Kyle Bunkers HWO04 Sec. 5 Plasma Confinement

1 Energy Exchange Rate Verify (5.52) for the energy exchange rate in the Maxwellian case.

ss!Ttg! t(n' s’Ts
WE = —sn 220 20 o [y gt gt |0 (14 2 et )

Mg Uth/ Mgl g
4 ygonsng (T — Ty)
\/_ms (vi, + Uths/)3/2

(There is an obvious mistake of leaving out the fsy/(n) in Hazeltine and Meiss in (5.52) and (5.51).
They are also very imprecise in that the 7’s in the square brackets should be 1" = v/vy,, rather
than n = v/vgy,.)

(5.52)

Solution:
We begin with (1 = v/vw,, = v/v, 7' = v/va,,, mS'TT, UchS/UchS,)
Wk = / d*v 2msv 2Cler (5.24)
Cis (forr, fornr) = —2#?:’;?}18 (1 — ?—j) fsmr [erfn(/n’) - (1 + Zi;{j) erf’(n’)} (5.51)
So we find using dv = vy, dn, fsy = Mg—zghse*ﬁ/“?hs =- /szhs e

Vss! st Ts’
:—2 d d g Jets (g
[ [ et (122

AM T Yss Mgt Ty * erf(n’) Uik
_ _ZsTlss s (g 28 dv vt for | —2 — | 1 : ' (n/ 2
M Ve, Vg, ( Ts) /0 v [ n " Ui, ert ) .

4 g8/ Tbg! s > f(n' i
— s M (p TS,)/ dn o3, 7 funs [er (n) (1 n UZt_h> erf'(n’)] (3)
0

MgV, Vg, Ty " Uty
_ _W;"T (T, - 1) /0 "y Fa _erfn(,n ) (1 * §%> ot ) (4)
_ _SWEZ/Z::/J?}IS U?lhs (T, — Ty) /OOO dn 0 fonr :erfn(/n') — (1 + g%/) erf/(n/): (5)
— SO () [y o [L(") - (1 + —h) erf’W)] 0
m v, 0 N Uty
_ _% (T, - Ty) /0 "y n47f3i2,§; [erféfn e (1 - ng) erf/(n/)] "
_ _% (T, — Ty) /Doo dn 471;3/22 [erfn( ) (1 n %) erf/(n/)] (8)

o2 =y and erf'(n) = %6_77272.

We focus on the integral now. We use that 1’ = Ui
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Thus,
/Ood 4*172““”7) 1/0001 1 exf(iyy) = 1/°od L= gy ety (0)
e = — e r — r
nn ~ /s 1 77 ny + /s 1 dn 9 n my
2 d
)| — 5= dn —e ) + )d— erf(n7y) (10)
it dn e (n* + 1) erf’ (ny)y —/ dp e (n*+1) 16_7’2“’2 (11)
27 2 0 ﬁ
2 2 1 ﬁ ﬁ
- dn e "0+ (2 1 1) = — + = 1424292
ﬁ/o n (n*+1) V7|42 2/1+ 12 A1+ 12372 [ oal
(12)
3+ 272
EEERGRE )
and
/OO dy e (14 72) —me ™ = 20+ /OO dy e ()t (14)
0 ™ \/7_r 0
21490 3A& ] 3 (15)
MR8+ ] A(1+92)32
so that
0o 2
P erf(n’) B 5 ol 342y B 3
/0 dnme { Ui (4 77) et )] = AL+2P2 AL+ 72)%2 16)
21 +72 3/2 3/2 3/2
( ) 2Ut2h <1 + thg ) 2 (UtQhS/ + Ut2h5>
s th /
So that we find
8735’”3”5’ /OO 4 —p2 erf(n,) UtQh TN
- (T, — Ty dn n e — |1+ —==|ef'(n 18
VT m/S/UtQhS/UthSI ( ) 0 [ n Ut2h5, ) 18)
8’)/35/713715/ U2 th,,
Dt (g ) St (19
ﬁmslw 2 /UghS/ _|_ Uth >
o 4’}/55/715715/(T5 - Ts’) (2())
a \/Ems’<vt2hs + v, ,,)3/2
And so we recover the correct result,
4 s/ TlgTlg! TS - TS'

Uth,

ss’ T 3/2
VT ( 2 _I_thhSl)
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2 Momentum Conservation Starting with (5.33), show explicitly that the like-particle col-
lision operator conserves momentum:

/d3v myvCsy =0 (22)
Css, _ 788’3 . /d3U/ i—_}- |:fs/ afs _ fS afs/:| (533>

2 Ov ms OV mg OV’

Solution:

We then have
’ 0 <~ /’ a s § //
/d3v movC.y = MsYss /d% Ve . /d3vl U. |:fs J fs Of! } (23)

2 ov ms OV mg OV’
T(v)
MsYss' 3 0 MsYss' 3 0 ov
= — . T = —_ . —-T.= 24
2 /d " Vov 2 /d ! |:8V (Tv)-T OV} (24)
We see this is correct through
0 ov
vi0iTy = 0;(uil) = Ti05vi = 5+ (Tv) =T o (25)

and using Gauss’s Law with 0v/0v = 1 we see

/ v myvCyy = m; { f ds, - Tv — / d*v T} (26)

Now, as T(v) = T(fs(v)) and fs(v) = 0 at infinitely far away where the surface is, we see the
surface integral vanishes. We then are left

Ly = s / d*v / &' U {f—a—f - iai} (27)

2 mg OV mgy OV’

Note that we have (switching s and s’ and v and v')

Mg Ys's 3 3 s fs 8f;/ fsl/ 8fs
ly,=—— [ d d’v" U - — 28
2 / Y / ! {msx ov' mg Ov (28)
As
4 < 2 2/
Msss' = % InA = MygYsls (29>
ms
We see that
ILg+1,,=0 (30)
Thus, we see that
/d3v mevCyy + /d3v mgvCys =0 (31)
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Now, if we have like-particles, then s = s’ and hence

2/d3v msvCss = 0 (32)

/d3v myvCys =0 (33)
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<>
3 Diffusion Tensor Relate the diffusion tensor D of (5.40) to derivatives of the Rosenbluth

<>
potential. Then use (5.49) to compute D explicitly for the case of a Maxwellian distribution.

Solution:

We remember that

Now as

We note that aﬁ =
v

Thus

<~ , <~
D.. — ;i/d% U/,

S

Gor = =5 [ert (n) + (1 227) exf (1)
Hgy = os erf(n)
UthT]
< 4?1l —uu
U= 3
U*d0p — Uglg
Uap = 3
u=v-—-v
Uy = Vo — U,
< 0% 0 /u
U= dudu  ou (Z)
62U 8 %
Uap = OunOug Oy (;)
% and similarly % = —% because
i_a_u.i_mv_—v)i_(]l_‘@.ﬁ_i
ov 0Ov Ou ov  Ou ou Ou
0 _auﬁ 0 _8(1}5—1)23) 9 = (6 _O)i—i
v,  Ov, Oug n Ov,  Oug - \ef Oug © Ouy,
/ .
0 _0u .EZM2:<8_1>.3__2
ov/ 0v Ou ov/  Ou ou ou
0 Jug 0 d(vsg —vg) 0 _(0-34 )8 __i
ovl,  Ovl, Jug ovl,  Oug Ry Oug
< 0 /u o 0 0*u
U=5v (3) = avav' = dvan
9 qugy 0 0 0w
Uap = 8_% (;) N c%gu - 0v,0vg

<%)_ 9] _8u  Pu
u/  Ovl vy B v, v

2
v-_-92 E):_£< 0 > Ou
u

(5.40)

(5.49)
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This yields

/d% R /d% uf, (48)

ov'ov’
0
3 _ 3
/dangfs—a%a%/dvufs (49)
Now we let v <» v/ (that is, swap v and v’, which doesn’t affect u) so that
0 /d3v’ ufl = a—ZG (v) (50)
ovov Sovov °
a 3,/ / 82
pr— 1
0v,0vp /d vl 0v,0vp Gsv) (51)

So we find

2 2
B ﬂ/d% ﬁfs _ Vss! 0 GS(V) o Vss! 0 Gs(v)

2ms OVOvV — 2my 0v,0vg (52)

For the Maxwellian case we have

2
Gs(v) = Oslhe |} O opf () 4 (14 QUT erf [ —— (53)
2 | v, Uth, Uth, Uths

Uthg

We use that
@_&/v-v_ 1 Gv-v_]l-v—l—v-]l_z (54)
ov  Iov  2ANN-v Ov 2v o
ov  Oy/Ualq 1 Ov:  2u, v,
OV, OV, 2/v2 Ov, 2v v
(56)
Thus, we have (using erf’(n) = \%re‘"z)
G, nevg 0 [1f v 2 ap 202 v
- e A R (TR e 57
ov 2 Ov [v {vths \/Ee + ( * vfhs o Vth, (57)
2
ngvg,. 0 2 —o/2, 1 2v v
— —_ U/ Vihs - 4 — f{ — 58
2 Ov L/thhse * v * Vg, o Vth, (58)

Now let’s use

0 ov 0 v 0
v ovoy  vde (59)

and take the derivatives one at a time

3 2 ) — 2 _2—21}671)2”“2}‘5 _ _4—1]36*7)2/%2113 (60)
v \/7_r/Uths ﬁvths Uth, ﬁvths

3 1 v —1 v 11 v 2 27,2 erf <v11}] >
ZZerf| — ) = —erf (| — 2= erf — A W L 61
v (U . (Uths)) v? . (Uths) - U Uth, . (Uths) ﬁvvthse v? (61
0

ov

2v v 2 v 2v 1 v 2 v v e
—— erf [ — = — erf + — erf' [ — | = —— erf + € ths
Uth, Uth, Uth, Uth, Uth, Uths Uth, Uth, Uth, VT Uth,

(62)
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Thus,

9G., nsv?hs M [_ = a;”;f”/a:—i— —2 eV v, —erf <vths>
ov 2w M /Tovg,, v2 (63)

2 v 41} .2
+ — erf + ths
Uth, Uth, ths

2
NV, 2 o2 v 2 1

_ [V, o perf [ S 64

2 v [ﬁv%ths ‘ e v, ) \vvd, 03 (64)

Now we take the second derivative

ast nsUtQh 0 2 2/y2
_ s Y R /L N f
ovov 2 0v {V {ﬁv%ths ‘ e ( ) ( Uths >} } ()
2
NV, [ OV 2 —v?
— s _ v vthg f
2 {8V'[vﬁhﬂvm e <Uﬂw> (Uvms >}
i VV 0 2 e /vthg + erf o i
v ov ﬁv%th vths vvghs v3

a = 1, we only need to calculate the second portion

8 2 27,2 v 2 1
_ —-v /Ughs f —_— —_ — 67
v |:ﬁv2vthse i (Uths) (Wghs “3>} o

Now as

So
2 8 1 2702 2 —2 2v C2/02 4 1 1 27,2
| = U/vths — — — — e vog, — T — + —e v/,
/T, Ov w2 VT, V207, Vv, v (02 g
(68)
0 2 1 1 2 1 —2 3
ey Y ——— || =—ef v — — + erf ———+—
ov Uth, vog, 03 Uth, Uth, v, V3 Vi, viug vt
(69)

2e™ V. [ 9 1 v ) 3
= - fl— )| 55+ 70
o o) v () o+ ()
Thus we find

2 2
8 Gs g nS,Uths ]l 2 eivz/vghs + el"f L 22 - i
ovov 2 \/Ev%ths Vth, v, V3

96"/ Vi, 26"/ Vi, 2 1 (L ) . 3
N % v2 \/_ TU¢h, y?/vfh v Vth, v3vt2hs v

+ vv
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Changing back to pure erf and erf’ notation with n = v/vy,, we find

2 2
8 GS e nsvths ]1 2 €_U2/vt2hs —|— eI‘f L 22 — i
ovov 2 LR Vth, v v v

Ge 7"t terf [ 2 -2 3
Vo, v v, ) \ VP0G, 0P

+vv

2
NsVg, 1 , 2 1
= =1 erf'(n) + erf (n (———)1
2 { {7721’?115 () ) U NPV,

3erf'(n) —2 3
+vv|— + erf (n) +
[ U1 P, PV,

Now we let 7 = v /vy, and

PG, ni (11 2 1
— S - / f —_— — —
vov = 2 { [772 erf (n) + exf () (n n)}

3erf'(n) —2 3
+nn {— + erf (n) +
U1 URC

N

=5 {1% [nexf'(n) + exf (1) (20 — 1)]
+1m [—362{1(”) +erf () (;—32 + %)] }
- e {1% [merf' () +exf () (20° — 1)]

N nn% [_ erf' () + erf (n) (1 - 2?772)} }

E]

If we define
% [ert'(n) + exf(n) (2n° — 1)]
My(n) = % {erf’(n) + erf(n) (2% - 1)]

noting that

<>
: _ st O%Gs
we have using D = =505 that

(76)
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D.v = " (1M, () — nmMa(n)] (80)
ss! — 4mgvth5 1\n nnivio(n
Vss! s
Dy og = —— [0,8M — Nangn M- 81
e~ [0apMi(n) — nansnMa(n)] (81)
with n = v /vy, 7 = v/vy, and
1
My(n) = p [nerf'(n) + erf(n) (27° — 1)] (82)
3 2n? 10M
Ma(n) = 5 [ert o)+ xtlo) (-~ 1)] = =2 220 (83
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4 Krook Collision Operator The Krook collision operator is a model linearized operator
defined by

n
Cx(fi) =—v |:f1 - — fM:| (84)
Ny
where v is a constant representing the collision frequency and

ng = /d3v fi (85)

Discuss this operator in terms of the general physical constraints imposed in §5.1. Specify in
particular which conservation laws C'x obeys.

Solution:

We see that Ck(f1) is obviously bilinear, that it will vanish when f; = f);. We see that it should
have Galilean invariance, as it has no direct dependence on v or v’. It does not have all the spatial
symmetry because there is position information in n,. For the H theorem we see

@:—Zsj/d% 1nfscs:—zsj/d% lnfs{—u {fs— B fM]} (86)

N

_ yz/d% [fs _ s fM} In f, (87)

U

Hence, it is difficult to tell if the H theorem is satisfied as I see no easy simplifications from here.
However, since it is taking particles from f; and putting them into fj;, it is intuitively clear that
it should be increasing entropy.

For conservation, we see that it does conserve particles, as

/d% Clz/d?’v —y{fl—:—;fM} - Ud% fl—:—;/d% fM] (88)
= {nl —;le/rm] =0 (89)

We use the definitions

/d3v mivfi = nidu (90)
/d31} myivfy = nyu (91)
2
ST
/d v 9 f1 = 9 T1 (92)
2
/ dPv m;” Far = %TMT (93)
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As for momentum, we find

/dgv mvCy = /d3v —vmv {fl — :—Al/[fM} = —vmy {/d?’v vfi— :—;/d% VfM:| (94)

_ {nlgu _ ;_\11},4\111] — —uny [fu —u] #0 (95)

and for energy

1
/d3v —mv3Cy = /d3v — V@UQ fi— ﬂfM _ U /d3v v2f1 _ /d3v UQfM

Thus, only particles are conserved, and momentum and energy are not conserved.
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5 Collisionality A precise measure of the collisionality parameter v/w; is given by the ratio
of the times 7./7;, where 7. is the Coulomb collision time, given for ions and electrons by (5.78)
and (5.79), and 7; is the transit time defined by (4.136).

2,.3
3 me Uthe

Te ™ 16/ e* Zegne In A (578)
T, = .
16/ (Ze*)n;In A
dé

5.a Scaling How does this ratio scale with species mass? with temperature?

Solution:

(As an aside, it is fairly obvious that v/w, should scale the same as 7, /7., not 7./7,. We know that
plasmas become less collisional as they increase in temperature.)

We expect that the transit time, 7, should scale as 1/w;, with w; the transit frequency. Thus

Ty ~ % ~ LTmTZQ (98)
Now we use that
m*vd ~ m? Z;//Z ~ mY213/? (99)
Thus
:___: N m;;é_f;m ~ T3/241/2 2 (100)
wit ~ g ~ T (101)

So, there is no mass in the scale (as predicted in the text, when stating that electrons and ions
have the same collisionality parameter at comparable temperatures), while the collisionality scales
with inverse temperature quadratically.
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5.b Standard Tokamak Collisionalities Consider the Standard Tokamak with Z.g = 1. At
what temperatures are the ion and electron collisionalities approximately unity?

toroidal field (Br) 50 kG
major radius (Rp) 300 cm
minor radius (a) 80 cm
safety factor (q) g~ 1 (on axis)

q ~ 3 (at edge)

central density (n) 10" ¢cm™3

central temperature (T; =T, =T) 10 keV

Table 1: The Standard Tokamak parameters.

Solution:

Let’s do it for electrons, as it should be approximately the same for both. Thus, (switching to SI,
so putting e? — et/ (4meg)?)

T.  3(4me)? 232732 /e 1 3(4meg)? T2

—= = (102)
4 a\/Me 4
Tt 16/ e*n.In A e 47 e*ne.aln A
for 7,/7: = 1 we require ((103) is in J* while (104) is in eV?)
4y/me*ne.aln A 4/
T? ~ : = 1.6 x 107" C)*(10*° m~?)(0. 17) (1
e 3(dreo)? 3885 x 102 F/myz L0 X 1077 € (10T m (0.8 m)(A7) (103)
4y/metngIn A 4/7
T? ~ f— 1.6 x 107" C)*(10*° m~?)(0. 1 104
‘ 3(4meg)? 3(4m)%(8.85 x 1012 F/m)2( 6 x 107 C)*(10% m™")(0.8 m)(17)  (104)
~ 6664.649 eV? (105)

T, ~ 81 eV (106)

As a test, let’s try proton ions,

T 3V2(4mep)? 23/2723/2\/771@- 1 3V2(4mep)? T7?

n 167 e*n;In A % - 4ym e*nealnA (107)
Thus, we see that T2 = T2 /+/2 and so T; ~ 68 eV which is quite comparable.
In summary, for collisionality of unity we require
T, ~81eV  T,~68¢eV (108)

Based on scaling, this would put the Standard Tokamak at very low collisionality, as is expected
for a tokamak.
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6 Charge Exchange An important atomic interaction occurring near the plasma boundary
is charge exchange: a neutral H-atom from the wall delivers its electron to an ion from the plasma
interior. If the ion distribution is denoted by f; and the neutral distribution by f,, then the
charge-exchange operator is represented approximately by

X(fis fn) = /d3v’ ooV = V| [fi(v) fu (V') = fu(¥) fi(¥)] , (109)

where o, is the charge exchange cross-section. The operator appears in the ion kinetic equation
alongside the Coulomb collision operator, C(f;). The product o,|v — v/| is a weak function of
velocity, often taken to be constant.

6.a Ion-Neutral Particle Conservation It is physically obvious that charge exchange con-
serves both ions and neutrals. Verify that the operator X has this conservation property, analogous
to (5.20).

/ d*v Ce =0 (5.20)

Solution:
First we write

/d3v X(fis fn) = /d3v /d3v’ ou|v =V |[fi(V) [ (V) = fu(v) [;(V))] (110)
We now note that

X(fis fn) = =X (fn, fi) (111)

We now realize that interchanging v and v’ should have no effect on the answer to (110), as v and
v’ are both dummy variables. That is defining

X(fifo) = [& v = VI = £ HV) (112)
where the use of |v/ — v| = [v — v/| and that o, = o,(|v — v'|). We then should have
[ Xt = [ @ X5 (113)
But we notice (using that changing the order of integration does not change the answer)
[& Xag) = [ @ [ ol =l [5)/0) - L)) (114)
—— [ @ [ & oy -VIE@LE) - LAY (115)
= —/d% X(fi, fn) (116)
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and so, in fact, (113) reads

[@oxtfy= [ @ Xp) = - [ @0 xXn) (117)

/ & X(fi fr) = — / &0 X(fo f) (118)
= (119)
/d% X(fi, fa) =0 (120)

as desired.
Let’s show that this works even in the case o0,|v — v'| independent of velocity even more simply.

We note that for o,|v — v'| independent of velocity we then can approximate this as o,u for some
velocity u. Thus, using [ d*v fi(v) =n; and [ d*v f,(v) =n, we find

/ & X (fir f) = / d / B 0oV — V| (V) alV') — Fal) f:(V) (121)

= oxu/d?’v [fi(V)n, — fu(v)ng] = opu [nn, —npn;] =0 (122)
We also realize that

/ &0 (X(for fu) + X (fu )] = 0 (123)

which shows conservation of particles for any combination of a specific neutral and specific ion
species, just as one would expect.
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6.b Charge-Exchange Mean-Free Path The charge-exchange mean-free path, )., is defined
as the average distance traveled by a neutral between charge exchange events. Assuming that both
distributions are roughly Maxwellian, with comparable temperatures, estimate A\, in terms of o,
and the ion density.

Solution:

I argue that A, should depend on o,n;, as that is the likelihood of a particle hitting an ion in a
unit volume. This can be more rigorously shown in a slab geometry, each particle taking an area
o and there being n; A particles in the slab (A being the area of the slab). Thus,

(124)

6.c Only Solution Short Mean-Free Path When )\, is sufficiently short, the lowest order
neutral distribution satisfies X (f;, f,) = 0. An obvious solution is f, = N(x)f;, where N is an
arbitrary function of position. Modify the H-theorem argument of (5.98) to show that f,, = N(x)f;
is the only solution.

1
= ZZmS%S// Pod® fofl AaUapAg (5.98)

Solution:

It makes more sense to use the form
-3 / v f,.Con (3) (5.118)

but instead defining

Olg1, o] = / @' 28X (g, ) (125)

with g; and go any two neutral distributions, n, the neutral density and f; the ion distribution.

Writing this out completely yields

Olgn g = — [ @ [ Zpy - |(< >)i[f(V)gz(V’)—gz(V)f(V’)] (126)

If we exchange indices v <+ v’ then

3 3 096 N gl(vl)ni V/ V) — V/ v
Olgr.ge] = = [0 @t Ziv IR [ )gnl) — ) S ()] (120)
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Thus, we find
©lg1, 92] (128)
/ [ @ Vo [ )a) - et L 0 0R0) - @R L
(129)

fV) (V) (v

3 3 /anz g1 (V)g2(v')  a1(v)g(v) | ai(v)g(v)  gi(v)ga(V')
= fa far B Vi | S e - S

(130)

_ 3o | o’ % v — V) (V! (91(v) g2(v) | 91(V) g2(v) - n1(v) (V) gi(v) g2(v)
= [ f e By Vi o 10 TR i) T I f) ) f((g)J
_ 30 [ B’ %% v — VI (V) F(V [91(v) (92(v) _ 92(v') 91(v') (g2(¥) _ 92(v)\]
= [ [ B Vi) ) <fv f(V’)) TR <f(V’) v )_(132)
_ 3o | B’ %% v — VI (V) F(V [91(v) (g2(v) _92(",) _91("/) 92(v) _92<V,) ]
= [ef @ S Vi) [ (f(V) f(V’)) ) (f(V) f<v'>)_(133>
o [ @y %0 ey o | () gV (92(v)  ga(V)
= Jaefaw = visrm |55 - 50) (5o~ o) 5y
Thus, if we take g = go = ¢g we find

Olg.g) = [ o [ @ B2 vy (40 - 40 (135)

We note that ©[g, g] > 0 and that O[g, g] = 0 only when g/f = N(x) where N is independent of
velocity.

As Olg, g] is the rate of neutral entropy production, we then see that ¢ = N(x)f is the only way
for ©[g, g] = 0 non-trivially.
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7 Slowing Down Alpha particles, the ash of fusion reactions, are born in a D-T plasma at
3.5 MeV. Sufficiently well-confined alphas ultimately equilibrate to the ion temperature T}, but
one expects a “slowing-down” tail of hot alphas, with distribution f,;, and thermal speed vy, . The
slowing-down distribution is determined primarily by energy scattering with Maxwellian scatterers.

7.a Collision Operator Assuming the f,; depends only on kinetic energy w, show that the
relevant collision operator is

aslls ? 0 0 @ o
C’slow - Z O(fam fsM) - Z <%a_w) {¢ (L) [ afwh + m?sf&h] } (136)

S Vth,

where

o(x) = erf(z) — rerf'(x). (137)
Solution:

There is very clearly an error in the above formula. df,/0w and (m,/Ts)f, clearly do not have
the same units if w is in energy, as T, /m, does not have units of energy. Thus, the formula simply
is incorrect and it is almost impossible to know what the correct form would be.

Let’s begin with

_ ss 02 82G5/ _ ms o) OHgy
Css’ - 2ms {8%81}5 <fs 87)&61}5 2(1 + M 8va fs 3%

138
Vs 02 f 82G5' o1 ms i f OHy ( )
© 2my | OVOV TR OvOv mg ) OV * ov
We also know that (with n = =)
Ng Vth, / 2
Gy = 20 (77 erf'(n) + (1 + 27 ) erf(n)) (139)
Tt
Hyy = ——erf 140
M Uthsln (77) ( )
0*Gy
=2H, 141
0V, 0V, B (141)
0*H,
= A7 f. 142
0v,,0v,, mfs (142)
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We then find
2 2 2 3
0 <f50Gs): 0 <0f38Gs ] 0°G ) (143)
0v,0vg 0v,0vg Ov, \ Ovg 0v,0vg 0v,0v30v3
B 0*f, 0*Gy of, 003Gy of, Gy Gy
© Ova0us uaus  Ovg Oua0vaOus  Ovg Oa0vs0vs 77 OUa0va0vs0us
(144)
B 0f, 0*°Gy 0fs 02Hy)  Ofs 0(2Hy) 0?(2H,) (145)
N 0v,0vg Ov,0vg  Ovg  Oug Ov,  Ov, 3 Ovgdug
0?f, 0*°Gy 0fs 02Hy)  Ofs 0(2Hy)
0v,0vg Ov,0vg  Ovg  Oug Ov,  Ov, + f:2(—dn fy) (146)
*f, 0*Gy 0fs OHy
= 4 — / 14
0v,0v OV, 0vg 0v, 0vg, B fsfs (147)
62 fs 82 Gs’ afs a]¥s’
= vov i ovay | av v oty (148)
and
0 OHy\  0f; OHy 0*Hy
OV, <fs v, ) - v, Ov,, + s OV, 0V, (149)
0fs OHy
= du. oo, + fs (=47 fy) (150)
Ofs OHy
= —4 / 151
0V, 0V, mfofs (151)
8fs a[—[s’
- av ° 8V _47Tf8f8/ (152)
and so
82 82G5/ i 0 OHS/
—211 e — e 1
0v,0vg <fs (%a(?v/g) ( * m8/> 0v, (fs 0V, ) (153)
82fs OQGS/ 8f5 6H5/ o 8fs (9H8/
= Dondus Judvy B Do, oMl 72 (1 * m5,> <8va Don 47Tfsf$’) (154)
. a2f5 OQGS/ 8f5 6HS/ 8f5 8HS/ mg 6]"8 8[‘]5/ mg
N 0v,0vg OV, 0V 48% v, —8rfefs - 23% v, +8nfsfs - 2m8/ v, Ov, + SWm_yfsfs/
(155)
62]‘5 02G5/ 8fs 6H5/ mg afs 8H8/ n
= -2 / 1
00,05 0V, 0V5 v, Ov, My OV, OV, + 87Tm5/ L (156)
a2fs aQGS/ ms afs 8Hs’ mg
© OvaOvg OvaOug 2 (1 B msf) Ov, Oy, - Sﬁm_S/foS/ (157)
ans aQGs’ ms afs aHs’ mg
= Sviv  vay T2 <1 — ms,) i +87Tm—5,fsfsf (158)
Now we can use
9 _ w0 9T 1, 0 _wd (159
ov,  Ov, Ov 0v,, v v Ve v v v
0 v 0
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as fs = fs(w) = fs(v), Gg = Gy (v), and Hy = Hy(v). Thus,

0% f, 0 (vOfs\  Ov10f, 0 (10fs\ ,10fs vv O (10f,
vov — Ov <; av) “oveon Yoy (;av) = T (; av) (161)
_ 10f, vv (0%*f, 10f,
_1<;8v)+ﬁ(802_;81) (162)
and so obviously by analogy
82G5/ 1 GGSI \'A% OQGS/ 1 8Gs/
vov L <‘a—> o ( g v o ) (163)
and so
ans . aZGs/ — |1 lafs + ﬂ a2fs o lafs -1 laGs’ + ﬂ 82(;15’ _ laGs/
ovov "~ ovov v Ov v2 \ Ov? v Ov ) v Ov v\ Ov? v Ov
(164)
_iafsaGs’_i_lafsU_Q 82Gs’ _laGs’ +18Gs’_2 azfs_lafs
w2 v Ov v v V2 \ Ov? v Ov v v 2\ Mz v v (165)
N 1)_4 0% f, B lﬁfs 9*Gy B lﬁGS/
vt \ 0v? v v ov? v Ov
_L0L0G, | LOf, (%G, 10G.\ | 10Gs (3], 10],
vZ Jv v v v Ov? v Ov v Ov \ o2 v v (166)
+ aZfs . lafs 82Gs’ . laGs’
ov? v ov ov? v Ov
We then have
Ofs OHy _vof, voH, v?9f,0Hy _0f0Hy (167)
ov ov  wvdv v dv 2 dv dv v v
and thus altogether
Css’ o iafs aGs’ + lafs 82G8’ i laGs’ + laGs’ a2fs i lafs
;S—ni w2 v Qv v ov \ Ov? v Ov v Ov \ Oz v v (168)
o*f,  10f, PGy 100Gy ms \ Ofs OHy My
* (81}2 _581}) ( o v v ) 2 (1_ msl) Jv Ov +87Tm_5/f5f8/
Of course, we are now forced to use representations for Gy and Hy. We begin with
808/ 877 GGSI 1 (‘96‘5/ N 0 , 1+ 2772
ov dv On Ve, 0N 2 On (er (n) + n o (77)) (169)
Using that erf’(n) = %6*772 so erf”(n) = —2nerf’(n) we find
2 0Gy , 4n? — (14 2n%) 1+2n%
R N —2nerf'(n) + e erf(n) + erf'(n) (170)
1 2n? — 1) erf f! 2n? — 1) erf
_ <ﬂﬁ+ : +%> exf (i) + (27 772) erf(n) _er 77(77) L (2n nQ) erf(n) (a71)
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Thus,
2 0°Gy _ 0 erf’(n) N (2n? — 1) erf(n) _ 1o erf’ (1) n (2n* — 1) erf(n) (172)
ng Ov? ov i n? Vtn, ON n Us
_ ! (n[—Qn erf'(n)] —erf'(n)  n*[4nerf(n) + (20 — 1) exf'(n)] = 20(2* — 1) erf(n))
Uthsl 772 774
(173)
1 1 1 4 4 2 2 [—erf f
_ [( 2——+2——)erf'(n)+<———+—3)]: { er2(7l>+er (377)1
Vih,, 7 7 nonon Vi, | M 7
(174)
All that is now left is the rather simple
OHy _OnoHy 1 ng 0 (erf(n)\ _ ng nerf'(n) —erf(n) (175)
ov  Ov on B Uth,, Uth, on n a UtQhS/ Uk

Thus, we now find (using 27 fy = %e"ﬁ = L erf'(n))
th

th

2mCos  ny Ofs <erf’(77) ~ erf(n)) L e Ofs {—2 erf () | 2erf(n) 1 (erf’(n) B erf(n))}

Vss! - 2'1}2 31) n 7]2 2v (91) 772Uths/ Uths/ng n 772

L erf'(n) erf(n)\ (9°fs 10f;
2v n n? o2 v v
L (8Fs _10f\ny (Z2af(n)  2erf(y) 1 (erf(n) erf(n)
o wdv) 2 NV, Ven, P v n n?
49 ( Trnns> dfs ng nerf'(n) —erf(n) N Angmg

2 2
aU Uthsl Ui mslvths/

(176)

we see that the coefficient of n2' %UJ;S will be

/&M -2 erf’ 2 erf )ﬂ/ﬂ%@/j (177>
77 Uth s Uth /T]

and the coefficient of % will be

Ny o Ny s 2Ny ms \ nerf’ (n) — erf(n)
%4 &5 - 7 - &5 1- 1
20+ 20 025 20 + V3 < ms’> n? (1)

with
5 erf'(n) erf(:) -
B (Qer’(n) 772 erg(n) 1 erf'(n) B erf(n) v
0= [ Vi, + Ve, PPV ( n 2 )} (180)
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and so we finally reach the conclusion

2m,Cy @82]“3 (—2 erf’(n) N 2erf(77))

Ve 2 002\ nPum, Ve, 1
Ofs 2ny M erf’(n) — erf dngmyg
f ne () n (77)2 (n) L g A )
81) Uth , mg n mslvth ’

Introducing ¢(n) = erf(n) — nert’(n) we find

2m,Cly ng O0*f Ofs 2ng ms\ —o(n) dngm
S SS — S S S S 1 _ _S ; S S f/
Vss’ Uths/n3 ov? (b(n) * v Ut2h / ( ms/) 772 " f mslvgh ’ o <77)
ny O0*f, Ofs2ngd(n) ( ms dngmgert’(n)
vths/ 173 8/02 ¢(n) + av ,UtQh /772 msl + f mslvtsh .
We can now switch to derivatives with respect to %msvz = w so that
of, _owof, .
v Ovow  ° Ow
a2fs _mvi mv% —m2U @afs_kvagfs —m afs+m2v2a2fs
o2 T ow | T ow| | Owow ow?| T ow 5 Ow?

This leads to

(181)

(182)

(183)

(184)

(185)

2mClyer _ MMV {1 Ofs n 52fs} M L %QHS/Qﬁ(n)mSU <& _ 1> . fs4n5/ms erf’(n)

Ves! Ven, v Ow MY Bw? 73 ow vfhs,nz My mslvé”hs,
(186)
2
_ ns,mivgb(n) 0°fs 4 fs | ngms ¢(77) + 2ngmg ¢(77) ms 1
n? ow?  Ow v on? Ve, N \mg
4ngmgerf’(n) S (187)
+ fs%
mslvths/
Pfs o) | Ofs [o(n) | 26(m) [ ms derf'(n)
= Ny — -1 1
Ngr Mg (msv awg 7]2 + aw |:U772 + Uths/n <TTLSI >:| + fS ms’UghS, ( 88)
Simplifying a bit we find, (¢/(n) = 2n*erf’(n)) we find
N Yss! 82fs ¢(77> afs ¢(77) 2¢(77) Ms o 2¢/(77)
Cos = 2 (msv ow? n? + ow | vn? * Ven, 1 \ My L)+ /s mslvg’hAIUQ (189)
3 2 52 ’
_ Vs Ving, (M0t 07 fs9(n) | Ofs | 9(n) | 2¢(n) ((ms 2¢'(n)
N 2U (Ugh/ an ,’72 + 8/1,0 U?h‘/nz + /U?hg/ mg 1 + fs ms/vgh /TI (190>
3
N se U, [ Pf,  Ofs | o(n)  26(n) [ ms 2¢'(n)
N 20 (Uthsf o) ow? * ow Vgn, V2 + v my AREE myvvg, (191)
(192)
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We can then switch s = « and s’ — s to find

O s ( 0 fon 6(n) | Ofon [qa(n) | 20(0) (m_ B 1)] N fM) (193)

2 Mol g2 n? ow | vn? Uth, 7\ s ms”?hsn2
3 2 92 /
NsYasVih, ((Mat” O fan @) | Ofan [ ¢(n) | 26(n) (ma 2¢'(n)
p— S - ]_ ]. 4
2v ( vh, Ow? n? * ow | vy, n? " U s " fahms“{?hsn (184
3 2 /
NsYasUin, (Mo, Pfan | Ofan [ 0(0) | 20(n) (ma 2¢'(n)
_ : Ma 4 1
20 (vths¢(n) Ow? * ow | vy, * v\ M +fahmsvvfhs (195)

Expanding the original expression yields

. Vasnsvfhs a¢(n) afah meq anah me, afozh
2w ( ow [&w +Tsfah]+¢(n)[8w2 +Ts 8w])

n ’U3 ?
— JosTsUih, ( S {% + %fah} + ¢5(77)a fon | Te0() afah) (197)

CO{S

(196)

20 Mo VV¢n, ow ow? T, Ow
3 2 ! /
YasMsVin Pfan  Ofan [ ¢'(n) | mad(n) ¢'(n)
p— —5 1
2v (¢(77) ow? + ow | mauvg, + T +fahvvthsTs (198)

Note that these cannot match.
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7.b Approximation of Collision Operator Under typical conditions (7; = T, ~ 10 keV)
Vgh, <K Vgh, <K Ugh,, show that the slowing-down operator is approximated by

Cupon = 1T (E)?’wa% [gbs(u) <fah + L af‘”‘h)] (5.137)

Tg Mg \ U ow

where the slowing-down time is 7, = [m;n;/(men.)|7., the critical speed satisfies v3 = (37'/2/4)(me/m;)vd,
and ¢,(v) = (2ma/mi)[(ni/ne) + (v/ve)?].

Solution:

Here we use that

exf(z) =23 % (;c - ‘%) (199)
erf' (z) &8 % (1—a?) (200)
erf(z) =3 1 (201)
erf'(z) =30 (202)

and hence

(203)

8

o) 2 (- D) e =) = 2 (- cn) =

b(z )H°°1—0_1 (204)

We then use that — oo and

,L t)e

— 0 based off of the relations on vy, .

Using the form provided (which is, as noted incorrect unit wise)

3 3
_ VaeTeVih, i 4 v’ | Ofan mq
C1slow - { |: aw + T fah

2v 3V g, (205)
+ f}/aznzvth a afozh maf
20 Ow | ow T ’h
My O T Ofan 4y penet? 5
= oh| | =5 7= @il Vg, 206
2UT8w{[ ow fh] [ 3T T Yol (206)
3
Ma MeVi, 0 T 0 fah 5 4Amy ™ 3
= 5 T « aelle ailli 207
WwT m; Ow { [ Ow T Jan| | Yaente 3Vmmevy, * mevghe7 1%, (207)
3 3
Mg MV, 0 T Ofan v m; 3
- wT m; (911) { |: Ow fah Yaelle UE’ + mev?he YaiTli U, (208)
3 - 1 7.3 3
MaYaele ey 0 T 8.foeh % MiVeh; Yaili
_ e 2 )| 2 nl 1= : 209
20T m; Ow { | My Ow + h_ v3 + MUY, Yaele (209)
MaYaelte MV, O | [ T Ofan 110 myms? Zn;
= £ — — + fah 3 3/2 <21O>
20T m; Ow | |[ma Ow v mem)? 7e
3 r 17,3 2
MaYaele MeViy 0 T 8fozh v me Me Z; n;
_ e )| 2 = S 211
20T m; Ow { | me Ow + h_ v3 + m; T (211)
(212)
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which will yield

Yacle 4 vEmgv? 0 T Ofan v? me Z7n;
_ vemat” 9 | 1 ol | [ el 213
T 3y7vd 2 ow | |[ma Ow  Jon v§+ m; MNe (213)
Yaclle 4 03 0 T Ofun v3 me Z2n;
_ ve,, O 1L 0 B Rl 214
T 3y7v w@w{{ma Jw T Jan v§+ m; N (214)
We use that
Are2e?In A
Yae = TCafe T (215)
Me
3mZv}
_ eUih, 216
K 16y/me* Zegne In A (216)
1 3y/mm?vd,
e = —————1¢ 217
" T,  4mane (217)
so that

13y/mm?d 4 v 0 T Ofan v3 me 221,
Cs ow — ) < —“w— — a - _— 218
: T 4m,T 3ﬁv3w8w { [ma oo J h] [113 * V mi ne ]} (218)

1m0} v 9 T 0f, v3 me Z2n;
— —ethe Ze ) 2 )| fh+fah Y A
T. maT v3 Ow | |mg Ow v3 m; Ne

which is about as close as one can get since the result is clearly wrong (by units) anyway.

~~

219)
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8 Properties of Slowing-Down Collision Operator The slowing down distribution f,, is
determined by the obvious balance

Csiow (fan) = Sad(w — wp) (220)

where S, measures the fusion source and wy is the birth energy, 3.5 MeV. Using the results of 7,
and neglecting contributions of order exp (v, /v3, ), show that

= for w < wy
= 221
Ja {fexp [% (w—wo)} for w > wy (221)

where s = (mg/m;)(7s/[2703]) S,

Solution:

We then use that

Imive 0 {qg (v) <fah r af“h)} — Sud(w — wp) (222)

Ts Me V3 Ow ow

So for w # wy this equation states (for C' some constant)

T afah
s «a =C 223
6.00) (Jon 7522 )| (223)
T afah C
— = 4
My Ow g253 ~ Jan (224)
Thus,
fon = Aemmew/T 4 il dw’ (225)
where C) = 7=C.
Now, we need f,, — 0 as w — oo and hence f . dw’ ‘ =0 for f},. We must also require that

for w — 0 that f,, — 0 (because these are fast alphas there can’t be any that aren’t moving) and
so here A = 0. Now, as the function [ v % dw’ doesn’t satisfy these properties unless we choose
C =0 for w— ooand A =0 for w— 0. At w = wy we want continuity and so

v C
Ae~mawo/T :/ — duw’
Gs

When crossing from w < wy to w > wy we require a continuous solution and so

lim /wo+€ dw i |:¢S(U) (fah r 88];?)} = lim /wo+e dw S, d(w — wo)Tsvng (227)

(226)

w=wq

. . . A
which will give &.

€0 Jwg—e =0 f o —e mudw
T afah . T Ofan— Tsvgma
) _ o, = _ s, 228
6s(v) "‘h+ o Ow 0s(V7) fan My OW m;v3wg (228)
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Of course continuity of ¢s(v) f,, implies that we need only consider the deriviatives and hence

8 « + a 6% - S 3 2
fan™ _ Ofan _ L (229)
ow ow Tm;vdwy
_Am C T. U3m2
a _—mawo/T _ = _ Sau 230
T ° Os Tmviwo 250
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9 Comparison of Guiding-Center/Perturbation Distributions FEquation (5.136) for the
perturbed guiding-center distribution in the isothermal case, can be compared to (4.66), for the
perturbation in f The comparison is made in terms of a toroidally confined plasma with thermal
speed vy, gradient scale-length L, poloidal magnetic field Bp, and toroidal field Br.

gy (5.136)
fr~—p-Vf (4.66)

9.a Perturbation Sizes in Tokamak and RFP Compare the sizes of the two perturbations
in a typical tokamak and in a reversed-field pinch.

Solution:

We see that (I will distinguish L as a or R for minor and major radius, respectively)

(RBo)(ven) Ju R Byvs

/ Q  Bp(r((R+a)—(R—a)?)) OB Ha (231)

e Uth? —Uth
~ S T Tth 232
Qa faQ (232)

We can write this in terms of
B()Uth - ~
fr g B, = fusy (233)
) —

f= fQL; = F3, (234)

And so (remembering By ~ Br)

~ Boyer
g 5 _mp, B Br (235)
% 2 By Bp

For a typical tokamak s > 1 while for a typical RFP s < 1 as By = 0 isnide the RFP.
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9.b Differences Between Distributions While (4.66) is generally valid, (5.136) requires con-
stant temperature. What is the origin of this difference?

Solution:

In (4.66) the derivation did not assume a near Maxwellian initially, and so it is less restrictive,
while in (5.136) we started our perturbation from a near Maxwellian, and so it is unsurprising that
by starting with a more stringent intial distribution it is less valid generally.
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9.c Physical Analogy Discuss the physical analogy between the two distributions, using
(4.33).

Ve = by + O(0) (4.33)
Solution:

We see that we would expect a contribution of the form
Ve Vf ~ by« Vf (236)

To non-dimensionalize we see that we should divide by €2, and thus the correction should be of
the form g. Thus the analogy is that of the normalized convective derivative, or flow of particles
causing changes in the distribution.
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10 Angular Momentum Conservation Consequences In a general axisymmetric system,
we expect the collisionless distribution to have the form

f(Xa V) = F(pQ s U) (237)

where p¢ is the (covariant) angular momentum, p, = mu¢ + (e/c)A¢, and the function F' is unspec-
ified. After recalling (3.124), use an appropriate gyroradius expansion to relate F' to perturbations
given by (5.128) and (5.133). Thus (5.128) is derived from angular momentum conservation.

A = —x(rt) (3.124)
fi=k+g (5.128)
=0 ay (5.133)

Solution:

This is collisionless and hence we see that the form will be
UVHF1 = —Vp- VFO (238)

with Fy = Fo(pe, o, Up) with g and Uy being the magnetic moment and energy to lowest order.

Thus, we find
oL, oL, oL oF, oF,
F = — il . . = vy [ 22VA ) = —vp, -0V
w SRy VD(@pg vp¢+%f V“O“LE% VU0> VD (6A<v <) VD5 W

(239)

and so everything follows exactly as derived from before with the replacement Fy = k and Fy = fy,.

which is similar to the k term.
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