Kyle Bunkers HWO03 Sec. 4 Plasma Confinement

1 N is Constant Let N be the number of particles inside some fixed volume V. Suppose that
the distribution function f vanishes on the boundary of V. Use (4.4) to prove that in this case N
must be constant: dN/dt = 0.

of
ot

of

+v-Vf+a- v

=0 (4.4)
Solution:

Let’s assume that V' is phase-space volume, as otherwise this isn’t quite possible (we need particles
with small enough velocities that they cannot escape the region basically). We integrate over
[ d3zd*v and find

0 0
/d3xd3v {a—{—l— - Vf +a- 8{7} =0 (1)
[ S [ @i [ ()t o (af) - f%-a]:o )

whereas v and x are independent we have v- Vf = V- (v f). We then convert the two divergences
into surface integrals and note that f is zero on the boundary and hence

_N+W+W_/d%d%f%.a:0 (3)

Now we note that

%'a:aﬁv' [% (E(x,t)—i—%va(x,t))} (4)
which can be written as (Wlth =07)
oY (3 [EZ - €ijk1UjBk:|) = iafﬁiijjBk == (€ijk [BrO;vj + v;07B%]) (5)
m c mc mc
= %eijkBk(Sij = miceiikBk =0 (6)

and thus 3% -a =0 and we simply have

dN
dt

as desired.
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2 Kinetic Equation in Cylindrical Express the general kinetic equation in terms of cylin-

: : : : : r_dr 0 _ ,.d0 ,»_ dz

drical coordinates (7,0, z), using the velocity variables (v" = 57, v* = r§, v° = §).

Solution:

We use that the formula is given by
of dzf of
htll — 8
ot Tt 0 (®)

Thus, we see in cylindrical coordinates that we get

g drﬁ d@ﬁ dzﬁ dv” 0f A’ of  dv* Of B

ot Pator Taton Two: T o T atow Varae Y 9)
of ,of of Lof dvrof A of dv* of
—_— r—_< __ 4 z~J D A s _ 1
o o T T e o T o T ar v (10)
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3 Disruption in MHD Ordering A disruption in the Standard Tokamak (Table 1) is ob-
served to carry plasma over an appreciable fraction of the minor radius in a time At. How small
must At be in order for the disruption to be described by the MHD ordering?

toroidal field (Br) 50 kG
major radius (Rp) 300 cm
minor radius (a) 80 cm
safety factor (q) g~ 1 (on axis)

q ~ 3 (at edge)

central density (n) 10" em™3

central temperature (T; =T, =T) 10 keV

Table 1: The Standard Tokamak parameters.

Solution:

For MHD ordering, we have

VE ~ vy, (11)
In this case we estimate
v~/ To/me = /10 keV /(511 keV /c2) =~ 6 x 10° m/s (12)
Thus, we have
L g~ 6 x 10° m/s (13)
At
8 m
At v ————— ~1x107 14
! 6 x 105 m/s <107 (14)
At ~ 0.1 us =100 ns| (15)
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4 Drift Velocity Estimate Using the estimate VB/B ~ 1/R, compute the order of magni-
tude of the drift velocity in the Standard Tokamak (Table 1), in centimeters per second. Similarly
discuss the relative size of the two terms in (4.158), for poloidal drift motion in the Standard

Tokamak.
U2
VD:Vd—Fﬁ(VXB)J_
Solution:
We use that
1. , uB\ VB e u? (V xB),
Vo= g X[(“*W)F+EW}+ET
m ~ mvi B\ VB e mu? (V x B)
— b 2 1 = . v/} 1
VP B X[(“+2Bm) B +mv}+eB B
2 2
m - , v\ VB e mu® (V x B) |
=— S) 224 S e
Vo eBbX{(u—i_ 2) B +mV1+ e B2

We use that this will be a combination of grad B and curvature drift. This can be written as

mu? +mov? /2 1 T

(4.158)

~ 19
eB R eRB (19)
Thus, the grad B/curvature drift is on the order
(10 keV)(1.6 x 10716 J/keV)
~ ~ 670 20
PLY 16 % 109 O)(3m) (5 T) m/s (20
Assuming drift ordering, we’d find
Vo ms mug, T (10 keV)(1.6 x 107'° J/keV) 21)
P eaB T eaB (1.6 x 107 C)(8 m)(5 T)
Ve ~ 2.5 x 10° m/s (22)
Now for the last term.
We use J, B~ Vp~ nT/asothat (V xB), = pJ,.
And so finally, the last term is given by
mu® (V x B), T uoVp  ponT? (23)
vp2Ty B? eB?> B ea B3
4 % 1077 H/m)(1 x 1072° m3~)(10 keV)? (1.6 x 10716 J/keV)?
N(7r><0 /m)(1 x 107*° m>7)(10 keV)? (1.6 x 10 J/eV>~20.1m/s (24)
(1.6 x 10719 C)(.8 m)(5 T)?
Hence, we see that the last term is small in comparison to the others, just as expected.
Thus, combining we see our estimates are
vp ~ 2.5 x 10° m/s = 2.5 x 10° cm/s (25)
vp1 ~ 6.7 x 10> m/s = 6.7 x 10* cm/s (26)
vps ~ 2.0 x 10" m/s = 2.0 x 10* cm/s (27)

Hagzeltine & Meiss 4 of 24




Kyle Bunkers HWO03 Sec. 4 Plasma Confinement

5 Verify Identities Verify the identities in (4.62).

/d7 8 = % 58+ (1-Db)] .
|

Solution:

We can use that

op
§ = = 28
= (28)

08
p=—— 29
- (29)
1 =bb+ pp+ 88 (30)

Thus, we find

/dvééz/dvg—:ézﬁé—/dvﬁg—i (31)
/dfyéézﬁé#—/dvﬁﬁ:ﬁéjL/dv []l—f)f)—éé} (32)
2/d7§§:ﬁ§+/dfy [11—66} (33)

Now as 1 and bb are independent of v we may take them out of the integral and use [dy =~
to find

Similarly,

L A 9p
oo () fo () o
/dyﬁﬁ:—ﬁ§+/d’y§§:—ﬁ§+/dﬂy []1—66—,3,3} (37)

dy []1 - BB] (38)

Now as 1 and bb are independent of v we may take them out of the integral and use [dy =~
to find
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2/d7 ﬁﬁ:—ﬁéﬂ[n—ﬁﬁ} (39)

/dfy pp = % [—ﬁs Fy (]1 - BB)} (40)
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6 Criticize J|/J, Ordering Criticize the ordering given by (4.71), by using Ampere’s law to
estimate Jj in terms of Bp. Thus show that J/J, ~ B/Bp.

cP
Ji~JL~ 15 (4.71)

Solution:

To keep there from being a charge imbalance, we know that there is a return current (which gives
most of the parallel current). The vertical perpendicular current is of the form

e VP
Jin="5 (41)

The return current must balance this vertically and so must have

B
JH#’ = sin OZJH = §PJ|| (42)

(e is the angle between toroidal magnetic field By and the full magnetic field B). Thus,

e VP
J = 43
=B, (43)
This yields the estimate
0 = 44

as desired.
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7 Drift Kinetic Equation Properties The derivation of the drift kinetic equation implicitly
assumes Of/Op < f/p. Identify the step in which this assumption enters. At low collision
frequency, boundary layers in velocity space can occur, giving the distribution relatively steep
dependence on p: 9f /0 ~ f/Ap > f/u. Use the steady-state version of (4.69) to derive an
expression for the smallest Ay that is consistent with drift-kinetic theory.

dp whL . b T N\~ OA  uuB ub-V x b

—| =——=V.:|bx—|—-=(b- b)jb-—+—b:-V:|——— 4.

al, " aY (Xm> 5 (BrVxB)b.Fr 4 5b- v B (4.69)
Solution:

This assumption occurs at

L~ C ~ 0 (4.54)
with kinetic equation
of  (L-0)
- 4.
5= (153)
0 de 0 dU 0 dy 0
= _ . B T 0l = 4
E=aty V+&ap+&aU+<@ )m (45)

As is noted in the text, the ordering is meaningful only if f varies moderately, so that ,u% ~ 1.

In steady state, we have % — 0 and thus

B b-V xb
Vge o Vit = %b v (%) (46)
Thus (taking vy, ~ v = u)
Ap uBpuw)
~ 47
Z "~ u LD 47
Jy/B
A~ % (48)
Thus,
BQ
Ay~ 49
o, (49)

to be consistent with the drift kinetic ordering.
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8 Annihilation of Orbital Average Explicitly demonstrate the annihilation property of the
orbital average, (4.133), in the axisymmetric case.

(olul Mif), =0 (4.133)
Solution:

In the axisymmetric case we have in the passing particle region

(olu|BNf/u),  (o*BNf),
Bl By, " (50)

= 1 we have by the definition of <B VI F' >S = 0 and thus the above averaging clearly

and as o2

vanishes.

The trapped case is more interesting in that it says

(DBl S/ ul) | 1 (DBl S /Jul) _ (BN = )

5 (51)
2 (B/|ul) 2 (B/|ul) 2(B/|ul)
From the bounce condition we see that f, — f_ = 0 as required.
Thus both cases vanish and so
(oul V||f>o =0 (52)

as required.
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9 Jacobian and Integrals Verify the velocity space Jacobian of (4.144).

Then, using the

Maxwellian distribution of (4.181), explicitly perform each integral in (4.146) to verify that

/ v fir=n
(the needed equations are)

3
/d v _Z/mw d\ dw dy

ubx) = exp( U‘eq’)

/d% _—ijdfy/ dU/Ueq) dp —

Solution:

To verify the Jacobian, we simply need to calculate

1
_:VU)\VU xVU
7 w0

Now we have (choosing J, such that u = |u] for later)

8_)\_£<,u>_16u @ ow

ov  Ov S wov w?ov
ow oU 0
W_E_eav

oy bxv

ov v?

o mvy

ov B

oU

8—V:mv

Thus,

IU\

Vow x Vyy =mv X (—bév> :—;n <f)(v-v)—v(

1
VA« Vw x Vyy = (—mvL — imv) . (EQ <uv —v’b

2

w B w V]
2,2 2,02 2

_ mfuiu o pmiuv u

- 2 292
wv] B T w?v?
2
mu 1
wB J

(53)

(4.144)
(4.181)

(4.146)
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Remembering that we created two branches of u so that given A, w,~y we require the sign o|u| for
u we then regain the desired Jacobian of (4.144)

3 B wB
/d v —;/Jad)\dwdfy—;/mQ—MdAdwdfy (65)

The way to see this is that the ¢ = +1 branch will yield an integral exactly the same as the o = —1
branch because the integral is in the opposite direction. That is

wB B
/d3v :Z/jgd)\dwd”y:—{—/ 2 |d)\dwd’y / 22’ ‘d)\dwd’y (66)
wB
=2 | ——dAdwdy = —d)\d d
[ g Z/ 2] D (67)

Now let’s do the integral. We remind ourselves that

1 1
ému2:U—e®—§mvi:U—eq>—uB (68)
2 2ed 2B
m m
Thus,
B ) (U—e®)/B n U — ed
d3v = — fd / dU/ dp —————ex <— ) 70
Joosu= G por [ | Ml P\ T )

B o n U—ed (U—e®)/B 2m 1
/d3vfM_—22]{d7/ dU—geXp<— )/ PR Rl —
m= e® (Vmven) T 0 B [U=e _ ),
(71)

And using S = Y=2 6q’ —pso dS = —du we find

U e®)/ (U—e®)/B
" ,/ / s - 2_mi_/ 5
[ U—e® U—e®)/ B \/§ 0 \/§
2m (U—e)/B 2m(U —e®)
— /= e 2V'S 0 — e (73)

And so Q = (U — e®)/T with dQ = dU/T

[dvn=ia 27{ o [ W e (—U _Teq)) LU

Eni:;ﬂf o Z / dU VU = ede 7" (75)
Wii ﬁﬁwzz /0 dQ T/TQe? (76)
-2y /0 1Q \/Qe @ (77)
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Now using ¢> = @ so that 2¢dq = dQ we find
n o 2 2n o 2
— E dg (2q)ge™ ¥ = — E / dg ¢%e™1 78
VT /0 20 VE e, ™
2n 7 (1 1
—7%20 T—(§+§>—

1 _
as ), 5 = 1 for our case.

S
—
~J
=)
~—

Therefore, we find explicitly that

/ v far=n (80)

as desired.
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10 A; is Conserved Often the last term in (4.162), involving (V x B),, is omitted. Show
that in that case one may write

A%

U . . u
w=pV XA | A"=A+Bg . (81)

Show that Af = R2V( - A* is conserved by guiding-center motion in an axisymmetric system.

Veo = % lB +V x (%)} —é (u2 - %) @ (4.162)

Solution:

We then have

. _ v
VXA_VxA+Vx(BQ> (82)
B
Thus,
U . u Bu

We now need to show that A is conserved in guiding center motion. This is equivalent to showing
that dA? /dt = 0. We use that A is related to the conserved ¢ canonical angular momentum. The
simplest way is to use the Lagrangian (given by Hazeltine & Meiss (2.44))

1
L= imv2 + Iy - q® (2.44)
c
From guiding center theory we have v = UHB + C%XQB. That is, the perpendicular component is

simply E x B drift.

Thus, I write this in the slightly bizarre way

, 1 /ExB|?
_m— J—

by v Ay L
L = mub V+CA v = gmau +2 B q® (85)
Then we have (all quantities are independent of ¢ by axisymmetry) (we remember that %? = g—’g,
the so-called cancelling the dots from classical mechanics)
d
— % = oL =0 (86)
dt \ o¢ ¢
pe =10 (87)
N UL, T N, U L S L (88)
¢ ol ¢ I o ¢ I
q q
=mubs + =A; = = (A
mube + A C(c) (89)
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as
. U umec
AC = AC + BCE = AC + Tbg (90)
We thus find AZ is conserved.
This is because b - g—’c‘ = b¢. This can be seen as
~ afi
b=0b— 1
' Ox (91)
0 0 1
. OX o8] ox ¢t 0 0 0
b.-— = |b c— =1 =0 b b = 92
ac hx] o~ o %zcﬂ%zcﬂﬁg ¢ 62
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11 Tensor Identity Prove that

dv . 1.
—8p A = —— A
J(I{ o Sp - 2b X (93)

for any vector A.

Solution:

We note that the identity implies A # A(+y) as the left hand side integrates out any 7 dependence,
and hence it would be contradictory to assume A = A(7y) as the left hand side would have no =
dependence while the right hand side would.

We can use that

§ = @&ycosy — é3siny (94)

p = éysiny + é3cos~y (95)

We recognize that b, &,, 85 are independent of 4. Then
d”Y 3p A ~ - . R
A= (ég cosy — é3siny) (é3siny + €3 cos7y) - (Abb + A&y + A3e3> (96)

= j{ Lzﬁggeswﬁn/—l— &, A5 cos® vy — &34y sinycos Y — 834, sin? } (97)
= 8343 j{ o cos® vy — &34, ]{ o sin® y (98)

_ é2A3 ; é3A2 (99)

Noting that we used A is not a function of v to take it’s components outside of the integral. We
then see that

b x A =@é34; — &,A; (100)
and so find

f%ﬁ A:—%BXA (101)

as desired.
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12 Ion Density in Large Aspect-Ratio Tokamak Consider a large aspect-ratio tokamak in

which B ~ B (1 TCOSG) Suppose that some (fictitious) instability has removed all the trapped
ions, so that the ion distribution is approximated by

fM A< )\c
= 102
/ {0 A> A (102)
Compute the ion density, n;, and stress anisotropy P — F;1, in this case.
Solution:
We find

where A\, = 1/B); where By, is the maximum of B on a flux surface. This would correspond in
our case to By (1 + RLO)

Using

2
lu| = %’\/1 —\B (104)

we can find (¢ = w/T, T'dg = dw)

Ae e
47rB / QI / du fm 47rB /m / / MWWy
V21— AB) \/1 — A\B 7T3/2 2T)3/2

(105)

2nrB 1 o0 B Ae 1
_ 2B dA_/ dg /Tge—o = MTBP [ L VA
wATI323/2T3/2 ) VI—)B /), 3237 J, VI— B 2
(106)
nB [ 1
- — dy ——— 107
2 Jo 1-)\B (107)
So using s = /1 — AB, ds = 2&% we find

nB [VITAB 2

_nb ds — = —n (Jm - 1) (108)

and so we get

B, (1 o rcos@)

B 0 R

ni=-n(\1—-——1])=n| |1- M/ (109)
Bu By <1+ R—O)

0
ni%n<1— “};’: ) (110)
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Note this is very similar to the magnetic mirror, as there we have the R,, = BB—fg which has its
inverse show up here.
Next we compute
P = /d3v fmu® (111)
P = /d% fuB (112)

We begin with P and see

/ B fru? _Z / dy / Y / wBrZZ]ume (113)

Using that u/|u| = o we see that this is

2 Ae 0o B Ae B
P:Z/O dv/o d)\/o dw 2 m“"fM / dv/ d)\/ = m“fMZa(m)

[

There is no other o dependence and as ¢ = —1,1 we see that

Y o=0 (115)

and thus P = 0.
We are then left with P, ,

A 2 A 00 2
N ° wBuB B 2rB ° A w
o fwo =3 [Ten [ [P =S EE [To o | N

(116)
where I have once again used |u| = 1/22(1 — AB). Plugging in
nm?3/2
_ —w/T
fu = 7r3/223/2T3/26 (117)

we find

MZ \/7 )\C / -
P = dw w*/?e=v/ (118)
;/2'23/2T3/2 VI-)B

Sy e

We then use u? = w/T, T%?u’ = w¥?, 2Tudu = dw to show
> > > 27°/2(4 — 1)!!
/o dw w?2e /T = /0 du 2T7,L(T?’/21f’)e’“2 = 2T5/2/O du ule™ = ( MV (120)

94/2+1

2T5/2 T5/2
_ é?’)ﬁ _3 4ﬁ (121)
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and so
nB?  [* P VALV 3nBT [ A
PL=> —— [ d\ = A\ ——— 122
=2 sgmn), Yoew 1 2 s ), Yuios

Now we use u = /1 —AB, A = 1}“2, du = 2&% and find

VITAE 21 —y2 2

/OACdA\/%W:/l du =5 :éhm)_((l_m?g/hl)}

(123)
2 2+\/1—)\CB(1—)\CB—3) 4 —-2y1—-MB(2+ A\.B) (124)
- B2 (3 3 B 3B2
and therefore
3BnT 4 — 2/1 = \.B(2+ \.B) nT A\.B
P = = — |1—y1-=-XB|1 125
LT w7 3 e G D
[ B B
=nT |1—4/1—— 1+ —— 126
" Bar < * 2BM> (126)
[ Ba(1 — rcosf BO (]_ — w)
e N o ]io ) , Ro T |1 rcos 6 (1 rcos@)
Bo(l + R_o) QBO (1 + 7"%(;59) RO 2 Ro
L 0
(127)
1 [rcosd
~nT |1—— 128
" 2\ "R, (128)
Thus, the pressure anisotropy is given by
1 g 1 /rcosf 1 1 )
r COS 2\ Ro r COS
P — P, ~nT |- —1| =nTl———e—e—=~ T |1+ = 129
1TV TR, ] e S TV TR, (129)
Ro
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13 Perform Integration Carefully perform each integral to verify (4.184) and (4.185).

/ Bo fu = % / 11 d¢ /O h dn n’e™ (4.184)
nvV ., = %B X (Vlnp + eZ(I)) (4.185)
Solution:
We write out
/ &Bo far = / &' — /Zv?he_UQ/U?h (130)

Then use cos) = * = £ in spherical coordinates with n = %, vgp dn = do to find

27 1 o 2mn
a3 - d d 0 dv vP——— el —/ d / d L
/ v fu /0 © /1 (cosf) /0 v v 7T3/21)gh6 Y 3 € vthvthe

(131)
/d3v fv = m 1 d¢ /OO dp n’e™ =n (132)
M VT ) 0
—_—
2 NI
as required.
Now for
nV, | = ﬁb X /d?’v s Viu (133)
e VO U—ed 3
VfM = fM [Vlnn+ T + ( T - 5) VlIlT:| (134)
while using 52 = o7, (1 — €22, Uze® — 8 =2 -3 ¢ — v p— v
1 e Vo 3
nVll %b X /d31) 82fM |iv1HT+ T -+ (77 5) VIHT:| (135)

no - o ! > 9 9 _p2 e Vo 3
- —* | Vlnn + ~2)vmT| (1
27T3/29b></o dy /_1d§/0 dn s*ne { nn+ - —I—<7) ) n } (136)

2 ! x ¢
_ g / da-¢) [ anr [7726"2(V1“”+6v _;W“T)”WQWT}
0

2/ T
(137)

nvd, » 2 eV 3 3\/_ 15\/_

= 2— - 1 ——VInT InT 1
\/7_rQb {( 3) [(V nn -+ T V g +V 16 (138)
2
nvg, 4 3eVd 9

= —= 1 ——=VhhT — VInT 1
Q b><{3 {(SVnn—l—S - 16Vn +16Vn (139)
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2

_ nug - é § e Vo

- bx{g{S(VlnnJr Yy VT (140)
- InT ~ /JE/ e VO

_ps e Vo

= be {Vlnp—i- T } (142)

as required.
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14 Minus Sign in Magnetization FExplain in a few sentences the origin of the minus sign in
the magnetization, (4.187).

M, =-b— (4.187)
Solution:

This is due to the diamagnetic nature of plasmas. When there is a magnetic field, it causes gyro-
motion, and that gyromotion induces a magnetic moment which points against the magnetic field.
(That is, positively charged particles orbit the magnetic field lines in a left-handed sense, while
electron orbit in a right handed sense). Thus all of the gyromotion together causes a magnetization
(from all the magnetic moments) aligned antiparallel to the magnetic field, thus the minus sign.
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15 FLR Profile Broadening (FLR is finite Larmor radius) In a magnetized plasma, no fluid
variable can vary on a scale narrower than the gyroradius. To show this explicitly, consider the
ion guiding-center distribution given by

- Nge (X

Fov) = fu X (143

U2,

where fiy is a Maxwellian with constant density njy; and ng(X) gives the spatial distribution of
ion guiding centers. Assume slab geometry, with uniform magnetic field in the z-direction and
spatial variation in the z-direction.

15.a Ion Density Show that the ion density at some point x is generally given by
1
n(zr) = 7 /ds e’SQngc(m +sp) , p= q (144)

Solution:

We have that X = x — p and that
(X) = nge(X) (145)

We realize that the actual ion density must have

(o) [ ds glmylo + 59 (146)

with p = v /€2, g(s) some weighting function, and s a parameter to sample all of the possible
Larmor radii.

Now, we realize that in velocity space, the probability of being any particular speed, v is ev?/ ”?h,
and that the gyroradius of a particle with that particular speed is ﬁp. We need the average
gyroradius to be p as v = vy, is the most probable speed. However, we note that we want to
sample “negative” radii since we are in a slab geometry. Thus, we require

p= /  d Ce™V" i p (147)
We see that that this requires (using s = v ; Vtn)

1= C/OO ds vthCe_82 (148)

1= Uth(,:o\;% (149)

c— 1 (150)

Vth ﬁ

Now, to find the average of ny.(X) we then use

1 o 27,2 v
dv e VY, (2 + — 151
—/ o ) (151)

1o
n(z) = NG /OO ds e ng.(z + sp) (152)

n(r) =

as desired.
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15.b Profile Slope not Broadened Show that a region of flat profile (d?n/dz? = 0) is unaf-
fected by FLR. Thus it is profile-curvature that is broadened, not profile slope.

Solution:
We see that
dPn 1 [ 2> d®nge(z + sp)
— = — ds e™® —5—— 2 153
dz? /7 /_Oo o e da? (153)
In regions of flat curvature, we have
d?n
— =0 154
2 (154)
which implies that d§Z§° = 0 so that in this region only
Nge ~ A(x + sp) + B (155)
Then
1 o
n(z) = 7= /_OO ds e (A(z + sp) + B) = Az + B (156)
as
/ ds e Asp =0 (157)

by the oddness of the integrand in s.

We therefore see that n(x) is completely independent of sp (this part yields no contribution to
n(z)) and hence is independent of having a finite Larmor radius (FLR).
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15.c Evaluate the Density Evaluate n(z) explicitly and exactly in the following two cases:

15.c.1 ng(z) = /mpd(z)

Solution:

In this case, we have

1 o g2 1 22/ 2 pe_xz/pz
n(zr) = ﬁ/ ds e ¥ /mpd(x + sp) = ﬁe 177 p = 7 (158)
15.c.2 nge(x) = npre /%
Solution:
In this case, we have
1 oo (e.o]
(@) = —= /oo ds e nyge- ot = 2 /OO ds (e (159)
M 20 [T (a7 2psr) a2
= —e dse (160)
L
Now let a® + p? = b* and we use that
v, ,  2psx V[, 2pst v: [ pPa? pPa?
et s\t ) e T (161)
v [, 2psz p’a? pra? b? pr\2 p’a?
T2 (S * b2 * b4 * a2 a2 <S+ b_2) * b2a? (162)
Thus,
L2 —22 /a2 +p?z2 ] (ba)? * _ﬁ(s_i_ﬂ)Q
n(r) = —=e ds e a\" T2 (163)
VT oo
We use that

2
2 2 2 1 PRy G 2 2 2
—95(1—[)—2):—% - — | = s :—i(%):% (164)
a b a 1+ % a 1+ % a? \p*+a P2+ a

Now we substitute v = % (3 + g—g) SO %du = ds and find

n(zr) = n\/—]\%e_ﬂ/(p%r“?) /OO du %6_“2 (165)
() = DAL st ST G st (166)

NZ3 b b

anyr efxz/(pQJraQ)

Vet

(167)
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