Kyle Bunkers HWO05 Sec. 6 Plasma Confinement

1 Verify Expressions Verify (6.10) for the pressure tensor, and (6.11), for the heat flux.

>

P, = Bs +msns VsV (6.10)
1
Q. =dq.,+V.-p,+ gpsVs + §msnszVs (6.11)
Solution:
We use that
<>
P, = /dgv My fsVV (1)
pug 3
P = d*v meS(V—VS)(V—VS> (2>
1 pug 1 3 2
bs = §T1"(ps):§ d’v fsms‘V_Vs| (3)
= / d*v fq (4)
nsVs = /dgv fsv (5)
QS — /d3’U %UQV (6)
mS S
a.— [ Qf vV @

We also use that V, m, are independent of v and thus can be taken out of the f d3v integrals.

Thus for (6.10),

SS = /d3’l} msfs[vv — vV, = Vv 4+ V, V] (8)
<>

=P, - (/ d3v msfsv) V, -V, </ d3v msfsv) +m5VSV$/d3U fs (9)

. ~- / ~~ J/ \H/—/
=msnsVs =msns Vs Ns

> <>

Ps = Ps + (1 - 2)msnsvsvs (10)
Ay PR

Ps = P + msnsVsVs (11>

as desired.

Now for (6.11)

S_/d% el v v (12)
0= [@0 v v v Vo= V) (13)
qs—/d3 st(v —2v -V, + V) /d3 malsi vy (14)

& J/
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q, = /d3v m%fsvzv—/d?’v m;fSZV - Vv + /d3v m;fs

-~

‘/32V _§psvs

2

-~

Q, V20,V
3 1 2 3
q, = Q, — V- | &’v myfsvv +§msnsVS V, — épsVs
~————
(lg)s:gs‘f'msnsvsvs

1 3
q; = Qs - VS ° <83 + msnsvsvs> + §m5nsv;2vs - §psvs
1 3
q; = Qs - Vs * Bs - émsnsvsvs - §psvs
1 3
Qs = (s + VS : i_;s + §msnsvsvs + §psvs

as desired.

(15)

(16)

(17)
(18)

(19)
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2 Cold Plasma In some beam plasmas the flow velocity far exceeds the thermal velocity.
The cold plasma model idealizes this situation by taking each species temperate to vanish; the
distributions are delta functions centered at the species flow speed V.

Derive an exact set of closed fluid equations for a cold plasma with a single ion species. Discuss
the relation between energy conservation, (6.23), and momentum conservation, (6.24), in the cold
plasma case.

1
8675 <3p+ 2mnv2) +V.-Q=W+V.(F+enE) (6.23)
0 © 1
a(mnV)—l—V-P—en(E—l——VxB):F (6.24)
c

Solution:

In this case we have f, = n,0%(v — V) which automatically satisfies the definitions for n, and V.
Then we have

1 1
Q.= [ @0 figmaty = Jam V2V, (20)
<>
P, = /d3’u fsmsvv =nymyV,V, (21)
We note that we can solve
MY, = /d3v foavs ... v =n, VY (22)
where «, (,...,7 are N factors. We then see that
/ & E - W / v f— (23)
= /d3v nyd (v — Vo)NIvY 1 = —Nn EvV! (24)
/d3vva-g—va:B /d3 gf :—Bx{/d%w /d?’vafstl]
v
(25)
=B x Nn,VY = Nn,B x V¥ (26)

The last identity is easier to see in index form,

N

0 s —N— 0 s

/d?’fu EiijiBja_jjk U Uy = EijkBj/dgv v Uma—j; (27)

0 0
= €, B; /dgv {— O Um) — fs=— (ViU -+ - Up) (28)

8Uk

N
- / A3 €10 B fs (Saevr—Tm + Oikvi - U + -+ + S0y -+ ) (29)
N-1

—/d3v N fs€ijiviBijv -+ - vy = /d3v NfB xv" (30)

Hagzeltine & Meiss 3 of 21



Kyle Bunkers HWO05 Sec. 6 Plasma Confinement

Thus we find

% (nsv.iv) + V. (nsViV'f'l) _ E]\/Y’)’I,S]E)\/v:i\/v_1 + NnSQB X Vé\f —_ C(N) (31>
m

with the definition
Cc™ = / v vV (32)

with C' the collision operator. Or, in index notation,

0 0 e
A, s‘/sa""/sa‘/ST a_ s‘/soz""/sa‘/srxfsv ——N sEi‘/sa"'V:eU 33
o (Ve VeaVar) 5 Vi ViaVor Vo) = SN0 BV Ve (39
+ eijansziVs,j‘/s,a T Vs,a = a].\,f,q— (34>
where «,...,0,7,v are N + 1 quantities with the definition
cW) — /dgv Cvg -+ - VsUr (35)
with C' the collision operator.
We begin with (6.24) and see that
0 1
5 (msnsVg) + Ve (nsmsVyVy) —en | E+ -V, + B | =F, (36)
c

We see that W = p = 0 in this cold limit and so (6.23) yields

0

1 1
a <§msns‘/;2) +V. (§msn8‘/52VS) =V. (FS + enE) <37>

Thus, if we take V- (36) we find

1
VS . % (msnsVs) + VS -V. (nsmsVsVs) - Vs *€en (E +/ZV/‘£) - VS : FS (38>

% (%msnsz) +V. (%nsms‘/fvs) =V. (Fs + enE) (39>

which means that energy conservation is subsumed by momentum conservation and adds no new
information.
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<>
3 Contravariant Components of Pcgr, Compute all contravariant components of the stress

<>
tensor P g, with respect to flux coordinates (r, 6, (), in terms of P, P and components of B.

Solution:

We have
<> ~ A~ PPN
Pogi, = Pbb + (1-bb) P,

with b = %. Now we can rewrite this as

(1_5 —(E)BB 1P
CGL = 28 + 17

We can then use that in flux coordinates that

B"=0

~

>0

B’ =

S

S
>

B¢ =

VI =1/(Vr- VO x V()

S|

(42)
(43)
(44)

(45)

The identity tensor should be invariant under a transformation of coordinates in the sense that it

will still be diagonal. Thus,

>TT

PCGL =P
10 —0r
Poa, =Pear =0
—7¢ (T

PCGL = PCGL =0
¢ NG Py BYRY

Poar = Pear = B2

—00 B@B@
Pee=H—5 — 11
(¢ B¢ B¢

PooL =Pl — 1
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4 Law for Evolution of Parallel Stress Tensor Express (6.60) explicitly as a law for
evolution of the parallel stress tensor. Assume for simplicity that the magnetic field is uniform.

~

o
b-S-b=0 (6.60)
Solution:

We remember that

VaS . o . T af; 30 «(2)
SzQ(be—l—{be}):—{—ijV-M —en(EV 4+ VE) —mC } (52)

ot
Thus,
= (3)
oP, - A -
= b (mV ‘M ) +b —2enE V) —mC(* =0 (53)
0P
(9_25” =-mV - MI(IS) + 2enkE)V) + mCl(lz) (54)
where
A a® R
b - (mV M ) - = mbibyd; Mja, = m; (biby M) = mV - M (5)
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5 Collisional Moment with No Unlike-Species Collisions When unlike-species collisions
are omitted (a common approximation to ion kinetics), the first nonvanishing collisional moment
is C®. Show that

mry
o = =5 (Kap + Kga) (57)
e of af
Kaﬂ = / d3’Ud3'U foM(UOé )Uﬁ,\ <8’U/\ av;) (58)

Here the tensor U,3 = % (udap — uqug) With vy = vy — V).

Solution:

I'm assuming we’re using the Coulomb collision operator. Thus,

Cp=2t 9 /d%’U {fﬁ 9fs ﬁaﬂ} (59)

2 87},\ ov,  my 8%
Assuming
fi=tu(1+7) (60)
fo=tu (1+ 1) (61)
with
n 2
— 5 oV /Ut h g
v = 7T3/2U§hse 1 (62)
Ofu ov Ofu —2v 21))\
_ — =2 63
0V, ovy Ov v vth el ths Ju (63)
We see that (using s =t for only like particle collisions)
. Ofs s Of;
C() /d3 o /d3 /U fs s JS ZJs 64
op vy U'BZ ovy, An ms Ov, My 8% (64)

v

0 Ofs of!
3,/ 7 ! o s
40" vavs ovy, U {fs ov, Js ov’ }

N 2mg
= L/ d3v/d3v’ UavﬁiUA fJ,\/[ (1 ‘f‘f/)
2mg ovy, " ) Ov,

; ) "
— o [ [ @ v v (1+f;){ 2 Fa (14 F) + o }
E ths i
~ 20/ af
—fM(1+fs){—#ﬂw<1+f>+fMaf }]
ths

If we then call the bracketed terms to the right of Uy, the variable 7, we can integrate by parts

/ @ [ @0 (ot - Uy ] (68)

= / d*v / d*v' Uy, T}, [0arvs + Grsva] (69)

2 f (1+7) = fu (14 72) %f& (1+f;)]
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Now let’s simplify 7}, by ridding ourselves of terms with two perturbed terms (or more),

afs 20 of!
L= = firfu (L+ Tt ) + hufir f - [ S fuabv (14 F+ F) + hufi f] (70)
Uth Uth
20 fis 1y (o , aﬁ of.
= 1 § — — 71
2 LR 0) Fih |5 = 5, (71)
Thus, the integrand reads
/ Y r / / aﬁ aJ/CZ
[UﬁUau + UocUBu] 2foM<1 + fo + fs)(“u - Uu) + fufu B - B (72)
v, v,
Now we use that v, — v}, = u, and U¢,u, = 0. Thus we have
2 g aﬁ 3}2
Céﬁ? = _2m8 / dS’Ud3’U/ [UBUQ;L + /UaU,B/J] fo],\J [a_/Uu - aUL (73)
We then note that if we switch v, and v, that AUTU remains the same, fy, and f}, simply swap
places, and 5% — 25 — 25— 88 — — (9 _ 2L) Thus,
Y of. _ of.
C(glzg = _%/ d3vld3v - [UIBUQM + U;Uﬁu} fJ/MfM [8_% - a’Ul (74)
s 1
v 0f. Of.
— 2_7715/ d31)/d31) [U%Uau + U;Uﬁu} f],\/[fM 82}“ — 81)/2 (75)
v 0f. Of.
- / ™ [0 U] Sl | 50 G (76)
Symmetrizing by adding (73) and (76) yields
@ _ of. Of!
Caﬁ = _Qms / dBod3y’ [UﬁUau"_UaUﬁ,U«] foM [ U“ - 3UL
P (77)
gl ofs  0f;
+ 2_77?/8/ d31}d31}/ [U,,BU@M ""U;Uﬁ'u] fo]/\/[ [a—vu — aUL
v ofs of
2m8 / d31}d31}/ [(U,/B — U/B)Uaﬂ + (U; — UQ)U5N:| fo]IV[ [a—vu 81}/ (78)
gl of,  of
= —2ms / d3'l}d3’U/ [('Uﬁ - Ulﬁ)Ua# _'_( )U/@u} foM [ ,UH - a/UL (79)
i
= — Kgo + K, 80
S (Ko + o) (50)
Thus,
@ (K + K 1
€)= = (K + K (81)

It is easy to see that Hazeltine and Meiss have inconsistent units (again), and so they are probably
incorrect on the factor of 2 as well.
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6 Collisional Viscosity We have noted that collisional viscosity is relatively small. It is also
surprisingly easy to calculate, at least whenever the gyroaveraged distribution can be approximated

by a displaced Maxwellian,
: uV
f = fM <1 + 2—2) .

Uth
6.a Collisional Viscosity Expression Use this f and the method of (6.62) et seq. to derive
<> ~
an expression for II. as a collisional moment of the distribution —&b x v - V [(2Vjv)/vd,) fu]-

1
Pl = 15 [€8mbs (Sax + 3baby Say) + camabu(Sa + 305,51, (6.62)

Solution:

By symmetry we see in the discussion following (6.62) that

Mo =C2 =0 (82)
(2)
mC
.y = le (83)
(2)
mC
Hes = 912 (84)
I 03 = m(C?E? - Cg)) (85)
oo 40
(2)
mC.
1_[r:22 = _Hc33 = 2923 (86>

Now, as bxv /2 = p, we see that the distribution is

1= _
—gP XV VIV /vi) ful = —p+ V(f = fu) (87)
Let’s look at II.;5. We see

I, — g / &30 v105C(f) (88)

As argued in the text, the gyroaveraged part vanishes, and so we need the gyrodependent part f,
which by (4.66) in Hazeltine and Meiss yields

f=-p-Vf (89)
We would then have

O(f) = Cl—p- V) = C(—p- Vi + W5 0) (90)

Uth
Now as p - Vfy is a part of the gyroaveraged part that vanishes (in other words, it is not of the
correct order), we can say it vanishes and are just left with

20V}

cl-p- v | 20 o)
Uth

as required.
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6.b Krook Model Collisional Viscosity Expression Use the Krook model collision operator
to compute the collisional viscosity component js. Assume for simplicity that B, n, and T" are
spatially constant, and that b - VV} = 0.

[For comparison, the exact result is I1.;12 = —(6/5) g5-€2+ VV]. Even this version is straightforward,

if rather lengthy, to calculate; if you try it, begin with the formula given in Problem 5.]

Solution:

We first recognize that

p= %(ég siny + €3 cosy) = v36y + V2€3 (92)
We use
m m -
Ile1z = ECS) = ﬁ/d% v1v3C(=p - V(f = fu)) (93)

With the Krook model, we find
51
Cl) = v |~ g (04)
N
n, = /dgv fi (95)

We can simply ignore the Maxwellian part and use C(f;) = —vf; as the Maxwellian part will
simply cancel out (it doesn’t matter what n; is).
Then we find
my [ . . 201V}
Hc12 = W/ dUl dUgdUg — UlUg(U,gGQ +/1b2f(3) . V( 1}12 I fM) (96)
—00 th
mv ‘/” > 2,2 n —(vV24v2+02) /v2
= —weg . ’U_tQh /_OO dUldvgdvg Ulv37r3/—2v§he (vitva+v3)/viy, (97)
mv o n 21 2Y /02
=———56 - VV / dvydvs vivs e~ (it /v, (98)
QQU‘?h | —00 ! 37T—UtQh
—mnv 1 mod
=& V] th 99
Q203 ° : (Tm)tQh 4 ) (99)
—mvinv
—nTv _
= Weg . v‘/H (101)
—pV p .
— 292 €y VX/H = —2927_62 . VX/H (102>

which is very close to the correct answer aside from a numerical pre-factor.
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7 Symmetric Second Rank Tensor Identity Suppose that a symmetric second rank tensor

<>
T satisfies

“—
é-T-é:O:Tr(T), (103)
> -\ T <~

éXT—l—(AXT) =89S, (104)

<> <>
where € is a specified unit vector and S a known tensor. Show that a particular solution for T is

%——i{{éxgjt%x [(é-g)é]] + {éx§+3éx [(é-g)é]r} | (105)

Solution:

<>
Let’s show it is a particular solution by showing that the given T satisfies all the given properties.
We have in component form that

“ 1
T=T,= _Z {eijkejSkl + SEijkejemSmkel + EijejSki + 35ljkejem5mkei} (106)
First
<~ 1 < < < T
é-T-é:——{é- éx S & €-S)é -é+é-{éxS+3éx[(é-S)é]} -é} (107)
<>
Here we have used for arbitrary tensor L and arbitrary vector a that
<>
a-<a>< L) =0 (108)
<>
<L><a> -a=0 (109)

which are proved by (a i <> j indicates that the dummy indices ¢ and j have been swapped.)

<~ L

i>j
a- (a X L) = Q; ((—:ijkaijl) = eijkaiaijl = ejikaja,;Lkl = —eijkajaiLkl = eijkaiaijl (110)
= eijkaiaijl = —eijkaiaij.l =0 (111)

pug ik
Lxal|.-a= (6,’jkLljak) a; = eijkaiakLlj = ekﬂakaiLU = —eijka,-akLlj (112)
= eijkaiakLlj = —eijkaiakLlj =0 (113)

Note, though, that in general
<>
(axL)-a#O (114)
<>
a-<L><a)7£0 (115)
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We can now use the further identities

<7 T
{éx L] =—-L xé (116)
T
[eijkeijl]T = eljkeiji = —szelkjej =-—L xé (117)
Thus,
<7 oT
é-({éxs} -é):é-(—S xé-é>:é-0:0 (118)
<~ T —
6 ([éx (@ S)é]] .é> —&- (—[(é~ S)a|" xé-é) —8-0=0 (119)
and so
~
ée-T-é=0 (120)
as required. Now let’s test the trace,
hng 1
TI‘[T] = Ez = _Z_l {eijkejSki + 36ijk€jemsmk€z' + eijkejSki + 3€ijk€j€msmk€i} (121)
1
= _Z_l {eijkejSki + 3€ijk€jem5mk€i + eka-ejSik + 3€kji€jem5miek} (122)
1
= — 7 LeiperSi + 3egresemSune; — egpesSin — 3ereremSmicn } (123)
=0 (124)

where in (122) I switched the dummy indices & and 7 in the last two terms (which will not change
the value).

Now let’s show

1

T—_- { lé xS 436 % [(é-g)é}] n [é xS 436 % [(é-g)é]r} (125)

S

<> <> <> <>
with the substitution & x T + (é x T)T = S inserted. We can see that S must be symmetric thus

we may use

<~ <~ <~ <~ <~

6xS+3ex([@6-S)e|=exS+38x[(S-8)8]=éxS-(1+388) (126)

So,

<~

éx S- (]l -+ Béé) = eijkejSkl(élm + 3€l€m) (127)

and
Skl = elmpenTpl + elnpenTpk (128)

yielding
<~

éxS- (]1 -+ Béé) = eijkej(eknpenTpl -+ €lnp€nTpk)(6lm —+ 3€l€m> (129)
= [(52715]10 — (5@(57”') ejenTpl + EijkelnpejenTpk](élm + 3€l€m) (130)
= [(epeiTyp — €je;Tu) + €ijk€inpeien o] (Om + 3€r€m) (131)
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Now let’s calculate €;;i€mpe;enTpr with

€ijk€inp = (Sj (Sj (Sjp = 51'1 (5jn5kp - 6jp5kn) + 6m <5jp(5kl — 6jl5kp> + 5ip (6jl6kn - 6jn5kl> (132)
5kl 5kn 5kp

and so finding

€ijk€inpeinTpr = 0t (eje; T — epTpnen) + epeiLy — eie/ Ty, + eren Ty — enenT; (133)
= 041 (Tkk — eprnen) + eieprl — eielTpp + Tinenel — ,Tz (134)
(135)

altogether then

<~
éexS. (]l -+ 3éé) = [(epeiTpl — Tzl) + 5@'1 (Tkk — eprnen) + eieprl + Tmenel — eielTpp — Tzl]((slm + Selem)
(136)

= [2€p€iTpl — 2Tz‘l + 5@'! (Tkk — 6prn€n) —+ Tinenel — eielTpp] (5lm + 3€l6m) (137)
Let’s do this term by term.

ep€i Lpi(Oim + 3€161m) = €peiTpm + 3eieme,Thie (138)
T (0 + 3erer) = Tin + 3Th€160m (139)
0i1(Opm + 3€16m) = Sim + 3€i€1, (140)
Tinenei(Omm + 3eien) = Tinenem + 3Timeneieren = 4T enem (141)
eie1Typ(0im + 3eien) = eien Ly, + 3een Ty, = deien Ty, (142)

and so altogether this yields

<>
& x S - (1+3eé) =2ee,Tpm + beem(e,Tper) — 2T — 6T 5epem

(143)
+ (51771 + 3€z€m)(Tkk - eprlel) + 4En€n6m - 46i€mTk’k

We may note that

Seiem(Tkk — eprlel) -+ Geiem(eprlel) - 4616m<Tkk) = €;€m (3Tkk - 4Tkk — 3€prl€l + 6€prlel)

(144)
= eiem (—Tir + 3epTper) = —eiem(Ten — epTyier) + 2eiem(epThier) (145)
so that
<>
€ x S (1 +368) = 2¢;e,Tpn — 2Tim — 2T3pepem (146)

+ (Oim — €iem)(Tix — epTper) + 2e;em(epTher)
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So now we may add the transpose which will yield (utilizing T}, = T};)

> > T

éx S-(1+3ée)+ (éx S -(]1—|—3éé)>

= 2¢e;epTpm — 2T5m — 2T5peperm + 21 hiem — 210 — 2e; T pep
+ 2(0ipm — eiem)(Tkk —e,Tyer) + deem(e,Ther)

= 2¢eie5pm — — 2Tpepem + 2Tpepem, — 2Tim — 2ese5Tpm
+ 2(8im — eiem)(Tkk —epTyer) + deenm(e,Ther)

= —ATn + 2(0im — €iem) (Thr — epTrer) + 4eien, (e)Tper)

— AT +2(1 — &8)(Te(T) —&-T- &) + 466(6 T~ 8)

— 4T

Thus, as required, we find

T fex S eaen e Sia] « fon S oo o]}
:_% {éx§ (1 + 388) + (é><§ (]l+3éé)>T} =—i(—4<1+‘)

(147)
(148)

(149)

(150)
(151)
(152)

(153)

(154)
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8 Ideal MHD Plasma Has No Electric Field Show that ideal MHD requires the electric
field in the plasma rest frame to vanish.

Solution:

Let’s consider the electric field in a laboratory frame. In ideal MHD, we use the ideal Ohm’s law
1

E=—-VxB (155)
c

where V is the flow velocity of the plasma. Now if we are going with the plasma, V = 0 and so
in ideal MHD we must have E = 0.
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9 Radial Electric Field to Satisfy MHD Ordering In the Standard Tokamak, what radial
electric field, in Volts/cm, is necessary for the poloidal E x B drift to satisfy the MHD ordering?

toroidal field (Br)
major radius (Rp)
minor radius (a)

safety factor (q)

central density (n)

central temperature (T; =T, =T)

50 kG
300 cm
80 cm

g~ 1 (on axis)
q ~ 3 (at edge)

104 em—3

10 keV

Table 1: The Standard Tokamak parameters.

Solution:
We require
E
By = Uth
(10 keV)
E,. =vywBr ~ (2 24 —
» = vy Br >~ (299792458 m/s) 11 ke

=2.1x10° V/em = 2.1 MV /cm

For comparison, for the drift ordering we have

(5T)=21x10° V/m = 210 MV/m

5o Ut _ Ul VTim; /(10 keV)(1.67 x 1027 kg)(1.6 x 1016 J /keV)

T LQ  eLB  eLB (.8 m)(1.6 x 10-19 C)(5 T)

—92x%x1073

(156)

(157)
(158)

(159)

(160)

bringing down the voltage to E, ~ 4 x 10° V/m = 400 kV/m = 4 kV/cm. While this is large, it

seems more likely to be achieved.
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10 MHD Law for Magnetic Field Evolution Derive from (6.106) the MHD law for evolu-
tion of the field magnitude B. Compare the result to the pressure law, (6.102).

dB

E—B-thBV-V:O (6.106)
dP 5
— +-PV-V=0 6.102
dt + 3 ( )
Solution:
Let’s begin with
0B
1
E4+-VxB=0 (162)
c

We then find that
—cVXE=V x (V X B) = Gijkaj (Eklm‘/le) = Gijkquaj (‘/le) (
(

=B-VV+VV-B-BV.-V-V.VUB 166
Thus,
OB
— = ¢VxE=B:-VV-BV.V-V.VB (167)
B
aa—tJrV-VB—B-VVJrBV-V:O (168)
ko
dB
& ~BrVV+BV-V=0 (169)

Usually I'd call the field magnitude vB - B = B, which given Hazeltine and Meiss’s multiple typos
in the book, could certainly be the case of their meaning, and so I will also do that. First we take
B - (6.106) and find

dB

B:— -B-(B-VV)+B-BV-V=B-0 (170)
%dd—liQ—B.(B-VVHB?V.V:o (171)
B%—(B-W)-B+BQV-V:O (172)

%+BV-V:(B-W)-%:BBE:W (173)

Compared to the pressure evolution, we see that there is an extra term due to shear in the velocity
field along the magnetic field.
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11 Drift-Wave Consistency Show that drift-wave consistency requires the wavevector k to

satisfy
[mepi Kk ps
— KL KL =

Thus drift waves propagate in a direction nearly, but not exactly, perpendicular to the magnetic
field.

Solution:

This comes from the necessity that

k‘”Uthi L wy K kHUthe (174)

with w, = |ws| =k L%%. We see that (suppressing factors of 2 and V/2 from thermal velocities

from now on as they will make little difference in these limits)

o2
I/Ql vthi Nl/L
AN

~~
IO T B kivd, _ kipiva, (175)
* + eB m; PO LQZ L
using vy, /L = p; and thus
k1 pivas
k?||Uthi L Wy = k|‘%<< %ﬁh{ (176)
ki pi
B i) 177
n<T (177)
. 2T e e
and with Uths _ \/— Me _ [T we find
Uth, m; 2T my;
k1 piven,
w, < kv, = =L L”““ < kv, (178)
Ry pivw e pi (179)

k 1 L Uth, m; L
which combined yields

mep; _ ky_ pi
—— — — 180

as a consistency condition.
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12 Drift Wave Dispersion Relation for Cold Ions Derive the drift-wave dispersion relation
for the cold-ion case — that is, the vy, — 0 limit of (6.181) — by linearizing (6.163) and (6.164).

2,2
5 Kvh, w
3(w—wg)? w—wg

ed
T €XP (—?) ~ constant

dni
dt

~0

Solution:

We have that

~ ed
Mg neO?e =0
Ne cd
Teo - Te
and
—= V’L . i —= 0
a o TV Vn
Now, by momentum balance we find
oV,
oV, - -
MiNio—— = Nioq; (E +V; X Bo)
ot
so along the field line we find
—iwminio Vi = niogi By = —igimaok®
. ol ~
V=l
m;w

and taking Bpx the momentum balance equation yields
0(w/9)
(‘9\7’1 X BO
ot

M40 = N;04; (Bo x B+ {}U_Bg)

-~ E X BO my; 8{72 X BQ

il = g
B; dio ot

O(w/9)

(6.181)
(6.163)

(6.164)

(181)

(182)

(183)

(184)
(185)

(186)

(187)

(188)

(189)

(190)

(191)
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which is just an E x B drift. Thus,

on; <~
at o (192)
—iwn; + VZ-” - Vnio+ V. - Vnip=0 (193)
We find (letting Vn,; = 72% and Bg = Byz)
EXBQ 0 ~ —v(f£><2 ,TLZ‘()]{? (5
cVngpg= —%X+ —— = —j— Y 194
B2 =T T TR, "L.Bo (194)
Then
Vi + Vg = 0 (195)
quite obviously for Vn,q in the X direction and {/}” in the Z direction.
Thus we have
/{:_';: o
.o~ . Ryleg My4p€
—iwn; + — L P 196
W + BoL. Ta (196)
~ nioefb
L — Wy =0 197
wn; —w T (197)
n; W,e D
— = 198
150 w Teo ( )
and so by quasineutrality
Ne = 1N (199)
w, ed ed
o = Npg— 200
o w TeO " OT‘eO ( )
Wy
1——=0 201
i (201)
(202
It’s clear that if there were a Doppler shift, we would simply have w = w, + wg where wg = ky%?é

with ®((z) = Ej.

To prove this, let’s we include an equilibrium electric field in the X direction. We then have

Eo= -V x By (203)

EO X BO = BO X (\/voZ X Bo) = B(Q)‘/Ou_ (204)
E(] X BO E() R R —E() N (1)6 "

VoL = 22 20 = 0% p = =0 205

0iL B2 B Xx2=p V=37 (205)

where & = Ej, and so we see there is an equilibrium V. We see this won’t change the perturbed
equation if we ignore parallel velocity. We can ignore the zZ or parallel velocity due to the electric
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field for the same reasons we could ignore the parallel electric field above: it doesn’t contribute to

the dispersion relation.

Thus, we find
on; =~
a:i +Vz' Vni0+V0u- Vﬁl =0
-5 =~ D ~
0
in
-5 ik, @
—iwni—l—Vu- VTLZO—F Zg Oni =0
0
- K, Pf
—i(w —we)ni +VZ'J_ . Vnio + Py Oni =0
0
and so we now proceed as before replacing w with w — wg.
k:_; o
. ~ . yleo T0€
—iley — S+ — -0
i(w—wg)n; + —1 BiL. T.
( >~ nioe(T)
W— WE)N; — Wy———— =
P TeO
7 Wie ed

Lz w—wpg Teo

and so by quasineutrality

Ne =Ny
Wy eEI; eEIVD
z’Ow o Too neoT—eO
R
W — WEg

as promised.

(206)

(207)

(208)

(209)

(210)
(211)

(212)

(213)
(214)

(215)
(216)
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