = Vabx—g (3.14)
as promised.
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The Collision Operator 17

Now we use
—Typ d

Uy = [o(a) = G)] =

81 dv a 8TV,

(¢'(23) — G'()) (3.15)
We use

) — Gl = ' (ay) — 201 (@) = &) =m0 ()] = [B(m) — 2 ()]

1
4z,

(3.16)
oy ¢"(zp) | 2G(x)
N ¢ (I’b) + 2.%'1, + Ty
We use that ¢ (x,) = —224¢'(xp) so that
, , , , 2G(x 2G(x
#(a) — G () = ) — & (ay) + 222) _ 26100) (3.17)
Ty Tp
Therefore
n__ T _ _ﬂ
b — 47T1)thb(£bG(Ib) 47T’L)G(Ib) (318)
And so
" 2.2 G
vt = _opa W) _peact A m by on v G2 o Gln) (3.19)

v? m2edv? 4rv
3.9.2 Pressure Anisotropy

For viscosity calculations, it is useful to know at what rate the pressure ansisotropy

U2
Pal| — Pal = /d3v Mo fa (vﬁ - f) (3.20)

decays by collisions with a Maxwellian background species f;o. Calculate this rate along the same
lines as used for the friction force and momentum exchange in Section 3.7.

Solution:

We begin by looking at the collision integral with appropriate weighting,

d 3 2 Ui
= /d v | vf = = Cab(fas fro) (3.21)
collisions

3 (Pa) = Pa1)
we use identities and see (remembering that pre-collision there was no perpendicular velocity and
there was a v))

2 v+ Av ) =02 2
/dgv Mg (Uﬁ - %) Cav(fas fro) = /dgv Mg <( H At”) ”> - <§Z;> Ja (3.22)

Av? 2
3 (i) (A1) ()
_ _ 2
/ %o mq AT A o | 1 (3.23)
= /d3v mav? (=202 + V‘Tb — V) fa (3.24)
= —/d3v mav s f, (3.25)
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18 Exercises Chapter 3

with
Vb = 200 4 b 1/|‘|1b = v+ 3uep (3.26)

since
viy = 202" — vy — v (3.27)

3.9.3 Entropy

The entropy s per particle of a species with the distribution function f and density n is defined by

s = %1 /dgv finf (3.28)

3.9.3.1 Maxwellian Entropy
Show that s = £ In(p/n*?) + const. for a Maxwellian species, as claimed at the end of Section 2.2.

Solution:

We simply use that

n — 02 UE

f=—pae (3.29)

n v? v?
lnlen(—)——EA—— (3.30)

7T3/2”t3h UtQh UtQh

v

r=— 3.31
-~ (3.31)

Thus,

s ! /d3v fInf L /OO dv 4mv®fln f ! /OO dv v2e /% |In n v
= —— = —— vie e — t -
n n Jo VT Ugh 0 w3/ 2U§h UtQh
4 & 4
= dr 2%~ [ln(A—xQ)} = —— {ﬁln/l—%} :—lnA—F§

N A N 8 2
(3.32)
Thus, (using In(ab) = In(a) + In(b) multiple times)
3 T3/2 3/2 3/2
s=In(Jh + const. =In | —— ) + const. = In L + const. = In [L} + const.
n n n5/2 n5/3
(3.33)
3 P
s=35 In <W> + const. (3.34)
as desired.
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The Collision Operator 19

3.9.3.2 Find the rate of change of entropy
Calculate the rate of change in the total entropy S = [ d*z ns from the kinetic equation (HS-2.1).

aaé“ Yy Vfa+;—2(E+vx B)-%{j — Cu(f) (HS-2.1)
Solution:
We have
ns = —/d3v fInf (3.35)
and so
S:/d?’x ns = —/d?’x /d3v finf (3.36)
Thus,

/d3 /d3 { 1f+f}aaﬂ=—/d3x /d%%(lﬂnf) (3.37)

Let’s take the first term

/d3 /d3 = /d3 at/d%f——/d%— (3.38)

If there are no sources or sinks of particles in the entire volume of interest, then this clearly vanishes
by conservation of particle density. Thus, we find

/ B / v ln f (3.39)

We use that
W V() S o) (3.40)
where a = £ (E + v x B). We have used that Vf-v =V - (fv)anda- % = 2 .(fa). Thus,
5= @ [@o [V g an - o) g (3.41)
Let’s take the first term,
/ &Pz / v InfV - (fv) = / d*v / &z [V (fvinf)— V(nf)- fv] (3.42)
/ d*v / &z [V (fvinf) - / d*v / Bz [V (fvinf)=V-(fv)] (3.43)
:/d% /d% n-[(fvlnf)—(fv)]:/d%ozo (3.44)
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20 Exercises Chapter 3

where we applied Gauss’s law and used that at a surface approaching r = oo, we must have the
quantities vanish.

Similarly, for the second term

/d% /d% 1nfi (fa) = [ & /d% [ﬂ (fam f) = 20S) -fa} (3.45)

ov

/d3 /d3 [ (falnf) — av a] /d3 /d3 [ falnf)—— (fa)] (3.46)

:/d% /d%n.[(falnf)—(fa)]:/d3xo:o (3.47)

where we applied Gauss’s law and used that at a surface approaching v = oo, we must have the
quantities vanish.

Thus, we are left with

—/d3x /d3v In fC(f) (3.48)

and entropy production is due only to the collision term.

3.9.3.3 Self-Collisions Increase Entropy
Show that self-collisions increase the entropy for a distribution function close to equilibrium.

Solution:

If we are near equilibrium, then we can write for fy a Maxwellian background

f=f+f (3.49)
mf=Inf+f (3.50)

So we know that (locally)

d(ns) _
ot

—/&vaﬁmfz—/&v@umnm+ﬂ:—/&vaﬁmﬁ—/&vaﬁf
(3.51)

The first integral is the entropy production due to a Maxwellian, and so is zero. Thus, we have

using C(f) = C'(fof) that

d(ns ~ ~ ~
00— [0 T = ST (3.52)
Now, we have that
of  of\ (of of
3 3,1 _ 95 _
I = 16r /d /d V" fofoUn (a ; avl> (0% M) (3.53)
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The Collision Operator 21

We call the integrand

w2y — upuy  dPagay — upape;  uta® — (- a)? A
—— gy = 3 = 5 (3.54)
u u u

Uniara =
Now, we, know by the inequality
(u-a)* <u’a® (3.55)
then that (given u® > 0)
wUpara; = v?a® — (u-a)*> >0 (3.56)
So that S []7, f] < 0. This implies that —S [f, ﬂ > 0, so that entropy production is always positive.

3.9.3.4 Boltzmann’s H-theorem

Show that the fully nonlinearized self-collision operator increases entropy by a procedure similar
to that leading to (HS-3.61).

Solution:
We use
—e2ellnA O 3 fa Ofl  fl Ofa
Oab(fa;fb) = 871‘6—(2)711(18_1)]6 /d v Uk:l [ ba_’()l — m—a a’()l:| (HS—322>
So that for same collisions
—ellnA 0 Ny af! ,0fa
Caa(fm fa) - 871’63?77,2 8_7% d’v Ukl |:fa l - fa avl:| (357>
Thus,
4lnA , of! ,0fa
/d3v Coaln f, = - /d3 lnfaa /d3v Ui {fa Ja — aaj;] (3.58)
—etln A 3 3 of! af, Odln f, af! af,
— a / 1 _ / a a _ ! a
s [ / 0 (o {mbitia [ .5 - 1 am}} Gt | 150 - 1| )
(3.59)
The term in the curly braces will clearly vanish by using Gauss’s law. Thus, we have
4 /
N g InA 3 3 alnfa af 0%
/d v CyeIn f, = Srem? /d /d Ui fa fa 90 (3.60)
etln A 3 3 61nfé ,8fa of!
- /d /d ol fag, [faa s, l] (3.61)

where in the second expression we swapped v — v' and v' — v, recognizing that Uy, is unchanged
under this swapping.
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Thus, symmetrizing by adding these two expressions we see that we get

/d% Coalnt fo = ¢ In A /d3 /d%’ Uk (alnﬂl . mnf“) lf OJa —faaf/] (3.62)

16me2m2 ov, vy,
etln A 8lnf’ _dInf, 81nf Oln f!
= ddv [ & o = < — ¢ 3.63
167r60m2 / / v Usitaf, ( oy, > [ oy, v, ] ( )
elln A 8lnf’ _ Olnf Oln ! Oln f,
d3 d3 / U . a a a
 16meZm2 / / o Uifal, ( Ovy, ) [ ov; ou, }
(3.64)
We call the integrand (excluding the positive definite f,f!)
25 _ 2 _ 2.2 (1. a)2
Ussanay — Uy : ULy ) — ucagag SUkakUlal _wa gu a) (3.65)
u u u
Now, we, know by the inequality
(u-a)?® <u’a® (3.66)
then that (given u® > 0)
wUpara; = v?a® — (u-a)*> >0 (3.67)

Thus, the integrand is posmve definite, and so the expression is always negative, indicating entropy
production because 8( — [ &30 Coalfa, fa) In fo

3.9.3.5 Local Maxwellian

Show that the entropy production from self-collisions vanishes only when the distribution function
is locally Maxwellian.

Solution:

The only way for the expression to vanish, is when

Uklakal =0 (368)
where
Oln f/ Oln f,
= a _ 3.69
“T o0 T ou (3.69)
This implies that aga; is “perpendicular” to Uy. That is we require
u?a® = (u-a)’ (3.70)
which implies that a points in the exact same (parallel or antiparallel) direction as u. Thus,
Olnf.  Olnf,
A ox u; o (vg — v},) (3.71)
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This means that we can have (where V' is a constant)

Oln f/
a?}{“zavz—i—‘/
Ol f,
8?}{ =au,+V

Integrating, we see (/3 is another constant)

Inf = a(v,)?/2+ Vo, + 8
Inf, = avi/2+ Vo, + B

so that

a

2 _ _)2
fa _ 6cwk/Q—i-VVk+B = Ce k(v —V)

where x and C' are constants. This implies f, is in the form of a Maxwellian.
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Chapter 4

Plasma Fluid Equations

4.2 Lorentz Plasma

We look at
of. cE 0f. 0f.
Q. (b . =v- -=. HS-4.
CUt) +ulb xv) e oy vy, - £ 0 O (HS-4.7)
where b = B/B.
If we use that E ~ T/(eLy), and that v ~ vy, with ve,, /ve = A, then we see
(v- VI _uMfe  feom /Ly A (4.1)
Ce(fe) Ce(fe) Vefe Ly
and
B 9fe Bife _e T Vihe
(m_e : 6v)| L e e el ~ Ly ~ i (42)
Ce(fe) Vefe Ve Ve Ly

Similarly, if we compare the perpendicular portions to the €, (using v, /Q. = p and v, ~ vy, ),
term we find

fe
(V : VfE)L ~ VJ_ : VJ_fE ~ ,UJ‘LL ~ i (43)
Q(b x v) - 2 Qevlg—j Qcfe Ly
and
eE | Ofe ¢E,| fe el fe Uihe
(mF;'a_v)L ~ m_:_a NELLmeaNUL}LL Ni (44)
Qe(b X V) . % QE’UJ_I{—j Qefe Qe LL
with EJ_ ~ BT/LJ_.
Note that
afeO W / 8lnfe() / feO afeO
v Infg—===[d . o) — [ o f. = [ v = =0 4.5
/ vinfoy, v 55 eoln feo) vy, " Foo Op (45)
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where we use that

/d3 gi /d2v /0wa g_si /dQv lglp=T) —g(p =0)] =0 (4.6)

(with T being a period in ¢, so usually 7' = 27) so that because g is periodic in ¢ with period T
then the integral vanishes.

Let’s derive the expansion using the tag € to keep track of small quantities. We then write the
kinetic equation as

Ofe. eE 8fe afe.
Q.(b . =v- — 4.
Culf)+ Qulbx v) - e v vf, = S8 G B (@)
Of. eE Of. ,0f.
Ce(fe) + Qe(bxv) - 5y = €V Ve — (—:E . +e Y (4.8)
We use the expansion
fe:feO+€fel+€2fe2+"' (49>
Thus, to zeroth order we find
dfe
Ce(feo) +Qe(b x V) - Joo _ (4.10)
ov
if we put b in the z-direction, we would find
. O feo . . LOfo | .O0few dfeo dfeo
e 9 0%) - =g, D0 411
(Z x V) v (VY — v, X) (x Do, +y D0, v o, Uy (4.11)
If we introduce spherical coordinates
vy = vsinf cos ¢ (4.12)
v, = vsinfsin (4.13)
v, = vcosl (4.14)
tan p = ] (4.15)
Vg
vz d dv,
sec’ pdp = e 2 Uy 0 (4.16)
v v, dv, — v, do, Vg Uy
de = V2 + v yv% : - V2 + v dv, = m dvy (4.17)
vsin @ cos v sin @ sin _ sing cos ¢
dp=———+-dv, — ————Fdv, = dx dv 4.18
4 v2sin? Y v2sin? 6 Y vsin @ T o sing vsing (4.18)
Thus,
8feO _ afeOa_SO _ afeO CO'SSO (419>
vy Op Ov,  Op vsind
afeO _ afeO 890 _ _afeO —S.iHQO (420>
Ov, dp Ouy ¢ vsinf
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Plasma Fluid Equations 27

and so
x@feo B Uyafeo _ vsinﬁ'cos%o N vsianin%o 0fe0 _ Ofeo (4.21)
v, v, vsin vsinf Op Op
So that we do recover
afeO
Ce e Qe =0 4.22
(Fa) + 0.5 (422)
which implies f.y is a Maxwellian as described in the book.
To next order in € we would find
Gfel cE afeO
Ce(fe Qc(bxv)- =v-:Vfo——" 4.23
(o) + Dl x v) - S o oo (1.23)
We can state that since foo = —mz—€" ot = (;17:%/32/2 e~mev?/(T) with T = T, so that
the

2
Viw = Vn ( e >3/2 e—mev?/(2T) _ 3_” ( e >3/2 Ve mev*/(T) 4 My vT ( e >3/2 e~ mev?/(2T)

27T 27 \ 27T 272 27T
nmev me \ 3/2 2
= ¢ T— T ( e > —mev?/(2T)
(Vn—i— 5T V V ) orT e
(4.24)
Of _ OvOfer _ o M =20 apg o200 (%)5/2 me?)2) _ 20 (%)5/2 —me?)(2)
ov  0v Ov m32uh vh m3/2 \2T m3/2 \2T
(4.25)
So we can write (using Vinp = VInT + Vinn)
eE (9f0 nmev 3n eE nm 3/2 o
e _ . e T 2 T e mev®/(2T) 4.9
Vv Ve — B v (Vn+ 5T V 5T V ) 27rT e (4.26)
= 4.2
v ( 2 2 T ) 0 (4.27)
MV ) ek
=v- (Vlnp 5T 5 T ) feo (4.28)
eE mev? 5
—v-(<V1np+?>+( 5T ) Vin >f60 (4.29)
So that if we define
mev?: 5
= |A ‘| A 4.
Q [ 1+( 5T 2) 2] Jeo (4.30)
E
A, = Vinp+ % (4.31)
Ay = VinT (4.32)
Thus, we recover
afel
Co(fer) + Qe(b xv) - 5~V Q(v) (4.33)
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Let’s now show that £(v) = —v.

11 0 ov 1 0%v
-~ | — 7 (sinp= - 4.34
L(v) 5 [sin@@@ <sm 89) + sin203g02] (4.34)

If we think of v = v,X 4 v,§ + v.% with v* = v + v2 4 vZ, so that

v, = vsinf cos ¢ (4.35)
v, = vsinfsinp (4.36)
v, =vcosb (4.37)
v,
0 = vecosfcosp = v, cos (4.38)
% = vcosfsinp = v, sin p (4.39)
%”; — —ysind (4.40)
(4.41)
So that
% (sin 08;;) = % (vsin 6 cosf cos p) = g cos @% (sin(26)) = v cos p cos(26) (4.42)
% (sin 0?;;) = % (vsinf cosfsin ) = g sin @% (sin(26)) = v sin ¢ cos(26) (4.43)
o (. Ov\ 0 0,
50 (sm& 50 ) =% (—vsinfsinf) = T (sin*(#)) = —2vsin 6 cos b (4.44)
and
2
(2;}; = 82(—1) sin@sin p) = —vsinf cos ¢ (4.45)
¥
0? 0
8:23/ = %(v sinf cos ) = —vsinfsin ¢ (4.46)
0%v,
5 = (4.47)
So that altogether for the v, we find
£ )_vcosgocos(%) —vsinflcosyp  vcosy 00820_ o 1
YT T sing 2sin?0 2 \smf O sing (4.48)
= w (cot? 6 — 1 — sech” §) = = ((sech” 6 — 1) — 1 — sech’ 6) = —v,
vsinpcos(20) —wvsinfsing  wvsing (cos?f | 1
Eloy) = 2sinf * 2sin20 2 sinf sinf - sin 6 (4.49)
= w (cot?@ — 1 — sech® ) = % ((sech®# — 1) — 1 — sech® ) = —v,
—9usi
L(v,) = % = —vcosl = —uv, (4.50)
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So that we find

L(V)=—-V (4.51)

If we now take the Ansatz f.; = v - F(v), with C. — v;(v)L we see that

Ce(v+-F(v)) +Qe(bxv)- (%_ (v-F())=v-Q(v) (4.52)
Vei(V)L(V) - F(v) + Qc(b X v) - {8?3)) -V + g—: . F(v)] =v-Q(v) (4.53)
—a(0)v - F(0) + (b x v) - [v agi” ~ T4 F(U)} —v.Q) (4.54)
—Vei(V)V - F(v) + Qe(b x v) - F(v) =v - Q(v) (4.55)

1, OF _ 9vdF _ & OF
We should note that F(v) is rather ambiguous notation. In this case, it means that in Cartesian
form, that every component of F is dependent only on v. Clearly, this is not coordinate indepen-
dent. If we move into spherical or cylindrical coordinates, then F is no longer simply a function

of v.

Note we could also have gone down the route of

0 __ OF(v) ov 0 0
a—v(v -Fv))=v- . +F(v) - v + v X (E X F(v)) + F(v) x (% X V) (4.56)
_ 0F(v) 0
=v—p —+ F(v) +v x (E X F(v)) (4.57)
where I have used
OF(v)  OvdF(v)  _0F(v) OF (v)
Vv TV ov v T o T o (4.58)
ov
F.oo=F-1=F (4.59)
0
b x v =vcosfp (4.61)

So if we look at the curl term, we would find in spherical coordinates that

v (a% « F(v)) ¢ x <Lii Qaaf} - %(vm] 6+ (%(UFQ) - a;;”) ¢> (4.62)

where we would need to transform

F(v) = F, (V)% + F,,§ + F\.t = F,(0,0,0)% + Fy(0,0,0)0 + Fo(v,0,0)¢  (4.63)

F, = F, sinfcosyp + F,, sinfsinp + F,, cost (4.64)

Fy =F,, cosfcosp+ F, cosfsinp — F,_sinf (4.65)

F,=—F, sinp+ F, cosyp (4.66)
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So that this method requires a bit more effort, as can be seen.

So, using that we need only look at the v x 0 component, we’d find

: .0 9,
(F,, cosp — F,, singp) — (— sin QO%(UFW) + cos go%(vay))

O0F, OF,
= COS (Fvy -0 8vy _ Fy) —sing (va —0 avr _ va)

0 OF,
= —v% (sin ok, — cos chvy) = —va—f

So that we find

exactly as before.

So we have as our equation

Ve V-F+Q.(bxv)-F=v-Q
VeV F+Q.(Fxb):v=v-:-Q
Ve (—VeF + Q. (F xb)—Q)=0

and so (since it’s true for arbitrary v)

—VeF + Qe(F X b) = Q
viF + Q. (b x F) = —Q

taking b- the equation, we see

If we take bx the equation, we find

_VeiFv + QeFL = Q\/

with the definition

A,=bxA

A =-bx(bxA)=-bxA,
bxA, =A,

A:AH-FAL

with A” = A . bb.
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So that if we take —b x bx the equations we find
_VeiFL - Qe]?\/ - QJ_ (481)

So that adding together our equations, we find

(—veiFy + Q. F ) + (—vaF L — Q.F) =Q, +Q, (4.82)
FJ_ (Qe — Vei) - FV (Qe + Vei) = QV + Qi (483>
(Qe - Vei) QV + Qi
F R, = 2y %L 4.84
J_Q6+Vei Y Qe+yei ( 8)

If we were to subtract we’d find

(—veiFy + QF ) — (—veFL - QF)) =Q, — Q. (4.85)
FL (Qe + Vei) + F\/ (Q — Vei) = QV — QJ_ (486)
(Qe + vei) Q, —Q,
F Y 4+F, =L "= 4.
+ Qe — Vei * v Qe — Ve ( 87)
Thus,
Q — Vei Qe + Vei 1 1 1 1
F = — 4.
J_(Q +Vez+Qe_Vei) Q\/ <Qe+yei+Qe_Vei> +QL (Qe+Vei Qe_Vei) ( 88)
(Qg + Ve2i) 298 —2U¢;
L ( Qv = Qv T Qv (4:89)
Qe —Vei
Fr=Q (Qg + ng) T (Qg + ng> (4.90)
and therefore
Q. — Vg QV +Q, — Vi —Q.
F,=F = —_ 4.91
v Yt v Qe Ve Q Q2+ T Q2+ v (4.91)
which is here simply for completeness. Note that
vi:Q=bxv-Q=-bxQ-v=-Q,-v=-v:-Q, (4.92)
vi-Q=v-Q, (4.93)
A=A +A, (4.94)
Thus,
VeF=(vi+vy) (B +F)=v-F+(vj+vi) -F,
=v-Fi+v-F,
_ il Qe —Vei
V” Ve tv- <QVQQ+ 2 +QLQ2—|—]/2.>
Q (4.95)
o i
— V” Vi AAVAM QQ2 + l/ A\ A QQ2 +V
(v, VeVt Q.vy (V) VeVit Qb xv .
- (Vei+ v + Q2 ) Q= (Vei+ v + Q2 @
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We then see that we have something slightly different than the given

(Vi ViV, — Qb X v .
fa— <ueﬁ — ) Q (4.96)

We can prove that this is a typo on the part of Helander and Sigmar. Unfortunately, the differing
sign on the cross component appears to give results agreeing with Braginskii, implying that they
have done something incorrectly.

Take b = z and do everything component by component in (z,y, z). First we note that
_Vein}A( - VeiFyy - Vei}?z2 + Qe (_F:ch + Fy}AC) = sz( + ny + in (497>

The components then say

—vuF, = Q, (4.98)
—VeiFy — Q. F, = Q) (4.99)
—VeiFy + Qe Fy = Q, (4.100)
Isolate F) in the last two equations
Vei Q
°F,—-F, =2 4.101
Qe Yy €z Qe ( 0 )
Qe Qx
F,——F,=—— 4.102
Ve Y Vei ( )
Solve for F} by adding these two equations
Ve Qe Q Qa:
S N T il A 4.1
Y (Qe - Vei) Qe Vei ( 03)
v 4 Q2 Q Q
Fl&2——)=-2X*4+== 4.104
Y < VeiQe ) Qe i Vei ( )
e —Vei
Fy = Qg G + @y G (4.105)
Backsolve for F,
_Qx QE 1 Qe QQ
F, = —F,=-Q,— —Q,———— ————— 4.106
Vei * Ve ! @ Vei @y v+ Q2 +e Vei(V2 4+ Q2) ( )
—vZ — Q4+ Q2 Q —Ve; —Q
F,=0Q,—= e e _ — _ =Q,——= e 4.107
R R A R T R A
Thus, we find
v-F=uv,F, +vu,F,+v.F, (4.108)
—Vei _Qe Qe Vei _Qz
= Ugngm + UzQym + Unym — vyQy WRNGE + v, o (4.109)
Qe Ve _QZ
= m (Ume — Uny> — m (’UxQx + UyQy) + v, Ve (4110)
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Note that with b = Z that

(bxVv) Q= (1,7 —v,%X) - Q=1,Qy — v,Qy (4.111)
V- Q = —b x (b X V) : Q = (Ua:f(‘{’ Uyy) : Q = UzQx + UyQy (4-112)
and so

veF—— % (ChxveQ - (v,.q-Y.q (4.113)

a Vezi + Q2 Ve2i + Q2 - Vei .

V| Qb xv+uv,v,

=—| — . 4.114
(Vei " Ve2i + 22 ) Q ( )

exactly matching the value we calculated above in the same manner.

Now, the book takes the idea that

fa=f+ i+ 1L (4.115)
with

fr= _Zﬂ (4.116)

Ia= Q:;X#QQ (4.117)

fiL= —;;1 82 (4.118)

(of course, we would actually expect f, to be the negative of this, but this gives an incorrect sign
for some reason.) so that

neuj = /d31} f||V (4.119)
Ny = /d3v fav (4.120)
nu; = /d3v fiv (4.121)

Let’s do this component by component. Now let’s convert into a spherical coordinate system. We

then have
0 0 [e’s) 00 27 T
/ dvx/ dvy/ dv, —>/ dv/ de / df v*sin 0 (4.122)
oo oo — 0 0 0

If we take ( = cos# with cosf = % then d( = —sinf#df and so we get

00 2 T o0 2m 1
/ dv / de / df v?sin§ — / dv / dy / d¢ v? (4.123)
0 0 0 0 0 -1

where we note that there will be no dependence on ¢ in our problem, as we have aligned b = z
and there is no azimuthal variation. Note that this is completely general, as we can align our v,,
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vy, and v, at any point where there is a magnetic field such that v, is pointing in the direction of
the magnetic field (because we are going to integrate over v). We could as well call it ¥, rather
than Z to emphasize it isn’t important in space, but only in velocity space.

Thus

00 2 1 00 1
/ dv / de / d¢ v* — / dv / d¢ 2mv? (4.124)
0 0 -1 0 1

if we have no ¢ dependence. Thus, we would see (using €2, > v;)

(ﬂ+ b xv N l/eiVJ_) Q= Q)¢ N vsin @ (Q sin g — @, cos @) N Vei¥ 810 0( Q) cos ¢ + @ sin )

Vei Qe Qz Ve; Qe Qg
(4.125)
And so, eliminating the dependences on ¢ because they will go to zero,
> ' 2p (U9
neu| = —/ dv / d¢ 2mv* fe (—) b-v (4.126)
0 -1 Vej
’US
and find for the v| - Q part of the integral that (using ve; = %;—2)
Ta d 2 A me” 5 4 e e/ 4.127
e G G =2 )
87”“’ / d / d¢ vTC? | Ay + o) 4 e o=v*/of (4.128)
= — v v —_— the .
3\/—?]5,}15 Ll — 5 )2l 7T3/2U‘§he
2 8nevth Tei mevs 5 2
= —_— d A ————]A v 4.129
BT /O T X { 1,||+( 2T, 21| € (4.129)
16”67]311 Tez 5 th
=———-<— |34 12 < — Ay, 4.1
32n, T, 7o 15
= _2ofecclel [3,41,“ + (12 - —) A ”] (4.131)
9mrme.
327’LGT67’6¢ V”pe eE” VHTe
= — — | — 4.132
97rme. [3 (neTe + T. + 2) T, (4.132)
32 T 3
= ——— B+ = T, 4.1
3 M, |:vpe + ne I + 2ne VH 6:| ( 33)

which matches the required calculation.
Our above calculation matches this.

As an aside, let’s remind ourselves of some notation in our case. Given a vector Q and a vector
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Plasma Fluid Equations 35

T, we can write

Q=Q T +Q\Tr+Q. T, (4.134)
T =b (4.135)
T,=bxT (4.136)
T, =-bx(bxT) (4.137)

.T
=1 (1139
Q- T,
Q=5 (4.139)
~Q-T,
QL= T, .T, (4.140)

for some vector T. Thus, when we write u, this is what we mean. We are writing it so that it
comes out as terms that are T, for (perhaps) multiple T.

Now, let’s work on the cross component.

27 : .
naw, = — / d“/ dC/ dp 0?02 (1 - ) IO L (g singy +Ca)
(4.141)

Clearly the Z term will cancel out because it is odd in (. Now let’s focus on X. Clearly the
sin ¢ cos  term will be odd in ¢ and so cancel. Thus

o] 1 27 2
x/ dv / ¢ / dy v fuo(1 — QQ)M
0
V2 5
= f{/ dv U4feO Qy = X/ dv U4feO |:A1 y (T — —) A27y:|
0 0 Vg, 2

i U (4.142)
nevg, [ 5 . 8nJ. [3y7
= 3\/_?2 / dz $4 |:A1,y + (.12 — E) Any:| = XSmeﬁQe { 3 Al,y + (O)A27y:|
o nele
= XmEQe ALZ/
Similarly for the § component we find
o0 1 2 .2
v [T [ ac / dp o'l - ) ESEE
0 -1
. . v? 5
=Y dUU fe() Qz:_y d'U'U feO Alaz S5 T 5 AQ,x
0 0 Qe Vin, 2 (4.143)
dnevy, [ A . 8n.T. 3T
= £ d A x —— A x| — — A x 0)A x
3\/—9/ xx[l,—i-(x )2] y3meﬁ95[8 1o 1 (0)As,
nedy
— Ar,
ymeQe 1
Using
T ; E;
nele {Vzpe 46 } _ Vipe t ncE, (4.144)
Me | Pe 1e me
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36 Lorentz Plasma

We also use that b x Vp, = V,p.y — V,p.X and bxE=E, 5y — E,%X so that

Vp. X b Ne€ Vpe X b ExB b x Vp, ExB
cUp = Exb= — N =—|——+n 4.145
meUN o me e, me. B < m, e ) (A
where I have used that e%ﬁ = me_BeB = —1. Note we get the opposite sign to the book, because

the book defined f, as the negatlve to mine. It appears that the definition given in the book
corresponds to the correct value, though.

Similarly, we can recover n.u; with f,.

Let’s also calculate q,

2 L
/ dv/ dC/ do v*v* foo(1 — AT, (U g) stmgog QyCOSSO(COSSDf(—i—sinSO}A’ﬂLCZ)

vthe
(4.146)
(4.147)
Once again, the Z component will cancel. The X component yields
AnT, [ v? 5 v? 5
X - dv vt ———=)fol|A — = A 4.148
5 o R el R R O R I
AmnTe, [ 2 o B 5 D
= Xm/o dz x Tr — 5 Al,y + | x°— 5 Ag,y (4149)
4nT v 157 5nTwd,
=X <A = ¢ Ag X 4.150
3/m0. PTG 10, ¥ (4.150)
And similarly for the ¥ we find
AnT, [ v? 5 v? 5
e [ vt e =2 f At (= — 2 ) Ay, 4.151
Y 3% Jo o (Uche 2) Jeo { e ('Ut2he 2) : ] ( )
A47mTevt2he > 2 o B 5 b
4nT U 15y/m SnT.v3
= <Ay, =— <Ay .y 4.1
Y3/m0. "2 16 10, Y (4.153)
Thus, using b x A = A,y — A%,
SnT,vg,, - 5nT2 ~ VI 5nT, -
= — " Weh x A, = — ‘b = — b T 4.154
W o, PR T o0 P T o P Ve (4.154)
Let’s note that
b .
foo_bxv-Q (4.155)
Qe
Note that
v? 5
Vio=|Vinp+ (= —=) VInT| f.o (4.156)
vthe 2
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whereas
ek v? 5)
= |Vl — — — = | VInT 4.157
A G A 97
so that the claim that f, = —bxvﬂ'—evfeo is the same as
eE
b c— =0 4.158
X vV T ( )

This must not be what Helander actually means. What Helander must mean is that the diamag-
netic velocity given by

_b X Vpe

meneQe

(4.159)

and the diamagnetic heat flux (so purposely excluding the E x B drift) will give fp the drift part
of fr. If we say that the E x B drift is excluded then fp = —p+ Vfe with p=b x v/Q..

fotfp=(1=p-V) feolr) (4.160)
Now let’s Taylor expand around R =r — p
feo(r) = fo(R) + p+ Veole=r + - (4.161)
So that to this order we find near r = R (so that Vfe|=r = Vfeo(r))

feo(r) = p+ Vi = fo(R) (4.162)

4.3 Omnsager Symmetry and a Variational Principle

Let’s show that 6QQ = 0R . First

R =2P[p] — Sp, ¢ (4.163)
P2ly]
Q= 4.164
Sle, @] (4-164)
so that
SR = 2P§P — 68 (4.165)
_ (2PSP)S—P%S P P P P
0Q = & = SQéP & 0S = S 20P 865 (4.166)
But P/S =1 and so
0Q =20P — S =0R (4.167)
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38 Spitzer Conductivity

4.4 Spitzer Conductivity

Let’s look at how to get f.; from

mevH

(VeDe + yeDi) Lfa =—(us +viyu) T feo (4.168)
E
u, = A (4.169)
Me
So that
Uy + l/eDeu meV)|
Lfeg=— : . 4.170
= =l (4.170)
Given that £(v) = —v for v = vé for some direction & then assuming f.; = v - F(v) again we see
that
Uy + VeDeu meV)|
—f1=-v-Fv)=— : ; 4.171
o= v F() = BT, (1171)
Uy + VUM
el = » e 4.172
o= ST (1.172)
as promised.
So that using momentum conservation
2
ce VU + Uy mev
/d31) U\\Cee(fel) = /d3v Vp (—ﬁ + u) Te I feo (4173)
from
MeVsyu
Oee(fel) = l/EeDﬁfel + Uer() (4174)
If we define
(Flo)} = / N S . / T Fla)e st (4.175)
B nT "M 37 J, '
we can find (using that vf d*v = Arvi¢? dvd¢ with ¢ = -L)
ee mev ee N
/d% pes <_w+u) ” feo—n{u;’; (—M—i—u)} =0 (4.176)
vy + v T, viy + vy
so that
u— u = Uy 4.177
g e T S
{”D W5 +vp) }u:{ }u (4.178)
vy + vy
{ ”D Vi } w= { } Uy (4.179)
{ *iu (4.180)

ee
ee_;’_l/ez
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just as we had assumed.

Thus,
2
vEu + u, MeV vEu + U,
JI = —e/d3v Jerv) = —e/d3v DU U L —nee{D—_i—.} (4.181)
vy +vy T, vy +vh
ee { UD } 1
]/ I/EE VCZ
= —n.e D__ D+D Uy + Uy (4.182)
uf§+u;;{wa} e
vEtrh
vy
vy {1/“ 1/”} 1 —eF
_ D \"tb] ‘ <—nee—”) (4.183)
Me

pee el ViU pee e
D + D e e D + D
D TVD

ee pee et 1 e E
_ { YD } Dl +{ } fe? 2 (4.184)

vy + v VBVh vy + v Me
Vee+yei
D D

and so all the results follow.

4.5 Expansion in Orthogonal Polynomials

Let’s show that the Sonine polynomials (i.e., associated Laguerre polynomials) have the generating
function given

e—zy/(1-y)

A ZyJL( (4.185)
(m) . 1 e’ dj it —x
L; (a:)—ﬁx—m@(x” e™") (4.186)

This is by no means obvious. Let’s use induction. We know that the power series can be obtained
by Taylor series, The simplest method of obtaining the generating function is to use Cauchy’s
integral formula (so generalize to complex numbers z). Let’s use the more common t instead of y
and so

zt/(l —t)

A Zwm (4.187)
(m) () — le_i jtm =z
L7 (z) = 1o da (z71me?) (4.188)
Then Cauchy’s integral formula states
d"f(z) _ n! }{ f(©)
- $4d 4.189
dzn 211 Jo ¢ (¢ — z)ntt ( )
So for L§-m) we see that
1 d] j+m ,—(¢ 1 m ,z2—(
6= i b = o b (4190)
o o (1-2) (¢-2)
DRAFT:Helander/Sigmar Notes ©K. J. Bunkers

June 2, 2016



40 Braginskii’s Equations
Taket = 1—Z so that dt = 23, then ¢ = % so dt = = dCand ¢t = (—zs0 2—( = —(t = — 7L
Thus
1 o (ﬁ)m et/ (1-t) 1 et/ (1-1)
L"(z) = =— ¢ dt . = — t . 4.191
i) 2mi ]i (1—1)2 2l 2mi Jo o (1 —¢)mHigitd (4.191)
We use the Cauchy Contour integral formula in the form
d"f(0) _ n! j{ f(©)
—2=—9d 4.192
dzr 2mi Jo ¢ (¢)n+t ( )
noting that f(¢) = e/~ /(1 — )™+, So that
| @ [ et/
LMy ==— [ ——— 4.19
i) jtdt? ((1 - t)m+1>t:0 1
This is what we wanted as, we must have
et 2 4 [dj <e—zt/<1—t>)1 <
I [ S (4191
(1 —t)m+t = gt |der \ (1 —1¢) =
as desired.
4.6 Braginskii’s Equations
Let’s take the kinetic equation
0f, €a 0fa
. -+ —(E B) - =C,(f, 4.1
5 TV Vf—l—ma( +v x B) . Co(fa) (4.195)
and use v, = v — V, to find
0 0 0V, 0
—Z 2 . 4.196
ot ot ot ov. (4.196)
0 o 0V, 0 0
= 2 . . v 0 4.197
or - dr  Or 0Ov! VoW ov! ( )
0 0
— 4.1
o ov!, (4.198)
SO
0fa €a Ofa
- Vi, + = (E B)- = COu(fa 4.1
T +v- Vf —i—ma( +v x B) v Co(fa) (4.199)
Of., OV, 0fa 0 fa a O fa
fo _ . f+(v;+Va)- Vf,— VV,- J +e_ . J
ot ot ov), ov/, m, OV (4.200)
q 0fa |
+ p— (vi xB+V,xB)- v = C,(fa)
IfweuseE':E:VaxBand%:%jLVa- V, then
dfa / / / ava / afa
- Vfa E B - —v - «— V- ol = Cu(fa 4.201
1 + v, - Vf, —i—( + v, X 5~ Va \VAY \YAY v (fa) (4.201)
dfa / / / dVa / afa/
. E B - —v - . = 4.202
d v Vo (BB v v ) o) )
where, for clarity, v/, - VV, - % = Uy ag;]‘_k 8‘2{0: is what is meant. This matches Helander.
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Plasma Fluid Equations 41

4.7 Diamagnetic Flows

Let’s use Bx on (HS-2.16)
dV,

B xm,n,——

dt

— B x (— Vu — V 50 + canaE + Ra> +ena B2V, | (4.203)

a

Isolating V, | and suppressing the a subscript,

_BxB bX (Vp+ V-7~ R+ mndY)

Vi==2 — (4.204)
bX(Vpa+V'¥a_Ra+manag>
v, - ExB & (4.205)
B2 mns

4.8 Chapter 4 Exercises

4.8.1 Hydrogen Plasma Resistivity

Calculate the resistivity n = 1/0) of a hydrogen plasma and compare with copper, nc, = 1.7 x 107 Qm

Solution:
We use that
o) = M (4.206)
Me
and for a hydrogen plasma, we require
bu 552 1) ~20 (4.207)
32/(3m)
and
3/2
Tei R 3.44 X 1011m (4.208)
with 7, in eV and n. in m®. So that
Vei = 2.91 x 10720, 732 ZIn A (4.209)
Therefore,
pe T = a1 x 12 pEl T2 A

N ne€2L11 %621111 (4210)

(9.1 x 1079 kg)(2.91 x 10728) ., ) )
~ InAT %2 ~ 52 x 10> In AT %/2Q —
(160 x 10-0Cp(2ony AT o2 AL -

with T, measured in eV and the entire expression in ohm-meters. If we choose In A ~ 15 then we
get 7.8 x 10747, %%Q — m.
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42 Chapter 4 Exercises

Thus, for the plasma to have the same resistivity as copper, we require

7.8 x 1074732 =1.7x 1078 (4.211)
1.7x 1078
T8 4.212
¢ 7.8 x 1074 ( )
7.8 x 1074\ */?
Te — (W) — 1280 (4213)

So we need about a 1.3keV plasma to get similar resistivity as copper for parallel resistivity.

Helander gives the rougly similar
n=(53x10"°Q —m)7T,*?InA (4.214)

which would give 1290 or about 1.3keV as the correct placement. These both are qualitatively
similar, so at about a keV we have a resistivity on the same order of magnitude as copper.

We could also go from the original formula and have

12 3/2 T3/2 2
T = —— (4.215)
V2n; Z2e* In A

so that (using n; = n.)

LHTL 62 127T3/2\/_T3/2 2 - 12L117T3/2€(%T63/2
Me V2n;Z%e4 In A V2m.Z?%e21In A

o) = (4.216)

Thus,

B V2m.Z%%1In A B V2m.eZ?In A (4.217)
1= 12m 2232 (T, [1eV)32 — 120,,752E(T, /1eV)3/? '

Putting in the numbers yields (for T, in eV and Ly; = 1)
n=1.03x 10"*In AT, 3/ (4.218)

which matches the plasma formulary.

4.8.2 Verity Branginskii’s Energy Transfer Rate

Verify Braginskii’s result (HS-4.49) by calculating the rate of energy transfer between Maxwellian
ions and electrons of different temperatures, using the ion-electron collision operator (HS-3.56).

RBZ af’b mene a T 8fZ
- 9. HS-3.
Cielfi) = m;n; 8V MM Tei OV (v=Vi)fi+ (9V (HS-3.56)
3 e e
Q;=-0Q. —R.-u= 2" (1, 1) (HS-4.49)
m;Te
Solution:
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We use that
m',UIQ
0, = / @0 () (4.219)
presumably f; = fi0, a Maxwellian background to lowest order. Let it be f;g = We*(vaﬁ/ U
th;
Thus
miv? [ Ry Ofix  mene O T. dfio
i — d3 1 el . ! e’'ve . - VZ : _6 K] 4.22
@ / v 2 {mini ov + MM Te; OV {(V ) fio + m; OV ( 0)
withu=v -V, so
dfio dfio . Ofio 2 fio m;
= = = — =(V,—v)—1; 4.221
v ou " ou uvfhi ( v) T; Ji ( )

We see that Re; - v term will vanish because the dot product will provide a sin or cos term that
will vanish in the integral. Thus, we have

0, = /d3v m;v'? men, O . {(1 _ %) (v — Vi)fio} (4.222)

2 MM Te; ov

So only the divergence term is necessary to calculate. Note we can use integration by parts with

0 mv"? 0 [ mv? mv'? 0
a_v'< . A)_a_v< ! )-A+ A (4.223)

and the divergence theorem will eliminate the full divergence, thus with v/ =v —V;

m; O(v')* m; O(v')? o’
7 aV = 7 8v/ = mﬂ)/W = mivl = mi(v — Vz) (4224)
So we have
m T. m T,
i=——— [ Pvmi(v-V,)- -V)(1-= w=—-——\(1-7 d*v m;”
@ mﬁei/ vmi(v ) <(V )( TZ-))fO miTei( T)/ v
3me. 3me
= - (T~ T) = 2 (T, - T)
mM;Te; mM;Te;

(4.225)

4.8.3 Transport Matrix and Thermodynamics

Demonstrate that the transport matrix Lj; introduced in Section 4.3 must be positive definite in
order to comply with the second law of thermodynamics.

Solution:
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We have
Me Me
L12 = L21 = — S[hl, hg] = — S[hg, hl] (4226)
NedeTei NedeTei
h
S[hy, ho) = / d3v f—lcg(hQ) (4.227)
e0
Ly =— meT -S[hy, hu (4.228)
Ce(h1) = v feo (4.229)
2
! mu S
- (= _Z 4.
Ce(h2) ( 5T 2) V)| feo (4.230)

We want to show that x;L;zz; > 0 for all nonzero z;.

Remember that we have proven that —S|f.1, fe1] is the entropy production rate. We have f.; =
Aihy + Ashy. Thus we require

—S[Alhl + Aghg, Alhl + AQhQ] >0 ( )

S[Alhl, Alhl + AQhQ] + S[Aghg, A1h1 + Aghg] <0 (4232)

S[Alhl, Alhl] + S[Alhl, Aghg] + S[Azhg, Alhl] + S[Aghg, Azhg] <0 ( )
(4.234)

A1S[hi, hi] Ay + A1S[ha, ha) Ay + A3 S[ha, hi] Ay + A3 S[ha, ho] Ay < 0
2
> A;S[hy, ] A <0 (4.235)
g k=1
2 m
Z A, (—ijk) A, <0 (4.236)
7,k=1
2
> AjLjAr >0 (4.237)
J k=1

Thus, we must have L;; be positive definite to be consistent with thermodynamics.

4.8.4 Ion Thermal Conductivity in Hydrogen Plasma

Calculate the ion thermal conductivity in a pure hydrogen plasma by the method given in Section
4.5.

Solution:

We use (HS-4.31)

Mg ] 1 5
T <Mgfuak + Nézlfubk> = Aadjo — 514@25]‘1 (4.238)
bk Tabla
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We use that C;. < Cj; so that we can ignore Cj;.. Then we just have

— 7l <M"J"kui’“ + Ngf“““) = Andjo — 5 Andj (4.239)
i ik ik 5
T, (M + NIF) = Andjo — 5 Andp (4.240)

We could try j = 0 but we know that M% = — N so that j = 0 will never yield any information.

Thus, we go to the next order and take 7 = 1 with £ = 1 as the smallest possible system. We use

13 2 15,4
Tt 4oz, + o

Mg, =~ (ENEATE (4.241)
2
b = ¥%(1++§a)5/2 (4.242)
Tap = ZZE” (4.243)
So that for us
M;;! 3 z;j EA ( 4)5295 s (4.244)
N 4(;7/2) (4.245)
M+ N = 163\2/5 — —% = —V2 (4.246)
Thus, we find
VG TmT win gAiQ (4.247)
\/§Tm—T 25(";;' - gvmn (4.248)
We want
4, = —ki, VI (4.249)
so that we see we get
G = %7;; 3;; = %T:LT VI, ~ 4.427;:: Ay (4.250)
If we use 1; = \/57'“-, we’d find
g = 42_55\;;:” VI, = %Zf VI, = 3.125:;'5; VI, (4.251)
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Chapter 5

Transport in a Cylindrical Plasma

Nothing was confusing to me.
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Chapter 6

Particle Motion

6.1 Equations of Motion

The usual Lagrangian/Hamiltonian dynamics expected from classical mechanics.

6.2 Nearly Periodic Motion

Clear.

6.3 Guiding Center Motion

With
r=R+p (6.1)
r =R+ (pcosfx + psinby) (6.2)
r = (R, cosxk + R, sinfy + Rjz) + (pcosfX + psin0y) (6.3)
b=7 (6.4)
r=R+p (6.5)
R = Rz (6.6)
p= (pcose—pésinﬁ)f{—i— <psin9+p90059)§7 (6.7)
with X, ¥, Z a local coordinate system with z in the magnetic field direction.
Then
F2= R+ p> =R +2R-p+ p? (6.8)

Breaking this up, we find

72 = (b R)% + p%cos® 0 — 2ppsin 0 cos 6 + p*0% sin® 0 + % sin® 0 + 2ppsin 0 cos 0 + p*6° cos® 0

(6.9)
= (b-R)%+ o + p*0? (6.10)
DRAFT:Helander/Sigmar Notes ©K. J. Bunkers

June 2, 2016



50 Other Adiabatic Invariants

Presumably p is very small, especially in comparison to the other terms, thus, we do indeed recover

[£[> = (b-R)* + (pf)”

6.4 Other Adiabatic Invariants

Note that AR =aR - V3 = a(f — %) comes from

S . O
o= VRt

where the allowance of magnetic field temporal change is in %.

6.6 Chapter 6 Exercises

6.6.1 Derive Hamilton’s Equations

Derive Hamilton’s equations of motion (HS-6.6).

LM
— o
. __OH
P= or
Solution:
We have

dH =dp-i+p- di — dC

We use that £ = L(¥,r), so that

oc .. oL
dﬁ—g-dr%—g-dr

If we use that OL/0F = p and OL/dr = p [this follows from & (g—g) = %], then

AL =p-di+p-dr

Thus,

dH=dp-it+p-di—[p-di+p- dr]
dH=7%-dp—p- dr

So that we recover Hamilton’s equations.
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6.6.2 Hamiltonian Guiding Center Coordinates

Derive Hamiltonian guiding center equations of motion in a stationary magnetic field described by
the coordinates («, 3, s).

Solution:

We have the Lagrangian given by

L= ms” + Zea (6 — 8—5) — uB — Zed (6.21)
2 ot
Then we use
Pa = % =0 (6.22)
pp = % = Ze (6.23)
ps = % —ms (6.24)

SoH=p-q— L with q= (o, 3, 5) soThepa—Olmphesthat‘%—Oandso

0P

Ze(ﬁ——> ——Z—:O (6.25)
Oé
aB Od
(ﬁ - _> Zea—a (6.26)
2 °2
IS - b , 9B\ _ g
H—p55+ps2m {2 + Zea <B 825) uB Zeq)] (6.27)
2 2
g P | s ;98\ _ p_
%—pgﬁ—i-m l2m—|—p5 <6 82&) uB Zeq)} (6.28)
2
M= 2198 + gngr,uBJrZe@ (6.29)

Now, we use a stationary magnetic field so % = 0 and we have

M= 2295 + 1B + Zed (6.30)
So we have
oH
— =1 6.31
i (6.31)
OH
2 ¢ .32
5 = P (6.32)
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become (since p, = 0 it is unclear that there is any meaning in considering the gTH derivative, and
because pg = Zea, we have to realize that B and & are functions of pg)

OH _ 1 O0H _ p 0B 8<I>

Ops ~ Zeda  Zeda Toa P (6.33)
oH  ps .

= = .34
o m 5 (6.34)
oM _ OB, 00
aa 80_/ + Z@a—a = —Pa — 0 (635)

B (6}

oM _ 9B L 2.9 e (6.36)

- = - _|_ 6_
o8 "o T “op
OH 0B 0o )
95 s A ~ P (037

with pg = Zed we can see

Mg—? + Zeg—(;) = —Zed (6.38)
4= %g_]; L g_‘; (6.39)
Note that Helander misses m in the $ equation. So, the reduced equations should be
—a= gg + a(; (6.40)
ug—f = —Zeg—q) S P =0 (6.41)
BZ%Z_]jJrg_i:o (6.42)
Ps = —u%—f - Zeg—f (6.43)
§= % (6.44)

6.6.3 Analytical Mechanics with Previous Hamiltonian
6.6.3.1 Bounce Frequency

Show that the angular frequency of bounce motion executed by a particle trapped in a magnetic

field is
87{)
0J o

Solution:

We will transform to action-angle coordinates, i.e., (s,ps, 3,p3) — (J,0,8,ps) with H — K. We
have

J = ]{ P ds (6.46)
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Now, this J is taken along a constant H orbit. Thus, J can depend on other constants of motion
(such as f and H, but it does not depend on the actual motion of the particle, and so should be a
constant of motion. Because H(s,ps,...) = K(J,0,...) the new Hamilton equations for our new

coordinates are
8IC) dJ
g - _ - (6.47)
( 00 ey dt

oK ) do
ke - (6.48)
(aJ e dl

Now because J is independent of time, we know fl—{ =0 and so

K(J,0,...)=K(J,...) (6.49)

(that is, we have eliminated the dependence of ¢ in KC). Thus,

oK dé
a7 = 37 Ewb(‘LHaB7“) (650)
oJ 5 dt
Q,0, 1
where the w, must be a constant of motion because I = H is a constant of motion and so is J.
This is the same since we can write H(J,...) = K(J,...) and recover the formula given by
Helander.

Note this works because we have found that H and S are constants of motion.

6.6.3.2 Toroidal Precession

Show that the drift across the magnetic field is described by

. Wy &]
& = 7 (85)(17%# (6.51)

In view of (HS-6.27), this implies that the toroidal precession frequency of trapped particles in a
tokamak is

. Wy oJ
W =~ (afﬂ);{’u (6.52)

B = V(6—q¢b) x Vi (HS-6.27)

Solution:

We use our previous coordinate system, using the fact that J = J(8,H) is a constant of motion,
but there is no time or € dependence in J. Note that we have K = H(J, 5) only. Then we have
d oK oKdJ oK  o0KdJ  0K9IJ dK

=S = T (6.53)
dé o8 oJdp 908 0Jop 8J181C dg
oK oKoJ
R b4
o5 “os0p " (6.54)
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so that we see that the above is true by virtue of the total derivative of K = H canceling.
So that
oK oKoJ _ 0J

P = 98 9708 Wb% (6.55)
and we then use pg = Zec and recover the result.
6.6.4 Second Equality
Demonstrate the second equality in (HS-6.30).
df of . [ Of of . ( Of
g _ (9 ary — (9 o7 HS-6.
at (at)z”’“(azk)t <8t T o), (HS-6.30)

Solution:

This is actually trickier than Helander seems to admit. We use [with z = z(w,t) assumed to be

known via w = w(z, t)]
of\ [ of Jwy, of
().~ ), G ).+ (&), .

dzr, [ Oz | dwj 0z,
(o), 7 (7). (657)
dwp  [(Owy) dz owy,
(o) a - (5), 659
So that
Af  (Of\ . (Of\  (Of\ . dz [0f
=) ()= (&), & (50), (6:59)
([ Of owy, of 0z, \ dw; 0z of ow;
(o), (50) (&), + 1), 5+ (7)) (), (52), oo
([ Of owy, of dw; [ Of 0z, ow; af ow; 0z
- (E)t(a—t)i(@ﬁ d (awi)t(awj)t(azk)ﬁ(awi)t(azk)t(a)w
(6.61)
[ of owy, owy, 0z \ | of dw; [ Of 0z ow;
() |G ), - (520), () )+ (), (), G ), 55,
(6.62)
[ of owy, owy, 02\ | of dw; [ Of
() 1)+ (52),(5) )= (50, () (0.6
v Owy, Owy, 0z \ | of dw; (0
= () 1(50),+ (52),(5) )+ (50, & (&), 000
v Owy, Owy, 0z \ | of _ of
() [C5),+ (52),(3). |+ (&), + o (), (069
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We now need to use

owy, owy, Oz \ _ dwy  (Owy) dz owy, 0z
<W)z+(82¢)t(at>w_ dt (aZ]> dt +<8ZJ> <8t w (6.66)

dwk owy, 0z, dz]
S (32) 15, - e
dwk awk aZ] dwl
- +(azj) (), dt} (669
dwk
= o Jwi d =0 (6.69)
So that
df ([ of owy, owy, 0z af ) af
i = (o) |(5),~ (52),(5) )+ (&), o (), om0
C(orN . [ 0f
RO RNE)
as desired.
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Chapter 7

Toroidal Plasmas

7.1 Magnetic Field

It would be simpler to say we have a right-handed coordinate system (R, z, ), rather than that
we have a coordinate system (R, ¢, z) with R x Z = ¢. Then note that ¢ is the opposite direction
to conventional cylindrical coordinates.

Given

B=RBr+ @B, +2B. =V x A (7.1)
A =RAg + pA, + 24,

we want the poloidal magnetic field B, given by
B, = RBg + 2B, (7.3)

One way of finding this from V x A = B is to write A in its covariant form,

A=ARVR+A,Vp+ A,V (7.4)

~ 04 DA; OA;

A‘ — 1 (] (] .
VAi = =5 VR + — vz+a@ Vi (7.6)

Then

V x A = VAp x VR+ AV< VR + VA, x Vo + A,VxVp+ VA, x Vz+ A,V < Vz

(7.7)

_%sz VR—F%VQ@X VR—F%—%VRX v¢+8£"vzx Vi -
+%%VR>< Vz—i—%iZV@sz |
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We can use that

VR =R
Vz=12%
1
Vo Lo
p=5P
which implies that
Ap = Ap
A, =A,
A, = RA,
So that
A 10A 10A 10A, -~ OA A, .
VA= Ay, 104r, 104, 104, 04, 0dg

TP TR 9, ROR”T R 02 aR*Y ™ By

Magnetic Field

R 0z Op e OR 0z

LA (0A, OA\ | (0A. 0Ap\ . (104x 10(RA)
_R<8z ago)“"(aR 82>+Z<R8g0 R OR

Because we have an axisymmetric magnetic field, the % terms vanish, and so

VXA—R%—F@(
0z

0A. _9Ar\ _10(RA,)
OR ~ 02 R OR

So, indeed, we find

L9A,  _18(RA,)
B — Y _ 5 L4
=R TR 0R

If we introduce ¢ = (R, z) = —RA,(R, ), then we can write

10y 10y
By =-RE5. Y %Lor

And see that with Vi = %R + g—fﬁ so that

1
Vo x Vi) = =@ X

oY~ O, 1oy A 10y
TRy =5 _R-_"
R (8R * azz) “ROR~ ROz
and so
s 04, _10(RA,) B
B, = P ZR R = Vi x Vi
If we define
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A (LO(RA) 0A\ | (0A. 0An\ . (104x 19(RA)
Rds R OR

(7.9)
(7.10)

(7.11)

(7.12)
(7.13)
(7.14)

(7.15)
(7.16)

(7.17)

(7.18)

(7.19)

(7.20)

(7.21)

(7.22)

(7.23)

©K. J. Bunkers



Toroidal Plasmas

then

pod =V x B =V x (IVyp+ Vo x V)
= VI x Vo + IV xNp+ VoV + V- VVp — V- VWV — SN0

where I have used that V%p = 0 (rather clearly). Note that in cylindrical coordinates,

OBrn A, 0Bx . 9Bp A.B,\
A VB=|A, L7770 g _ 1%°7¢
(RaR+Ra¢ - R)R

. (ARan 4,08, 0B, A@BR> -

R TR op "o: TR

0B. A 0B,  9B.\ .
+ (ARaR +E g —l—AzE)Z

This says that

C—loy . —10¢
VO VVe = 1 or? T R oR
1oy 1aY
Ve VWU = i or® = RoR V¥
So that
_ 2 v, LW g, 10¥
wod = VI x Vi + V= Vo R@va R(‘)RV(’O
_ 2, 20V
—V]XVQO—{-{V@/) ROR Vi

99

(7.24)
(7.25)

we have

(7.26)

(7.27)

(7.28)

(7.29)

(7.30)

We note that Helander is in fact missing the term V- Vi) in his expression. Let us also note that

200 10 ([ 9p\ 10 (1 P 20y
ko 2 /7 _ - i - ~r i i
A= N 29R T RoR (R8R>+RM+ 922 _ ROR

0% n 1 oy n 0%y 200

T OR? ' ROR ' 922 ROR
W 10y 9%

- Z 4" 7.31
9R: ~ ROR ' 022 (7:31)
L0 [(10Y 0%
= or (ﬁ@) T o
Vi
_ 2
-V (R_>
In any case, it is clear that
pod, = VI x Vo (7.32)
from our expression. Thus,
pod - Vi = (VI x Vo + g(R,2) Vi)« Vip =0 (7.33)
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60 Guiding Center Orbits in Tokamaks

Note that Vi - Vi) = 0 because ¢ has no ¢ dependence. Thus,
VIx Vo Vip=—-VIx Vip- Vp =0

Now because VI x Vi) is only in Vi this implies

VI x Vip =0
This implies that VI = ‘g—i Vi) so that I is function only of ¢. Finally, we get

B = 1(y) Vo + Vp x Vi)

aso our expression for an axisymmetric magnetic field.
Force balance requires

JxB=Wp
Using our B and dotting this into Vi we find

Jx (IVo+ Vo x Vi) Vip=Vip- Vp
(IJx Vo +J x (Ve x V) Vip = Vip- Vp
(1J x Vo + V(I - Vi) = Vip(J - Vip)) - Vip = Vip - Vp

Because J - Vi = 0 we find
(LI x Vo= Vp(J - V) - Vip = Vip - Vp
Using that poJ, = VI x Vi, we find

I
— V|2 T - Vo = Vi - Vp—%(VIx V) x Vi

Vi« Vp + L VI| Vp? — I Vip(VI—Vp)
B —| V]2

Vi) Vp + 2 VI
- R

If we use that Vp = g—f; Vi = p' Vi and VI = % Vi = I' Vi), we then find

(0 + o) VO

J- Vp

J. Vp=

AT
1r
TV (p/JrMoRQ)

7.2 Guiding Center Orbits in Tokamaks

Note that in a high-aspect-ratio tokamak we can use

ExB o} v
Vi= =T+ 5ebx VInB+ b x
Kk~ V. InB
vl + 2vf
vi=————bx VInB

2Q)
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(7.35)

(7.36)

(7.37)

(7.38)
(7.39)
(7.40)

(7.41)

(7.42)
(7.43)

(7.44)

(7.45)

(7.46)

(HS-6.20)
(HS-6.23)

(7.47)
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for our case because B ~ B, so that V| = V. We have B, = %ﬁﬁ, so that

v} + 2vf 1) vl + 2vf ~VR vl +2vf
Vy=—— = @ X =

20, @ x Vin (E = Z (7.48)

2Q, R 2Q,R
as given in (HS-7.24), because VR = R, and Q = Q, in this limit. Notice that v? + vﬁ =
vif + v} +vf = 2vf + 0?1 to yield this exactly.

7.5 Chapter 7 Exercises

7.5.1 Poloidal Beta

The poloidal beta can be defined in different ways; one is

By(w) = % / a5 p (7.49)

where the integral is taken over the area inside the flux surface 1 in a poloidal cross section of the
torus, and I, is the total toroidal plasma current inside this flux surface.

7.5.1.1 Large aspect ratio

Show that in the large aspect-ratio tokamak with circular cross-section that

By(w) = 2o o) (7.50)

where (p) is the average pressure inside r.

Solution:

In the large aspect-ratio, circular cross section, we have that ¢ = r, and (R, z,¢) — (r,0,Z), so

that
27 r
I, = /dS Jo :/ de / dr’ ' Jz(r") (7.51)
0 0

27 T
/dS P :/ do / dr’ r" - p(r') (7.52)
0 0

We can use that in the large aspect ratio, we go from

oy = @-V x B = % (8(259) - 88%’) - %a(gf") (7.53)

So
I, =2 /O Car Mz;, 8(;’59) = 27;039 (7.54)
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Rewritten, this says

I
By = % (7.55)
So we have
T T 4o /r
e —— dr’ r'p(r) = ——— dr’ r'p(r’ 7.56
Y 1o (—2’”"39@_))2 W/O rrelr) P2By(r)? Jy rp(r) (7.56)
1o
If we use
fOT dr’ r'p 2f0T dr’ r'p
= J0 = 7.57
(p) fo dr’ r! r2 ( )
Then we have
2410 (p)
5P(T) = BQ(T)Z (758)

We note that this expression is the actual answer, and that if » = a we get the expression given.

7.5.1.2 Equilibrium

Derive the equilibrium condition

d B’ By d(rBy)
— — — =0 7.59
dr (p—l— Q;LO) * por dr ( )
Solution:
We start from
JxB=Vp (7.60)
We have that Vp = p/(r)t, so that
JQBZ - Jng = p' (761)
We can then use that
1 8(7"39)
Jz=- 7.62
Hodz - or ( )
0By
Jp = — 7.63
Moo ar ( )
So we find (using Bz = B,,)
_(9B<p& B &8(7"39) _ @ (7.64)
or pg re Or or
o ( B By O(rB 0
9 (B, BoolrBy) _ _0p (7.65)
ar \ 2ug r or or
d B?D Bg d(?’Bg)
- e Ak S Sa— )| 7.66
dr (p+2u0)+ r dr ( )
where we have used that everything only has an r dependence.
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7.5.1.3 Poloidal Beta Relation

Show that
1 T dBQ
=14+-——= [ d' 2 :
Bp=1+ (1 By)? /0 A (7.67)
and note the significance of this result.
Solution:
We have
d Bg, Bg d(T’B@)
— — — =0 7.68
dr (p—i— 2u0> + rig dr ( )

from before. If we take for dr’ v, then the first term can be integrated by parts and

' dp v r2By(r)?
d/ 2 12 _Q/d/ Iy — 222 2 — 2 o 7.69
J R M R O e (1)
The second term becomes
r 2 dBQ
/ L — (7.70)
and the last term becomes
" By d(r'B, " 1 d(r'By)? 2By (r)?
/ dr’ 7,/2% (7” /9) :/ dr’ 7“/2 — (7“ /9> _ r H(T) (771>
0 Lor’ dr 0 207 dr 210
So we find
2 2 r 2 2 2 2
5 % By (1) / , > dB,  r?By(r)
_p 7 d + =0 7.72
A TR A T AT 7

QMOP(T) /T / /2dBi>

frnd R E—— d
ﬁp(r) By(r)? +1+ r2By(r)? J, rr dr’
(7.73)

Note that if we choose r = a where p(a) = 0 we recover the desired result for the edge (,. This
implies that 3, ~ 1 for Bi a constant. Thus, we expect poloidal beta to be almost 1 for large

2
aspect-ratio tokamaks. If 5, > 1 this says that % > 0 and so B, is weakest at the magnetic
axis. This means the Jy set up by the plasma is opposing B, and we have a diamagnetic plasma.

If 8, < 1 this says that B

ddr < 0 and so B, is strongest at the magnetic axis. This means the Jy
set up by the plasma is strengthening B, and we have a paramagnetic plasma.

7.5.2 Shafranov Shift
Show that at the plasma boundary, r = a, the radial derivative of the Shafranov shift is equal to

dA,
dr

_ =¢ (Bp + %) (7.74)
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and that (HS-7.14) satisfies

l

M®=&+§—1 (7.75)
where
L—L/ad B,(r)? (7.76)
Z_azBp((I>2 ; rrTr pr .

is the internal inductance of the plasma.

1=0(1) (HS-7.14)
Solution:

We begin by looking at (HS-7.17)

2 r ! 12 2./
dA, _ q(r) / ar e < r. 2uo Ry %) (HS-7.17)
0

dr 73 q(r')? B2 dr
At r = a, we clearly get

dA,
dr

— Q(a)z /a dT‘/ T_/ /r/2 - QMOR(%T/% (7 77)
a  J, Ry \ q(r")? Bz dr '

r=a

Let’s first deal with the second part of the integral by integrating by parts

“ . 2uRor™ dp 20Ror2 Y=*  4p19R, /
— drlf =—/—/—— — = |— dr’ »' 7.78
/0 TR ar B Y., m L, (7.78)

1 2 1 2 By(a)? By(a)*a’
_dwBod ol B@*By(o) _ RoBolaleyla) (oo
B 2 Bd 2 2y By

So that

q(a)? RoBy(a)*a*By(a)  a®  Bi RoBy(a)’a’By(a)  a

@ B ~ @*R} By(a)? B2 = 7. 50la) = ehp(a) (7.80)

The first term in the integral is

2 a /3 2B N2 2 B2 a B AV 1 a
q(a) / Q' T’_RO 9(’/“ ) _ a 0)2 / dr' Ry 9(7” ) _ ( )2 / dr’ ’/’/BQ<T)2
0 0 a 0

a’ Ry 2B} a®R3 By(a B RoaBy
(7.81)
€ 2 . € 2 . l;
_ d / /B 2 e d / /B 2 "
QCLQBg(a)Z/O 1 By(r) 2azBp(a)2/0 T By(r) 9
(7.82)
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So that we find

dAg l;
i) =5 )
so that clearly
1dA l;
Aa) = -——2 -1== -1
(a) e dr | _, 2t Brla)

as desired.

7.5.3 Tokamak Safety Factor
7.5.3.1 Expression

Show that the tokamak safety factor can be expressed as

1(¢)V’(¢>< 1 >

QW) = A2 ﬁ

where V(1) is the volume inside the flux surface .

Solution:
We use that
B =1(¢) Ve + Vo x Vi
_(B-Vp)
q(y) = B-v0)
so that
I
B Vg = 1(6)] Vel = )
So
I 1
(B ) = () = 1) {3z

65

(7.83)

(7.84)

(7.85)

(7.86)

(7.87)

(7.88)

(7.89)

because I(1)) is a flux function it is constant and can be taken out of the flux-surface average.

Now we use

dé
B.- Vo

2w
J
from (with 1/,/g = B - V0)

V(w):/o%de /O%dgo /Owdw’\/g:%/fdw’ /027r
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And so
B. Vb
dé do
% B- Vh j{ 21 42
(B- V) = 0 = W= % = Vo) (7.92)
j{B- Y j{B- v "
Thus,
1) )
R? I(P)V'(y 1
at0) = —g - = R () (7.93)
as desired.

7.5.3.2 Circular Cross Section Equilibrium

For an equilibrium with circular cross section and large aspect ratio, ¢ is given by (HS-7.16). How
is this formula modified if the cross section is elliptical?

. T‘Bo
RB@()(T)

q(r) (7.94)

Solution:

We can use our previous formula. We will have <%> ~ % in the high-aspect-ratio and I(¢)) = RB,,
still, but the area for an ellipse is A = wab where a and b are the major and minor radii of the
ellipse. Now, we can write ¥ (r) is constant on an ellipse given by (k is the vertical elongation)

2

r? = % s (7.95)

So then

A = mkr? (7.96)

and since the volume is A(27R) we have V = 2wkr*R. Since V'(¢) = G §7 = 4n°kr R} we have

CI@)V'()  (RBATkrRE kB,

W= "ee — e & (7.97)
We have ¢y = —RA,, so that ¢/ = — 88% = RBy(r), so that
rkB,
= =k circular 7.9
000) = 0 = bl (7.95)
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7.5.4 Bounce Time

Evaluate the bounce time (HS-7.26) for trapped particles.

¢R a6
o\/k? —sin?(0/2)

(7.99)

Ty —

Solution:

For trapped particles we have to consider ¢ = +1. We can use that

@
= / 40 (7.100)
0 1 — k2sin?6
@
= / V1 — k2sin? 6 do (7.101)
0

are the incomplete elliptic integrals of the first and second kind, respectively. Note K(k) =
E(7m/2,k). Therefore, for a trapped particle turning at 6 = 6, we have

b do de
=14 = 7.102
Vk2 —sin?(0/2) j{a\/k:Q—siHQ(Q/Q) ( )

(the 4 comes from doubling due to each sign of o, and then doubling because —0, to 0 is symmetric
to 0 to 6y, or alternatively using o and realizing we go from —#, to 6, and then from 6, to —60, for
a full orbit so you get four times from 0 to 6, because o changes sign for 6, to —6;). And so

4 (% dg /2 d
[== _3 A 3 p10,/2,0) (7.103)

V1—a2sin?(0/2) kJo  /1-—a2sin®y kK
where o = %, and x = /2. However, we can apparently do better, using k = sin(6,/2) so let’s
choose arsin xy = sin ( so at x = 6;,/2 we have sin ¢, = sin(6,/2)/sin(6,/2) = 1 and (, = arcsin(1) =
7/2. We also have a cos xy dy = cos(d(

/Ob/2 Y B /”/2 % cos ¢ R ac V1 —sin’¢
0 V1 —a2sin?¢ 0 acos xv/1— a?sin?y 0 ay/ (1 —a?sin? x)(1 — sin® y)

(7.104)

1 [m? 1 —81112 d¢
== d 7.
04/0 ‘ V(1 —sin? ¢)(1 — k2 sin? C / 1 — k2sin®( (7.105)

Thus,
g [™/? d
=35 / C k(K (7.106)
ko Jo 1 — k2sin® ¢
So we find
= — 1 Sy = S gy (7.107)

vV 2€\

where A = 1+ O(e) is used for trapped particles.

0\/2e
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7.5.5 Toroidal Precession Frequency, Large-Aspect-Ratio Tokamak

As discussed in Section 6.4, trapped orbits drift slowly across the magnetic field. Without the drift
a trapped particle would remain on the same field line all the time, but due to the magnetic drift
the orbit does not quite close on itself, so that the field line label ¢y = ¢ — ¢ varies in time. This
implies that trapped orbits undergo slow toroidal precession. Calculate the precession frequency
in a large-aspect-ratio tokamak with circular cross section.

Solution:

We begin by calculating ¢ using that this should be the drift dotted into the direction of g, that
is

Yo =va- V(g —qb) (7.108)

We have for the large-aspect ratio that this is dominated by (v, is in Z while Vi is clearly
perpendicular to this direction)

vy V(g0) (7.109)
If we break this into components, we use
d(q9) .. 00 q 00
0) = — Vo + =— 7.110
Via0) = =5 F a4 VO + 1, (7.110)
We use
Vz=2=sin0Vr+rcosf Vi (7.111)
| VO]? = r 2 (7.112)
So that using vq = — mtlz‘i, so that
v? 4+ o d(qb V24l /9 0
: I (. qt) 2 i q . g cos
= 0——— 0| Vo|* | = 00— sind A1
Po LR (sm 5y T acos | VO ) LR < 5, S0+ — ) (7.113)

To get the precession now, we average over § with the bounce average.

The bounce average is devined by

_ L0 1 arf
= Tb Y{f 0 Tb 7{ ovV/2eX/k2 — sin?(0/2) 40 (7.114)

so (once again using A = 1 + O(e) for trapped particles)

) 4qR % 0 sin 0
fsind), = dé 7.115
O sinb), V2evr, Jo /K2 —sin?(0/2) ( )

Let’s take u = 6/2
16gR (%2  wsin(2u)

B V2euT, Jo V2 —sinu
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We can use previous trick of sinu = ksin ¢, cosudu = k cos ( d¢ with k = sin(6,/2) so that

(Bsin ), 16¢R /”/2 2u(sinu)(cos u)k cos ¢ 32¢R  [™? kusin ¢ cos ¢
i S i B}
" V2eur, cosuy/k? — sin® u V2evry Jo o /1 — sin® ¢
32¢R /”/2 . 32¢R /”/2 d
= kusin( d( = ku—(— cos
32qkR /2 /”/2 du _ 32qkR /”/2 du
= —1 COS + —cos(d —cos(d
\/zUTb <[ d 0 dC C C \/_UTb 0 dC ( C
because cos 5 = 0 and u(¢ = 0) = 0. so that
2qkR (™ k 2gkR (™*  kcos®
<Hsin0)b:3q R/ cos( 0sCd( = 32qkR cos” (
V2euT, cosu V2evt, Jo 1 — k2sin®¢
32qk32

sin? ¢
_ d
\/_m'b / \/1—l<:2s1n /0 1 — k?sin®¢ C]

Let’s look at

/ SiHQC dC:/ﬂ'/? 1 dC—/W/Q 1—kQSiH2C 4
1 — k2 sin? 0 1 — k2sin’® ¢ 0 1 — k2sin®(

_/0 mdczK%)—E(kﬁ)

Thus,
32qR 5
0 sin 6 k*K(k) — |[K(k)— E(k
(bsind), = S22 (KK () ~ [IK(F) ~ E(k)
If we use
8qR
= K(k
To ’U\/2_€ ( )
we find
. 32qR vV 2e )
fsinf), = Ek)+ K(k)(k*—1
Bsind), = S e (ER) + KR~ 1)
E(k) o
=4 —=+k" -1
<K<ks> ! )
Now let’s do
4qR O cos 6
cos de
(cos0)y = V2eur, Jo /K2 —sin?(0/2)
Let’s take u = 60/2
0y/2
(cos ), — 8qR cos(2u)

V2evT, Jo V2 —sin®u

8qR /2 1 231n U

V2evry, Jo VEk2 —sin®u
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We can use previous trick of sinu = ksin ¢, cosudu = k cos ( d¢ with k = sin(6,/2) so that

8qR  ["/*1—2k?sin?C [k 8qr  [™/* 1 — 2k?sin’
(cos ), = q—/ sin ¢ ( COSC) d¢ = —— SIS ge (7.131)
V2evry Jo o k1 — sin? ¢ \ cosu V2evr, Jo 1 — k2sin®(

Which, from our previous result indicates
(k) = oLt
vV 2evTy, vV 2evTy,

Using the definition of 7, we then find

(cosB), = 2E(k) — K (k)] (7.132)

(cos 6), — %ﬁf’; 1 (7.133)

So we finally find (ignoring vﬁ, which we will see is justified by smallness of €)

v? dq [ E(k) q [2E(k)
Dy = 4—= | =L+ k=1 + = | =2 -1 134
o= s (e 1)+ [ 1)) T
If we pull out an r and g we find with % =q
2 /
qu* [Ek) 1  2r¢ (E(k) )

— e e | 7.135
T OR [K(k) 2" \Km) T (7.135)

where there must be a typo in the book’s answer.
Note the book also ignores the vﬁ which I have not calculated, but because v = v (f), it would

need to be averaged, giving extra terms [which will be O(e)].

For example,

] 4 2ev [ .
<Uﬁ68m9>b: qRTb/o 981n0\/k2—81n2(0/2)d0 (7.136)

4/ 2ev [0
04/ k2 — sin?(0/2) df 1
o /o cos \/ sin”(6/2) (7.137)

<vﬁ cos 6>b =

For fun, let’s calculate these, as they should be simple to calculate. First let’s do the #sin 6 term
again. Use u = 60/2 to find

16v/2ev (%2
(vjfsing), = V2er / 2sinu cos uV/ k? — sin? udu (7.138)
0

qRm,

Then use sinu = ksin ¢ with cosudu = kcos(d¢, 6,/2 — 7/2 in the limit and

9 /2 w/2
<vﬁ9 sin ¢9>b _ 32w / sinu cosuy/ k? — sin? uk cos¢ d¢ (7.139)
0 COS U

qRm,
32v/2¢ [/
=" ‘ (ksin()ky/1 — sin? ¢ (k cos ¢) d¢ (7.140)
Tb 0
2k3+/2 /2
= 3qR—€U / sin ¢ cos® ¢ d¢ (7.141)
Tb 0
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Take w = cos( so dw = —sin(d¢ and we find

32k*\/2¢ev /le du — 32k°V2e02  64K*2e0 vv2e  16e0”
gRT  Jo ~ ¢Rm 3 3¢qR 8qRK(k) 3¢*R:K(k)

<vﬁ9 sin 9>b = (7.142)

Note that this is O(e) so that one would suspect it is much smaller than the contribution from v?.

And for the cosf term we find, using u = /2,

4/2ev [
<vﬁ cos 9>b = %/ cos 6\/k2 — sin?(0/2) df (7.143)
44Ty Jo
2 Gb/2
= 8\2_61} / cos(2u)V k2 — sin® u du (7.144)
44Ty Jo
2 0y/2
= 8\2_61] / (1 —2sin®u) Vk* — sin® udu (7.145)
qiTy  Jo
We then use sinu = ksin ¢ with cosudu = kcos(d(, 6,/2 — 7/2 in the limit and
8v2ev [™? [k
<vﬁ Ccos 9>b = ;é_ev / (1 —2k?sin® ()ky/1 — sin? ¢ C(;quf d¢ (7.146)
Tb 0
w/2
_ 8*/%/ (1— 22 sin? ()ky/1 — sin? (—— <56 g¢ (7.147)
qRm, Jo 1 — k2sin®¢
B 8v/2evk? cos? ¢

¢ (7.148)

w/2
1 — k*sin® ¢ — k?*sin® ¢
qRmy /0 ( )\/1—k‘25m2c

_ 8V2evk? /“/2 11— k?sin? ¢ 052 ¢ — k% sin? ¢ cos® ¢ d
qRm Jo 1 — k2sin? ¢ 1 — k2sin® ¢

Qevk? [T/2 [ 2 i 2
- 8‘/_—6%/ J1—k2sin?c — —FSE | e (7.150)
R Jo 1 — k2sin? ¢

(7.149)

Let’s expand cos? ¢ = (1+cos(2¢))/2 and look at the cos(2¢) part on the first term in the integral.

/ \/70% 20) 4 / m () (7.151)

M —k? schos (sin(2¢) % (7.152)
— k2sin C .

w/2 1.2
_ / K2 sin®Ceos? € (7.153)
0 2y/1—k2sin*¢

Thus,
D) 2 _E /2 1.2 :..2 2 T/2 1.2 (12 2
<Uﬁ cos@>b _ 8v2evk (k) +/ k?#sin® ¢ cos® ¢ de k= sin” ( cos Cdf (7.154)
qRm, I 2 0 2y/1—k2sin?®¢ 0 /1—k2sin®¢
449 2 [ /2 1.2 o342 2
_ V2evk B(k) — k* sin” ( cos CdC (7.155)
qRm, I 0 /1—k2sin®¢
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Let’s look at (using sin? ¢ cos? ¢ = sin® ¢ — sin* ()

w/2 k,2'4 /2 1— 1_k,2'2
/ ¢ o C — = d¢ sin? ¢ L= — 9 (7.156)
0 1 — k%sin“( 0 V1 —Fk?sin®(
sin? ¢ /2 o,/ .
d¢ sin“ (/1 — k2sin” (7.157)
\/ — k2 sin? 0
k 71'/2
- T() . / sin? Cy/1 — k2 sin? ¢ (7.158)
0
Now we use sin ¢ = (1 — cos(2¢))/2 and use our previous result
K(k)— E(k m/2
_ % - / sin? (y/1 — k2 sin? ¢ (7.159)
0

_ K(’f)k;E(k‘) _ %E(k) + /07r ¢ COS(QC),M — k2sin2 (¢ (7.160)

K(k)—E(k) 1 /2 k2 sin? ¢ cos® ¢
=————>——F(k d 7.161
k? o )+/0 24/1 — k2sin® ¢ ¢ (7.161)
(7.162)
Thus, we find
/”/2 k? sin? ¢ cos? C 25in? ¢ ™2 k2sin* ¢ (7.163)
1 — k2sin? ¢ 1 — k2 sin? 0o +/1—k2sin? .
1 1 ™ k2sin® ¢ cos? ¢
= K(k)— E(k) — ———Ek — d 7.164
(k) <>[ - 2<>+20m<] (7.164)
So that
3 (™% k?sin®Ccos?C K(k)— E(k) E(k)
’ /0 e 40 = K () — ()~ R 4 5 (7.165)
™/2 k2 sin? ¢ cos? g E(k) E(k)— K(k)
0o +/1— k?sin? =3 3 { () - 2 " k? } (7.166)
™2 |2 gin? ¢ cos? C _ 2 2 2 1
Y ey rre ¢ = K(k) (g - @> + B(k) (@ - 5) (7.167)
Thus,
)  4V2e0k? ™/2 |2 6in? ¢ cos? ¢
<v” cos 0>b = 4Rn E(k) — /0 NI d¢ (7.168)
4y/2evk? 2 2 2 1
R (o (2 (D)) e
4y/2evk? 4 2 2 2
= R (E(k) {g - @} + K(k) {@ - 5}) (7.170)
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If we plug in 7, we find

4 2evk? v/ 2€ ev’k?

qR  S8qRE(k) @RK(k) (7.171)
and so finally
(vjf cos @), = 2R2K (E { ] + K (k) {% — ;D (7.172)
(v} cos ), = 622“22 ( ((k) {— %} + {% = ;D (7.173)
(17 cos ), = q?j; (% [% _ g} +2n- k?}) (7.174)

where once again, the prescence of € implies the result is quite a bit smaller than the v? component.
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Chapter 8

Transport in Toroidal Plasmas

8.1 Transport Ordering

check.

8.2 Collisionality

check.

8.3 Distribution Function

We find

/dv (In fo)vy Vifo = Z%B/dgfdA—lnfovwo Z%B/dé’/d)\(‘}lnﬁ) o

(8.1)

We then use that

In fo V||f0 = VH(fohlfo) Jo V|1Hfo v\(folﬂfo) V||f0 = V||(f0[lnf0— 1]) (8~2)

with Vj=Db- V, so that

/ & (I fo)oy Vo= ;Zgo / de / d\ Eb - V[fo(ln fo — 1)] (8.3)
-y BV [ [arenf- (8.5)

And since (B - Vg) = 0 for any function g the above will vanish.
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Now, for (using B+ Vi =0 and J - Vi) = 0)

: _ _ Y uB
R-Vl/J—(W—FVd)'V@D—E”VX(T)-V@D (8.6)
v oY
= v (g) x b%%g] .V (8.7)
v v
—y V(@) xb- Vo =ubx V- V(5) (8.8)
as required.
One uses
Bx V) bxWVyp I .
= - 5 Bb R (8.9)
with R Vi) = . This comes from
B x Vi = (IVip+ Vip x Vb)) x Vi = I Vip x Vi) + V(M=) — Vip| Vib|? (8.10)
with

B> =1I|Vp|* + |V x V> = PR+ R?|¢p x V> = R*(I* + | W|?) (8.11)
B _ IRVp+RVox VY  Ig+¢@x VW

b= = 8.12
B /12+|v¢|2 I+ | V2 ( )
where I have used that Vi - Vb = 0. So
I R
B x Vi = =@ x w—%\w{? (8.13)
B x Vi I R? R*p 9 IR Ro 9
= b x Vi — VI = —==@ X V) = ——=—=|V
5~ RE v T RE v VY T Er e YT mep
(8.14)
B IR ¢ x Vi + I*¢p B I’R¢ B R|VY|*¢ (8.15)
VPP VPR ) PV P | VP '
I P+ WP, I .
Thus,
. v . . v
R- Vo =v(bx W) V(3) =v (1b-RBg)- V() (8.17)
I
—[UHb V(Q) U V”(Q) (8.18)
where we’ve used there is no ¢ variation of the quantities in v /2.
8.4 Current
check.
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8.5 Parallel Particle and Heat Fluxes

check.

8.6 Flow Across Flux Surfaces
Let’s prove
- Vi=Rp-(nV xB)=Rp- (I xB) (8.19)

with B = I Vi 4+ Vp x V).

I' xB=1ITx Vp+T x Vp x Vi (8.20)
=IT x Vip+ V(T - V) — Vw(Vgp-I‘):}%(I‘- Vw)+éFx¢—%(¢-I‘)

(8.21)

R¢-(CxB)=T- Vi + [¢-PxP) - V(¢ -T)=T- Wy (8.22)

as required.

8.7 Chapter 8 Exercises

8.7.1 Neglected Inertia is Small

Demonstrate that the neglected inertia term in (HS-8.27) is small in comparison with the friction.

(eqTy - V) = <R¢> : %(manaVQ)> + <R¢) v ﬁ> — (neeaREYY) — (RF,,)  (HS-8.27)

Solution:
We have
9 2
RE (manaVy) ~ Rwmnd“veoV/ (8.23)
RFago ~ RmnVVCOH (824)
R2 (manaVy)  RmnV 82 v
ot ata¥a) co :62 1 8.25
RF,, RmnVuv. < ( )

Where I have used (HS-8.2), 2 ~ ¢%v.

8.7.2 Neglected Viscosity is Small

Show that the viscosity term, which was neglected in (HS-8.27), is small by going through the
following steps.
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8.7.2.1 Identity 1
. < . o
Show that R -V - =V - (Rp - ).

Solution:

We use (with R¢ = f)

RG -V -7 = fi;mi; = 0;(fimij) — 70, (i) (8.26)
Thus
Rp-V-m=V-(R@p-7)—m: V(RP) (8.27)
We can use that
V(R@) = VR — RV (8.28)
We use ¢ = —sinpX — cos py = \/$32’+y2§< — \/xf+y2§/ and R = VR = cos PYX — sinpy = %
with tanp = —¥ so that
- Y N x A
Vo=V|—— |- V| —— 8.29
@ ( TH%) ( TerQ)y (8.29)
/2 2 _ _ vy [22 | 22 z?
. —yr 24 Y v 2 4y? v x— Ty v 22 4y? yx v |
/$2 +y2 /1'2 +y24 /3172 +y2 /1'2 +y23
(8.30)
—yr 2?2 ). v yr o\
= X + 5V | X — 5K — v (8.31)
/22 1 2 /22 1 42 /22 1 2 /22 1 42
— _S;%ch . CO;“Dy %y <_S;zwf< - CO;%) 5 (8.32)
o, . R A
= —E(xx +yy) = —¢R (8.33)
So that we find
V(R®) = R¢ — ¢R (8.34)
Thus,
7:V(Rg)=7m:Rp—m:¢R (8.35)
we use that 7 = 7 so that
T:pR=7:Rp=":Rp (8.36)
so that
T:VRG)=m:Rp—m:pR=m:Rp—7:Rp=0 (8.37)
Thus
Rp-Vr=V-(Rp-7) (8.38)
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8.7.2.2 Identity 2

Verify that for any vector A

(V- A) 7{6% (VA - Vi) de/]ffde_ V,;;) (V' (A - V) (8.39)

where V' =27 ¢ \/gdf and /g =1/B - V0.

Solution:
Let’s begin with

§do gV -A  2r

(V-A) = $40 = do \/gV - A (8.40)
We use
A= | (VA + g (Vi) + 5 (i) (8.41)
VAT a9 VI 9 VI '
We then use
AV =AW (8.42)
AP =A .V (8.43)
AP = A Vp (8.44)
Thus,

fde iV A = ]{de [ (VA - Vi) + %(\@A- v0)+%(\/§A. w)} (8.45)

The last term is

5 faovaa-vo= o (- v fao va) = - (5

!/

(A - Vgo)) (8.46)

Similarly,

o (V'
5 fde ViAo = o ((A Vi) %de \/_) i (2 (A w>> (8.47)
For the A? term we have

f 10 2 (GA - V) =0 (8.48)

since it is a closed integral and ,/gA- V0 is single valued. Now we need to note that we have imposed
axisymmetry in our definition of the flux average. If we hadn’t, we Would have §df — §d0 §de
and so the 2 5, term would cancel out as well. Thus, we have the S term cancel as well and so for
any vector A we find

2r 0 (V' 1 0
Ay = (A — 2 w(aA. 4
(V8= T (A V) = (7 (A ) (8.49)
as desired.
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8.7.2.3 Viscosity Off-Diagonal Terms

By inspecting (HS-4.68), show that the off-diagonal elements in the viscosity tensor are O(5%p).

> > <>
K(P)=S/Q (HS-4.68)
Solution:
<> <> PN
We use S = pW + v and that
> > <> <>
K(P)=P xb+ (P xb)T (8.50)

<> <>

We use that K(P) = K(7) and so we then sce

N 2T gy Tyy — Taz  Tyz
K(m) = |y = Tow  —2Tay  —Taz (8.51)
7Tyz —Tgz 0
while
S = |pWye +vmy, pWyy +vmyy pWy. +vmy. | = | pWay + vy pWyy +vmy, pW,y. +vmy.
szx + VT szy + VT oy szz + T, prz + UMy pWyz + VTlyz szz + v,

(8.52)

<>
Because W = VV 4 (VV)T — 2V - V we can use that |VV| ~ dvg,/L Thus, we get [S| ~
pov /(L) ~ pdvwp/(Lvg,) ~ pd>.

Note that we have used v/Q < 1 to eliminate couplings between 7,, and v7,,, for example, to get
this estimate.

8.7.2.4 Compare

Use this information to compare viscosity with friction.

Solution:

We are comparing

(15:9°5) (otne) pa(vinesw)
(RFap) (RFay) (RFap)

We note that R - pra Vi) is an off diagonal element so is of order R§?p/L, thus

N <>
<Rso V- 7“> R&%*p/L ) Ul v e p0 s (8.54)
<RFa<p> RmnVcou(SUth MVeollVth L/Uthl/coll LVcoll LVcoll .
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8.7.3 Neoclassical Flux
Prove (HS-8.29) from (HS-8.31).

I TV = ] Fa” + naeaEﬁA)
< a* ¢> = eaB

(Lo - Vi)™ = </d3v Java- WJ>

Solution:
We use
Vo = Iy V) (2
var V¥ =TIy V(g
Bv3
Bo =520 qpda
ZU:!U!BO
Thus,

81

(HS-8.29)

(HS-8.31)

(8.55)

(8.56)

I7 B
/d”f“"d Vi = Z/dAdv fa| H|B IUIIV\ (Q—|> Zza/d/\dv fa WBOU \Y (g—a)

So

?{B VQZ /dAd” I B, (%)

<Fa . Vw>neo _ i
B- Vo

(8.57)

(8.58)

We can use that B+ V = Be 6 due to B+ Vi = B+ Vp = 0 by definition and axisymmetry,

respectively. Note this also 1mphes B? = B. Thus

B-V(f) _B'§ _of
B- Vo BY 00

So

gl
§Uj /d)\dv o Ifaae (Q )
<F V¢ = _do
B-Vo

0 v 9fa
Z /d)\dv— del[a— o _Q_a%]

(8.59)

(8.60)

do
B- Vo
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We use that ov) = ‘UH‘U” |vy| with I is independent of 6 and so
vy | 8fa % / B3 I|v)|? 0f,
— dAdv — ¢ df I— dé dAdv
Z/ ’ Q. 00 Z oy By BQ, 00
<Fa : Vw> = =
B v
(8.62)
Iul* a7, 0 Ioj
}[de /d3 a —f{ /d%—V”fa
BQ, 00 B. Vo Q,
- - - (8.63)
ooy B- V0

_ <Qia/d3v ¥ V”fa> (8.64)

From the kinetic equation

s

we can substitute using f, = f.0 + fu1, and note that f,o should have no 6 dependence, as it is
Maxwellian, thus Vjf, = 0 (this comes from v Vjfy = C(fo) = 0 since the collision operator
annihilates Maxwellians). We thus have

(4)
[’UH 8fa0 _ eaE”
1,

v)fao = Ca(fa1) (8.65)

Loy, E(A)
(Lo - V)™ = — <Qia/d3v vj V||fa1> = - <éa /d v ) [—Un Y (; 3wa> nfao +C, (fal)] >

(8.66)
(A)
B | mavfeB) I [ vy O fao
=1 </ . B a0 T, + ma'UHCa(fal) + <Qa /d v UII v\ (Q aw )>
(8.67)
; Fo) + naeaEﬁA) I e Tv) Ofq0
- — €aB +<Qa/ UU”V|<Q 8’¢>> (868)
The second term will vanish because V(v & 8@)”;}0) = éaaf—f V) thus
I Tv) 0 fao I 3 || dfa0
d — [ d :
<Q/ UU||2V|(Q 61/) Q/ vV 3Q 82,0 =0 (869)
since V| = ;. Thus, we do find
neo FaH + naeaE‘(‘A)
(To» V)™ = ~1 - (8.70)
as is required.
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8.7.4 Time Derivative Identity
Prove (HS-8.37).

J(t) = /U ) A(r,t)dV

A
ﬂz/ 3_dv+/ Au- dS (HS-8.37)
dt v Ot oU (1)

Solution:

Take the definition of a derivative

— 1
A gy JEEAD I L / A(r,t+At)dV—/ A, 0)dv|  (8.71)
dt At —0 At At —0 At U(t+At) U

The integral over the volume U(t + At ) should be

/ Alr,t+ At)dV ~ / Ar,t + At)dV + / A(e,t)(At)u- dS + O((AL?)  (8.72)
U(t4+At) Ut) oU (1)

where u is the velocity of the boundary region and S points normal tot he boundary (so this adds
up the small amount of volume added in the time from ¢ to t + At for the volume.

Thus,
t+At)— A(r,t
I [/ Alr,t + A1) = Afr, >dV+/ A(r, t)u - dS] (8.73)
dt  at—oo | Jy At U (t)
A(r,t
—/ Md{@/ A(r,t)u - dS (8.74)
vy Ot AU )

as required.
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Chapter 9

Transport in the Pfirsch-Schliter
Regime

9.3 Chapter 9 Exercises

9.3.1 Average of Inverse Square Identity
Show that

Solution:

Consider

by definition. Expanding,

<§—%+ <§22>2> >0
()~ 5 * (o 2
<Bi> - 2

(5}

and so we have proven the desired result.
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Chapter 10

Transport in the Plateau Regime

10.3 Chapter 10 Exercises

10.3.1 The Resonant Distribution Function
10.3.1.1 Solve
Solve (HS-10.9) ignoring the second term on the left.

Oha € . Ohy Oha s

7789 TE smé’&7 o2 = =i

sin 0 (HS-10.9)
The given solution

hy = —2 / dr ¢ 7P sin (0 — n7) (HS-10.10)

13,
Solution:

Let’s assume separability so that h,(n,8) = E(n)T() and look at the homogeneous equation first
(set the right hand side to g(f) = s,sin0/0'/3). We would find
or 0*E
En)——-T—— =0 10.1
"B G~ T (10.1)
10T 1 O%F
LI S ) (10.2)
T 00 nE(n) on?
Note that the second line says that each side of the equation must be a constant. Let’s set this
constant to A. Then

T(0) = \T(0) (10.3)
T(9) = CreV (10.4)
We also find
E(n)" = AE(n) (10.5)
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This defines the solution of
E(n) = Cy AiryAi (\'/%p) (10.6)

from AiryAi(z) being the solution to

F(z)" = xF(x) (10.7)
AiryAi(x) = %/ cos (% + .iEt) dt (10.8)

Thus, we find the solution to our homogeneous problem is

00 3
ha(n,0) = Cge’\e/ dt cos (% + )\1/377t) (10.9)
0
We can note that
82ha(77,9) A0\ 2/3 > 2 t? 1/3

Let’s recognize if we choose to view this as a complex equation we can write it as ($(F) = h,)

OF  O*F 84 4

If we further choose F' = f(n)e we find

N A T
. 0 0 - a 40
infe” —e Eroh =1/3¢ (10.12)
, Pf s
inf — = o (10.13)
(10.14)

1/3

because s,/0'/? is a constant with respect to 1 define H = f0'/3/s, and the equation becomes

it =55 =1 (10.15)
We then see that if we try
H(n) = / dr ¢T3 (10.16)
0
We find
iT]/ dr e~im=7/3 +/ dr r2e” T = / dr (in+7°) e T3 (10.17)
0 0 0
- / dr — D minr—rtys _ [—ei’"—fg/?’]oo ~1 (10.18)
0 or 0
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and so satisfies the above equation. So we then get

— Sa i0) _ Sa__if = —inT—73/3
ha—%(l/)l/gH(n)e ) —%(,}/\1/36 /0 dr e > (10.19)
=9 (%/3 / dr e"e—ime—”“) (10.20)
v 0
= %/ dr e ™/ sin(0 — nr) (10.21)
v 0

as described.

10.3.1.2 Limit
Show that in the limit 7 — 0, the part of h, that is even in & = np'/3,

S > 3
even __ a : —7°/3
RSN = =173 sm@/O dr e cos(nT) (10.22)

approaches a delta function, he"(£) — 7s,0(&) sin 6.

Solution:

We see that this yields
Sa

even __
ha e

sin 6 / dr e 73 cos(€01/37) (10.23)
0
Let’s call v = D'/3 for convenience. We need to show
1 o 6—73/3 CoS ({_7')
lim dé f(f)/ dr v
v—0 _1 0

We assume this integral converges and so can switch the order of integration and the order of the
limit and take p = £ to find

x f(0) (10.24)

oo 1/v o0 /v
/ dr lim dp f(vp)e ™3 cos (Tp) :/ dr lim dp f(0)e™ ™ P eos (rp)  (10.25)
0 0

v—0 “1/v v—=0 —-1/v
00 1 —73/3 7€ 0o —r3/3 9 i

— £(0) / ar tim [ ae e G FO)lim [ dr & { sin(r/ ”)} (10.26)
0 v—0 J_4 1% v=0 Jq v >

— 2/(0) lim St erepsinl) 2£(0) lim T O F(0)m = 7 f(0) (10.27)
v—0 0/v t v—0 0 t v—0

where I have used ¢ = Z and [;~ dt Sir;(t) = 7. Thus,
he¥et = % sin@/ dr e 73 cos(nT) = sa7(sin 6)5(€) (10.28)
v 0

as desired. The fastest way to see the sin(t)/t identity is to remember Cauchy’s integral formula
for poles (using that sin(¢)/t is even) so that

- ot it it ori
/ it sin(t) _ / s (o) — (10.29)
n c 21t 2i

—00

where I have closed the contour in the necessary way (small circle around the origin and large
circle in the upper plane).
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Chapter 11

Transport in the Banana Regime

11.6 Chapter 11 Exercises

11.6.1 Fraction of Trapped Particles

Calculate the effective fraction of trapped particles (HS-11.24) in a large-aspect-ratio tokamak
with circular cross section.

3 [ AdA

11.6.1.1 Flux Surface Average

First, evaluate the flux-surface average (£) = o <\/ 1 —A(1 —e€cos 0)> for circulating particles

appearing in the denominator of (HS-11.24). Express the result in terms of the elliptic integral

w/2
E(k) :/ dr V1 — k2sin*z
0

Solution:
We have
oy/1— A1 — €ecos0)
do B- Vo
0<\/1—)\(1—60086)> = - (11.1)
B- Vo

We can use B -+ V0 = B? which is not a function of # for € < 1 as it is basically a constant. Thus

2 $d0 /1 — A(1 — ecosb)
%fd@

a<\/1—/\(1—6(3089)>: :%fde VI— A1 —ecosf) (11.2)
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Now use cosf = 1 — 2sin?(0/2) with k* = kgg\*ﬁ) s0 A(1 — ecosf) = A[1 — € + 2esin®*(0/2)] and
we find

o <\/1 A1 — ecos 9)> — % ]{de V1= ML= — 2eAsin’(8/2) (11.3)
_ % a9 \/ﬁ\/k;2 —sin?(0/2) = 2 272:A fd@ k2 = sin?(0/2)
(11.4)

For circulating particles, we have § d6 — fo% df so that choosing u = /2 and factoring out k>

we find
okvV2eN [T sin®u
0<\/1—)\(1—ecos€)>— . /0 du |1 - =5+ (11.5)

We can break the integral into parts, Io = foﬁ du V1 + k=2sin? u, and for the second integral take

t = —u+ m and use sin(m — t) = sin(m) cos(t) — cos(m) sin(t) = — sint, so
w/2 —Tt w/2
12:/ du 1—k‘281n2u+/ dt — 1—k—2sin2t:E(kJ_1)—|—/ dt V1 —k—2sin*t
0 —7 /247 0
(11.6)
= 2BE(k™Y) (11.7)
Thus, we find
20k\/2eX
o <¢1 a1 — ec089)> = 2TV pkhy (11.8)
7r
We can use that
2eMk* =1 — \(1 —¢) (11.9)
M2ek? +1—¢) =1 (11.10)
1
A=—"—""— 11.11
1+ 2k% — ¢ ( )
so that
V= = (11.12)
E=2(1 —€) + 2¢
So
2¢ 2F (k1)
1—XA(1- 0)) = 11.1
OT<\/ (1= ecos )> \/k—2(1—6)+26 T (11.13)

where we can “ignore” the o for circulating particles (because it was taken care of when we made
the limits [0, 27] in 6).
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11.6.1.2 Change Variables

Perform the remaining integral (HS-11.24) by changing the integration variable to k=2 and using

the numerical result
1 T dk=2
= 1— = —0.621
| l 2E<k—1>] =R

Solution:
We have
Ae A MWKl —€) 42
§/ _AdA :3—”/ ap AWVAEZL—6) 426 (11.14)
4 Jo (1—=XhR) 4 ), 2v2eE(—k)
We can then use
k.—2
\— 11.15
E=2(1 —€) + 2¢ ( )
E2(1 — 2e]dk™? — k72%(1 — ¢) dk—2 2¢ dk 2
= (=) +2 (1-¢dk™ _ ‘ (11.16)
(k=2(1 —€) + 2¢)? (k=2(1 — €) + 2¢)?
Hence, we find
3 M, WEPI - +2 3 =R 2 2¢ VEZ2(1 =€) + 2€ f2
4 /o W2eE(—k) 8 Jo (B72(1 =€) +2€)?  2eE(—k) Kk2(1—¢€)+2¢
(11.17)
3r [T 2¢ k=2
= Tk — (11.18)
8 Jo (k=2(1 — €) 4 2€)5/2 \/2e E(—F)
Now we can use that € < 1 so that k=2/(k72)2 = 1/k7% with A, = 1 — ¢,
2e). 2¢(1—¢)  2e(l—¢) 2—2¢ (11.19)

I-1—X 1-(1-¢2 e2-¢ 2-¢

so that with lim. o, we get this equal to 1 and so we find

3v2¢ [! T 3v2¢ ! T 3v2¢ 1
— dk—2 = dk=2 |1 - — dk~2 K* (11.2
v/ PE(ETRS | [ >] o (11.20)

1)k k3B (k1
We find
1 1
/ dk=% k? :/ dk k3(—2k™3) = -2 (11.21)
0 0
Thus,
3 [ AdA 3v/2¢
=1—-- —~1—-—(-06214+2)~1—-14 11.22
I3 4/0 e (0621 +2) 61/e (11.22)
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—~1/2

We note that this is incompatible with our Ansatz and so we must have missed an order € term

in the integral by taking k=2/(k=2 + 2¢)°/2 — k3. Thus, for

(o) () o

we would get

1 7.-2 1.2 1
/ k== dk _ / rdx (11.24)
o (k=24 2¢)5/2 o (T + 2€)5/2
use u = (o + ) (z + 2¢)7%? so
—3(ax + ) dx 3 —3(ax + f)dr + 2a(x 4+ 2¢)dz (—ax + 4ae — 30) dz
du = d 2€) 732 = =
" 2(x + 2¢)5/2 +ade(@+2¢) 2(z + 2¢)5/2 2(x + 2¢)5/2
(11.25)
If we choose 4ae — 38 = 0 we find § = %ae. For convenience we can choose a = —2 and we have
rdz
- 11.26
du (z + 2€)5/2 ( )
So we get
! zdx “ —9p — & 71
v du=u" = | — 3 11.27
/0 (z + 2¢)5/2 /uo u = [u], {(x T 26)3/2}0 ( )
8e 8e
-2-F -5 242
= 3 3~ V2 — 2+ 0O(e) (11.28)

(142€)32  (2€)32 ~ 3,/e

And so we get

Ae
fi=1- §/ “i o BV (ﬁﬁ —24 0.621) ~ —%5(1.379)\/& O(e) ~ 1.46v/c
0

4 1—\/h) 4 \3e
(11.29)

11.6.2 Approximate Formula

Since the definition of f; involves two nested integrals, this quantity is difficult to calculate for
realistic equilibria. An approximate formula is therefore useful. An excellent approximation to f;
is given by

ft ~ O25ftl + 075ftu

where
3 [ 1
1—-— A N (| ——
Ji 4/0 <\/1—>\/h>
Ae A
fu=1-2["ax
4 /o 11— <h_1>

are rigorous upper and lower bounds on f; (Lin-Liu and Miller, 1995).
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11.6.2.1 Identity

Start by proving that for any function A(6)

Solution:

First consider

(A= (A% >0 (11.30)
(A%) —2(A)? +(4)* >0 (11.31)
(A%) — (A >0 (11.32)
(A%) > (A)? (11.33)
(A)? < (A?%) (11.34)
(A) </(42) (11.35)
Then consider

(-8

12 A
<<Z_@+(A>2)>ZO (11.37)
(8-t
<%> —%+& >0 (11.39)
<%>—é >0 (11.40)
@ < <%> (11.41)

Alternatively, we could consider the Cauchy-Schwartz inequality. The Cauchy-Schwartz inequality
states

(fa)* < (f*)(g*) (11.42)
Take f = A and g = 1 to get (because (1) = 1)
(A)? < (A%) (1) = (A?) (11.43)
(4) < (A (11.44)
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Then take f = v/A and g = 1/v/A and this states

1
1< {A) (= 114
< () (11.45)
1 1
< (= (11.46)
o =(3)
as desired.
11.6.2.2 Inequality
Show that fy; < f; < fi, for any magnetic equilibrium.
Solution:
Take f;, — fu and we find
f —f—g/Acd)\)\ ! ! (11.47)
S T A\/h T/ (h) '

If we show that the integrand is greater than or equal to zero, then we have proved that f,, >
ft > fu because by definition f; is between f;, and f;. We begin by noting that X is independent
of 6 in this case as it is the variable of integration, so that

(A h) =X/ (h) (11.48)
so that we have
! - ! (11.49)
V1= \/h (1 —\/h) '
We have from <\/Z> < \/W that
NS 2< 1—A/h> (11.50)
1 1
T3/ = (YT AR e
So
! ! (11.52)

RV =y - _< 1—)\/h>

1 1 | 1
<\/1 —A/h> NS YD) = <\/1 —)\/h> - < 1 _A/h> (11.53)

So let’s focus on the right hand side of the inequality. From <%> — ﬁ > 0 with A =+/1—M\/h
we have

1 1 1 1
<m>‘m><m>—<m>>0 (15
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()~ v - (o) v
_ = — >0
1-A/h 1— A/ (h) 1 \/h Y

and we have established what we wished to prove as this implies for A, > A > 0 that

[ o (otm) v
0 1—\/h 1\ (h)

ftu > ftl

Thus,

and so

and so clearly

Jew 2 ft = fu

11.6.2.3 Another Identity
Show that

fu=1= (") (v [1- (1+5) VI-y])

97

(11.55)

(11.56)

(11.57)

(11.58)

where y = B/Bpax = Ac/h, by interchanging the flux-surface average and the integral in the

definition of f.

Solution:

We look at the integral

)\c

11.59
\/1_7 (11.59)
Try the substitution v = (aA + 8)/1 — A/h. Then
—(aA +B) o - 'B +a-
du = ———==d\ +ay/1 — A/hd\ = dA 11.60
2hy/1—X/h /h Vv1—=MAh ( )
So if we choose a = 2 — and § = —4h*/(3) we find
—3al —3X ﬁ )\
=2 dy= 2% _g)\= dA 11.61
V1=MAh V1=MAh \/1—)\/h ( )
—4h* 1 —4h? 4h*
u= 3 %)\ 3 V1=MAh= T)\—— Vv1=MAh (11.62)
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So we get

/OAC 2= [T au = [y = K_T%A - %) m} . (11.63)

N YA 0
_ 2 _AR2
- ( 2:;“0 - %) V1=X/h— ( éh V1 (11.64)
- % (h—(h+%) 1—)\c/h) (11.65)
4h? Y
- (1—(1+§) 1—y> (11.66)
(11.67)
Thus,
3 [ 1 3 [ 1
=1-- AN ————= ) =1—( - AA A\—= 11.68
_ 3 4h? Y _ ) Yy
—1- <ZT (1-(1+%) \/1—y>> =1-(r*(1-(1+5)Vi-v)) (11.69)
122 (1= Yy _
1N <y (1 (1 + 2) /1 y>> (11.70)
We can use that A is independent of averaging, (\.) = A, and (h?) = 1 from h = 2 and B} = (B?)
so that on the outside we can take \? = /\T2 = <2—z> = <2—§> = (y*) and so
fo=1-(4*) <y‘2 (1 -~ (1 + %) V1- y)> (11.71)

as desired.

11.6.2.4 Large-Aspect-Ratio

Apply these formulas to the standard, large-aspect-ratio equilibrium, h = By/B = 1 + e cos#, and
calculate fy and fi, to lowest order in /e.

Solution:

First let’s calculate (h). We find that it must be

(h) = (14 €cosf) =1+¢€(cost) =1 (11.72)
2
<%> = <r1cos9> ~ (1 —ecosf+e*cos’+ O(e°)) =1+ % + O(€?) (11.73)

Where §df cos?6 =7 and § df = 27 has been used.
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Thus, we find (identify 1 + % with A~!) from before
Ac 4
/ dA A = a5 | 1-
0 1_)\(14_%) 3(1—1—7)

(1—€40(") (1 — [1 + @] 1— A (1 — Af + 0(8))) (11.75)

Thus, order by order we see

—é<1— {1+%} \/1—7&)+£( 1—[1+A2} 1—)\C+/\—§\/1—7)\C)62+O(63)

3 3 8
(11.76)

1+ M] V1= (1 + e2/2)) (11.74)

W W~

Hence to O(1/e)

ftuzl_(1_|:1+ﬁ:|\/1—7>\c>:{l+£:| 1A (11.77)

2 2

We can now use that A, = 1 — € + O(€?) so that

{1+%1\/1—7/\C:{1+%—§+0 }\/1—1+e+(9(e2) \/'+(9() (11.78)

Thus,

fiu=—+O(e) (11.79)

Now for the trickier f;;. Here we can use that

A 1—e+ O()

v= h - 1+ ecosf+ O(e?) ={1-e(l-ccosf+ 0(62) = loellmeost) 0(62)
(11.80)
2 =1—2¢(1 —cosf) + O(?) (11.81)

h  1+ecosf+ O(e)

1)y = N I 0@ = (14+¢€)(1+ecosh) + O(?) =1+ ¢(1 — cos ) + O(e?)

(11.82)

1/y* =1+ 2¢(1 — cos ) + O(?) (11.83)

V1I—y=+1-1—¢€l—cosf)+O(c)2 = /ev1—cosd+ O(e) (11.84)

Thus,

<y (1 — —\/1 - >> < + 2¢(1 — cos b)) (1 _2rle 6(21 — COSH)\/E\/l —cosf + (’)(62))>

(11.85)

= <1 — ;\/E\/l — cos c9> + O(e) (11.86)
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We also have

(y*) = (1 = 2¢(1 — cos b)) =1+ Ofe) (11.87)
Thus, find
fa=1- <1 - g\@m> +0(e) = gﬁ<m> (11.88)

We use 1 — cos @ = 2sin? (g) and so
/2" 46 /2 sin (g) = 2\/§/W d¢ sin¢ = —2v/2 [cos(m) — cos(0)] = 4v/2 (11.89)
0 0

So (V1 —cosf) = 4v/2/(2m) = M and

fu = §¥e +O%e) = \/_\/_+O()N1.35\/E+O(e) (11.90)

Thus,

£, 22 0.25f4 + 0.75 fr = [0.25(1.35) + 0.75(1.5)] v/e + O(e) = [0.3375 + 1.125] v/e + O(e)

~ 1.461/€ + O(e) (1L.91)

11.6.3 Omnsager Symmetry
Verify Onsager symmetry of the electron transport coefficients in the banana regime.

Solution:

We first note that Onsager symmetry implies that LS = L%, i.e., that Lj; is a symmetric tensor.
We use that

Se == LGASA; (11.92)
ik
=Y LA; (11.93)
k
with
. dlnp,
A== (11.94)
dInT,
A = < 11.
B
A§ = 11.
3 Te ( 96)
and that
'Y= (T.- V) (11.97)
I'5 ={q.- Vi) /T, (11.98)
Fg = <]e|| - jes> (1199)
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We have
(4)
nI*T, T\ dlnn, dInT., 0.26d7; nel B
e =— 1531+ = —0. - 1. 11.1
! ftmeszgfe[ ( +Te) w U T dw} 66—, (11.100)
(4)
nJ*T, T;\ dlnn dlnT, 0.37dT; nelE
re=— 2121+ =~ © 19251 € _ 111 11.101
2 ftmeﬁgre{ ( Te) w U T dw} L (11101
. T\ dlnn, dInT, 0.29d7T; "
IS =—fnJT.R [1.66 <1+i> W +0.47 W T dw}—l.?)lj}aEl (11.102)

for e < 1 and Z = 1. We then use p, = n.T, so Inn, = Inp, — InT, and we write

- (4)
nJ*T, T\ dlnp dIn7T, 1.537;dIn7. 0.26d7; nel E
Iy = — 1.53(1+ = £ 212 S . - -1
! ft mngTe L ( * Te) dw dw T, d¢ T, d¢:| 66ft BO
(11.103)
_ (A)
n*T., T;\ dlnp dinT, 2.127;dIn7T, 0.37d7T; ne[EH
s =— —212(1+ = © 4+4.63 = . < — . 1.1
2 ft mngTe L < " Te> d¢ - d¢ * Te d¢ T d¢:| 9ft By
(11.104)
T;\ dlnp. din7, 1.667;dIn7T., 0.29d7T;
Irs=—fnJ.R|1.66(1+ — —1.19 — — — | — 1.31f,0E
= { ( +Te) av w T a1 dw} Shaki
(11.105)
For
'S = LiTA] + L3S AS + LiSAS (11.106)
I'S = LSS AT + L35 AS + L5 AS (11.107)
I'S = L5TAT + LSS AS + LS AS (11.108)

We can ignore the factors in front of the numbers and the non electron quantities (set 7; = 0) and
we then see that

153 —2.12 1.66
L oc |—2.12 463 —1.19 (11.109)
1.66 —1.19 1.31

which is clearly symmetric. Thus we have Onsager symmetry.
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Chapter 12

The Moment Approach to Neoclassical
Theory

12.3 Collisional Regime

If we have
g 3 1
II=—-—-nv,, (bb - —]1) (12.1)
2 3
then
s 3 1 3 1
(12.2)
3 0/ 3 O;i
3 3 Bb;
= _BiEUsz[(biajbj) + 0;0;b;)] — QU[Bbj - Tj]ajwzz (12.4)
We then use
B
B;b;0;b; = BV -b=BV .(B/B)=¥~B+BV(1/B):-B = _EB - VB =—-V|B (12.5)
Thus, we find
g 3 3
B-V.II= _§nWZZ (— V”B) —nBVW., = §an2 VB —nB VW, (12.7)

If we take the flux surface average, we can use that (B - Vf) = <B Vif > = 0 for any f single-valued.
Thus,

<B v ﬁ> = <_ganz (—VB) —ng> = gn (W..V|B) (12.8)
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where we have used 7 is a constant with respect to the average (and is actually a constant).

Next, we note that b- Vb = Vjb = —b x V X b = k and so for low

o VEB (12.9)
We then use that
@+ VB =0 (12.10)
because
VB:%gV —l—%—gVG—i—g—inJ (12.11)
due to axisymmetry. Thus,
@VB=¢-bVB+@- ViB=0 (12.12)
~¢-bVB=¢- VB (12.13)
So we may state (with @ - B = £ in our coordinate system)
@.K:‘FA";B:_@'ZV'B:_R; VB (12.14)

12.8 Chapter 12 Exercises

12.8.1 Banana Regime Ion Heat Flux

Derive the banana-regime ion heat flux (HS-11.31) in a pure plasma with large aspect ratio by
using the moment approach.

Solution:

For this we remind ourselves that we have

Ip=> LUA (12.15)
b,k
PPTy ( ftajiok
L5 =3((%B)°) MO ik 10a 12.1
jk =3 (VH ) eaes Bl m Ha,j+k—1%ab ( 6)
with
dlnp, e,dyp
AY = — 12.17
1 dw Ta, dw ( )
dInT,
Al = = 12.18
¢ = (T, - V)P” (12.19)
I§ = {q, - V)" /T, (12.20)
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The Moment Approach to Neoclassical Theory 105

We are only interested in Ii. We use that the ion-electron contribution should be quite small due
to the weak interaction. Thus we need only % for a good calculation. We are given for the banana

regime that
man, (B%) J; {Va (x 5)’“}
_ Jt =z (12.21)
3((wp)) L2
[ = ZM‘“ (12.22)

This gives us all the required information.

We have
I} = L AL+ LA (1223)
2 =3((8)7) g (P20 i) =3((5)7) g (120 ) (12
1 =3((8)7) g (M2 paea ) =3(()7) g (122 ) (1235)
Note
iy = (B fo L) (12.26)

3((viB)") /e
m . 2 1

figz = _mini (B%) Ji {yz (x — g) } (12.27)
3 <(V||B) >fc
mini (B2 f, { ; ( 5)}

iz = e (12.28)
3 <(V||B)2> I ’

Note that p;; = pq in this case so that Ly = 0. We are left with

ii_minin<BQ>ﬁ {VE($2_3)}2_ i x2—§ i
-t (W (o))

Since (B?) = B? this simplifies. We then use that

8 o0
Fw) =gz [ ar F@es! (12:30)
3/2 [ T 2
_ 1273/2, /m; T3¢ 127T / Uth Mi53 € 3\/—73/20th miey — 27, (12.31)

K niZ%tIin A n;Z%*In A - nZ%*InA
i~ o) —G(z)
vy =S (12.32)
Zretln A 3v/2
I/j\ii - n ¢ 2n3 - T (1233)
4megmivy, 4T
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However, we can use

) 1
Vilri=vV1+12 4+ln —— ~ 0.533 12.34
il VIt (1234
. 1
it .2 ~
y 1+5/4
it 4 _ ~
{viz*} 7 = zm ~ 1.59 (12.36)
{vii} 7 = 0.754 (12.37)
{viia®} i ~ 1. (12.38)
{via'} i~ 2.25 (12.39)
(12.40)
Thus,
2
. 1 5 1
{vii (22 — 5/2)}° i (4 sy 2 (z - 5(0-754);) 225 5 2500
— —qvp|lx —ox — = — ——+ —(0
{v b 4 0.754/7; Ti T, 471
(12.41)
1 (/0.783 1.038 — 1.962 0.92
= - 1774 ) = A~ —
(12.42)
Thus,
y 12T
Lii, — —.godt minid °Ti (12.43)

fe TZ'ZQGQB(Q]

which matches for Z = 1 the form given in the book.

12.8.2 Electron Particle and Heat Flux

In the same way, calculate the electron particle and heat fluxes at low collisionality and large
aspect ratio.

Solution:

This time we cannot ignore the electron-ion contribution as it is important. Thus we need to get
L%, and LS. We also use vf, = vy 4 v for this calculation.

We remind ourselves that for x4, = vin, /U, that

ab _ 2 2 Lab
vp pTap = A\/ 1+ a5, +ax,In | ————m—m——=e 12.44
{ D} b b b (1 + m) ( )
u 1

{VDb.Tz} Tab — \/ﬁ (1245)

ab

1+ 222
{(vhaa} Tar = 2( 1tab (12.46)

1+ a2,)3/2
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The Moment Approach to Neoclassical Theory 107

We use that for electrons we have z.. = 1

{v5} Tee = 0.533 (12.47)
{via2} e = 0.707 (12.48)
{vFal} Tee = 1.59 (12.49)

while for ions we have xo; = vy, /vy, < 1/ 0 and so

{vh} 7 =1 (12.50)
{vhal} e =1 (12.51)
{viai} 7o =2 (12.52)
We thus find
Melle <Bz> ft
e = T v (12.53)
3<(VHB) >fc
g mene B S ] ey e (2 B 12.54
) i”<(w-ff>2>fc{(]3+ (-3} e
3= el 2 ) () ﬁ Ve +ve) (2 — > 2 12.55
) 3<(Wf>2>fc{(’3+ dl 2)} )
Thus
mene (B) f
[hel = = ([0.533] 7! +7.;1) (12.56)
3((ViB)")
mene (B?) Ji 5 0 1
[tez = <(V‘B> >f ({0 707 - 2 (0. 533)} 1+ {1 2] - ) (12.57)
_ Mene (B?) i 25 B 25 1
[hes <(V‘B> >f ({1 59 = 5(0.707) + (0. 533)} Ly {2 5(1) + 4} > ) (12.58)
or, more simply
Melle <BQ> i —1 —1
He1 = ra ([0'533]Tee +7—ei ) (1259)
3((ViB)")
g = e () fo —0.626] 7. + [—1.5]7; 12.60
”6 3<(V|B)>f([ ] ee+[ ]61) ( )
s = e (B fi 1) 38601 4 3.95)71 12.61
[he 3<(V|B)>f([ J 7ot +[3.25]7;") (12.61)
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With 7., & 7,; for a pure plasma and we can then write

He1 = —mene< ) Ji
3((viB)*) /e

mene (B?) fi
3((ViB)*) %

mene (B?) fi
3((ViB)*) %

(1.533)7; (12.62)

fheo = (—2.125)7;;" (12.63)

Jles = (4.637)7; (12.64)

Let’s construct our matrix piece by piece. We also use p; = pter + i1 ~ 1. Because py ~ mﬁi;1
and m;T; Us MeT,, ! we can say that j;; > p;; and ignore the ji.; contribution to p;. Then we
can use ,uel / il <K 1 ~ 0 and so we get the easy simplifications

L5 =3((viB)") ejjgg “elg et ) = 1. 533%””;‘e ;; (12.65)
L5 =3{(vB)") ggg ”;’j _ ) =2 125%"27;6 612; (12.66)
L5 =3((WiB)") ﬁ—gg ”;Lf — e > 2. 125%”:":6 ;; (12.67)
L5 =3((%B)") 5—221 e ueg,) — —(4.637) j} . ;; (12.68)
And for the other matrix g /pi1 ~ —0.885/0.754 ~ —1.174
= 3 {(9)") g (M) -y sy et T (12.69)
L6 = -3 <(VHB)2> (fjgé (“;‘f) — (1.533)(—1.174) j:t an ]2; (12.70)
L5 = -3((ViB)") 5;% (“:‘1‘1) (2.125) J{t an ]2; (12.71)
Lg = -3 <(VHB)2> 5;% (“:?2) — (2.125)(—1.174) Jj} an ]2; (12.72)

Helander gets something different, but his result does not make sense to me. I would think he has
a typo as his matrix would seem to make less sense than the one I just constructed.

Summarizing
ce  Jimene IPT, [—1533  2.125
. fc . €2B2 | 2125 —4.637 (12.73)
ei _ JiMene I’T; [-1.533  1.800
- fc 1. €2B? | 2125 —2.495 (12.74)
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The Moment Approach to Neoclassical Theory 109

12.8.3 Banana Regime Impurity Transport

Calculate the neoclassical transport of highly charged impurities in the banana regime. Express
« . . 2
the flux in terms of the impurity strength parameter o = Zog — 1 = nz%.

Solution:

This is Completely in analogy with electron-ion collisions, we have the ion-impurity collisions. Thus
we write 1%, = % 4+1Z and we get the same results, switching the charges and masses appropriately
We use that for ions we have z;; = 1

{vii} 7 = 0.533 (12.75)
{via?} 7 = 0.707 (12.76)
{viai} 1 =159 (12.77)

while for impurities we have z;7 = vy, /vg. < 1 ~ 0 and so

(viZ} iz =1 (12.78)
{vi7ai} iz =1 (12.79)
{viZa}i}riz =2 (12.80)
We thus find
. mni (B%) f; it o i
“a{ma s o
o mini<32> ﬁ Jit i :c2—§ '
& ‘3<<vg>2>fc{( e (+-3) o
L min; (B?) ﬁ Jit o i x2—§ i
o 3<<VB>2>fc{( e (+-3) o
So that
- —B”Z}”;;B) >> % (0.533]7;; " + 7.7') (12.84)
I ‘
|
_ mni(B?) ? ([1.386] 77" + [3.25]7) (12.86)

3B

With 7;;/7z = « and using that uz, > i (because 1/ > v [basically for the same reasons
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ik > flek])-
n: (B2
oy = i ABT) e man L) (12.87)
2\ f
3((viB)") /e
. (B2
ey = i BT Tt 696 1 507! (12.88)
2 f K4
3((WB)*) f-
. (B2
s = AT i) ag6 43954 Vo (12.89)
2\ f
3((WB)*) f-
And so, we find
i 2 ]2711 Hil ft m;n; I T
Lit _3<(VHB) >e2Bg - —Ml) ~(0533 + ) (12.90)
i 2 IQE Hil ft m;n; I? T;
L12:3<(VHB) >e2Bg - —/m) (0626~ 1.50) 5 S (12.91)
4 o\ I°T; ( puiop fr min; I*T,
Lii = 3<(VHB) > a5\ —,m) (0,626~ 1.50) 5 S (12.92)
i o\ 1T, ( oty fr myn; I*T,
Lii) = 3<(VHB) >e2B§ - —uig) ~(1386 +3.250) § S (12.93)

We could calculate the other coefficients for L4 but they are smaller because they have a Z in the
denominator and so they can be ignored as a first approximation.

Thus, we can use that Z (I'y - Vi) = — (T'; - V) to find the impurity transport and find

Tz Vi) = (L’ﬁAZ + L1 Ab) (12.94)
1 fimin; I*°T; (dlnp; e d® femin; I*°T; dIn'T,
=——( —(0. = = 26+ 1.
Z( (05334—04)fC o 6232{ a0 +ﬂd¢ + (0.626 + 5>fc 2B dy

(12.95)

_ _%%”1—”;2; (—(0.533 +a) { [dg;”" + dg:f"] n %%} +(0.626 — 1.5a)dgfi)
(12.96)
—%ZZLQZT ((0.093 + o.5a)dg;ﬂ +(—0.533 — a) {dgﬁ”" + %j—i}) (12.97)
= %—ZZHQ;FT <—(0.093 + o.5a)dgf +(0.533 + @) {diﬁ/}"i n %j-i}) (12.98)

The thing to note is that in this banana-regime that if the temperature gradient is large enough,
then the impurity transport will be outward, overtaking the usual inward transport of impurities
due to the density gradient.
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Advanced Topics

13.6 Chapter 13 Exercises

13.6.1 Poloidal Rotation of Ions from Constant Force

Calculate the poloidal rotation in a low collisionality plasma caused by a constant force acting on
ions.

Solution:

We use (HS-12.45) and insert an appropriate force on the right hand side to find

. 2qip . <BRz'H>

Hitio + [ v (B (13.1)
[LigUo + ﬁi?,% = 1% (2/225; + 25;1;6) (13.2)
We solve for 2¢;9/(5p;) in the second equation and sub this into the first
10 (G — 1) = Uy — (133
fiiuip + iz L3 %E . Z;ue _ <?BR;>”> (13.4)
o (‘A‘ - ﬁf% z;z) -5 {<BR“”> - %} (13.5)

1 Liols Vo B ~ 113
B V i ey ) B0

We can simplify using

2 G (T — 1) — 72
fig — = Hi2 _ = M“(“f 222 Hi2 (13.7)
iz — 13 iz — 13
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and so
S A2 S S 1 107) I
(B2) | I (This — 135) — iy i (Flas — 15y) — 1%y s — 13,
1 [ (fis = 18) ( BRyy ) — Tisoli, Vi B
wig = — | 1) > o (13.9)
(B | fin (T — 155) — [
with y = f;/f. and
{1 = 0.533 7400 (13.10)
Tii
fim = —0.62527" (13.11)
Tii
fij = 138770000 (13.12)
Tii
i = R 44 (13.13)
Tii Tii
we find
2,2 2,,2,,2 2,2
fiin (7iss — 1) — 7% ~ 05337570 (1.387y + 1.414) — 0.3917 T LN yi;"l (0.349y + 0.754)
(13.14)
T — 18~ M (1387 + 1.414) (13.15)
2,2 2,2
i YT ymyn;
pialsy ~ =5 (~0.625)(~1.414) ~ 0.885~ (13.16)
Thus,
1 [+25-(1.387y + 1.414) (BRy) — 0.885y V2, B (13.17)
U; .
" (B?) y(0.349y + 0.754)
1 [1.88-7(0.98y + 1) (BRy) — 1.1TyVo, B
Ui i (13.18)
(B?) (0.462y + 1)
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