Kyle Bunkers HWO1 Sec. 2 Plasma Confinement

1 Toroidal Coordinate System Define a toroidal coordinate system (v, 6, () by the relations

P2 —1 P2 —1 sin 6

v Q,D—COSQCOSC Y @/)—CosﬁsmC 7 W —cosf (1)

where 1) ranges from 1 to co. Show that the surfaces ¢y = constant are axisymmetric tori with a
circular poloidal cross section. Compute the metric tensor g;;, and the Jacobian J.

Solution:

The formula for a torus is

z(p,&) = (R+rcosp)cosé , y=(R+rcosg)siné , z=rsing . (2)

Note that both 7 (the minor radius) and R (the major radius) are fixed for a particular torus.

. ) P2 —1 . sin 6
So if 9 is a constant we may define R + rcos¢ = ——— and rsin¢p = ——— and so to be
1 — cos @ 1 — cos
a torus we need the values of r and R to be consistent. Let’s put a parameter a in so that
P2 —1 V2 —1 sin 6

_ _ i -—q— 3
o aw—COSHCOSC Y aw—COSHSlnC 7 aw—cose (3)

It will be seen later that this relaxes a requirement between the major and minor radii.

So

: ___sinf® __
rsin ¢ = Docosh — %

rcos ¢ =w”ﬁos5‘R:VmZﬂLR}:ﬁ:(M—RPHZ (4)

So let’s see what this relation gives

V2 —1 a? sin? 0 , YrP—1 )
= _— —_—m —_— —_ 2
" (aw — cosf R) * (1 — cos 0)? ¢ (¢ — cos0)? R aft

P2 —1 N a?sin? 6
(¢ —cosf) (1 — cosb)?
(5)
2 -2 2 _ 2 _
:a2¢ 1 + sin 0+R2 5 R\/¢ 1—a2(¢+COSH)W+R2—2aM

(¢ — cos 0)? s 1 — cos 6 (1) — cos 0)2 ¥ — cos b

o R*t —cosf) +a*( +cosf) — 2aR\/Y? — 1

" Y — cosf (7)
=
(R? — r?) (¢ — cos0) + a*(¢ + cos ) — 2aR+/9? — 1
0= (8)
1 — cosf
0= (R*—7r%)(¢p — cos ) + a*(1p + cos @) — 2aR\/9p? — 1 9)

Now we need to choose this such that R and r are only functions of ¢, which is fixed, if we are to
have a torus. That is, if we look at the equation above we can rewrite it as

0=—(R*—1*—a*)cos O+ (R* —r* + a*) — 2aR\/9? — 1 (10)
Rg) corlggant
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We see that f(#) = 0 always if our relationship is to actually hold. Thus we use the solution with
R? — r? = a2 so that this formula holds for all . We then find

a?(1) — cos 4+ 1 + cos ) — 2aR\/9? — 1 = 2(a* — aR\/Y2 — 1) =0 (11)

212 2 _ 1 2
ap | 2 @Y 2 ¥ a r=—2 | (12)

o1 T R A N e

=|R=

So we note that the parameter a allows us to have any relationship between major and minor radii
that we need. For our specific case we have a = 1. Now it is easy to see that for constant v that
we have axisymmetric tori.

It can also be shown that they are non-intersecting 7.e. nested tori. This is easy to see when
plotting as seen in Figure 1. More formally, the constraint R? —r? = a? implies that R > r always
and that the tori are nested, as the following argument shows.

Figure 1: Picture of nested tori for the case described in (1).
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To show there are no intersections, let us assume there is an intersection by way of contradiction.
Let a # 0. For there to be an intersection we need

Ry —ri=Ry—ry (13)

with R? —r? = a? and Ry # Ry = 11 # ro satisfied for both ¢ = 1,2. This implies that if we
multiply by Ry 4+ r; that

R2 _y2—g2
1i—Tri=a

7\
7 N

(Rl — T (Rl + 7’1) = <R2 — TQ)(Rl + 7"1) (14)

a’ = (Ry — 1r9)(Ry +11) (15)
and if we now multiply by Ry + 79
R%frgzaQ
a*(Ry +13) = ZRz +72)(Ry — 7o) (Ry +11) (16)
a*(Ry + 1) = a*(Ry +11) (17)
R1 + T1 ai() RQ + Ta. (18)

So combining (13) and (18) by addition we find

R1—T)/+R1+%=Rz—”&z\+R2+& (19)
2R =2Ry = R, = R, (20)

which contradicts the hypothesis that R; and R, are different. Hence there are never any inter-
sections.

One can also note that instead of using (3), one could have used
sinh 7 sinh 7 sin ¢

— g - q— 4 -—q— 21
. aCOShT—COSQCOSC Y acoshT—c0868m< » # acoshT—cosﬁ ’ (21)

with sinh7 = /9% — 1 and coshT = /1 + sinh?7 = v and 7 > 0. These are what are usually
called generalized toroidal coordinates.

Now let’s find the metric tensor g;; = %2}: g—”g where ¢! = ¢, €2 = 0 and &3 = (. Hence

Y _ _ ./ _
or /¢271(¢ cos 0) vr—1 cos¢ = COSC@DW —cosf) — (? —1)

W (¢ — cos6)? 2 — 1(¢p — cos 9)?

1 —1cosb
10— conf)? cos ¢ (22)

oy _ oW s - Vil b( — cosb) — (2 — 1)

sin( = sin ¢

o (¢ — cos0)? 2 — 1(¢p — cos0)?

B 1 —1cosb )

= Jro T(6 — conb)? sin ¢ (23)
0z —sinf

9~ (%= cos0) (24
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Oxr  /Y?—1sinf

90 (W —cosf)? cos (25)
dy  /Y?*—1sind |
00 (v — cos 6)? S (26)
Oz  cosO(yp —cosf) —sin®0  tpcosd — 1 o7
00 (1) — cos 0)? (¢ — cosh)? (27)
or  JY2—1 .
3" "% _cosd sin ¢ (28)
oy  JY?—1
a_C = —1/1 v cos ¢ (29)
0z
So now we need to just calculate each element of the tensor g;; remembering that g;; = g;;.
_Ox0dxr Oyody 0z 0z
g11 —%%4‘%%4—%% (31)
(I —4cosh)? ) (1 — ) cos9)? o sin? @
T D0 st D0 eosty T G cont &
(1 — ) cos)? sin®0(¢? —1) 1+ ¢%cos?0 — 2y cosf + ¢? sin” 6 — sin® §
C (W= 1)@ —cost)t T (2~ 1)(¥ —cosO) (¥? = 1) (¢ — cos 0)*
(33)
_cos’0 — 2pcosf + Y7 (¢ — cos6)? B 1 ”
MW o) (- (0 cond) (02— cosh)? e
~ Ox0x  Oydy 020z
9= 5508 " 6000 " 9000 %)
_ (@*=1)sin®0 (Y? —1)sin®6 . , (1 —+cosh)?
(¢ —cosh)? CosT6F (v — cos6)* I G (Y — cos0)* (36)
_ ?sin®f —sin® 0+ 1 — 2 cosf + P2 cos?§  cos? O — 2ip cos f + 12 57
B () — cos 6)* B (¢p — cos@)* (37)
(¢ —cos)? 1
922 = (¥ —cosB)t (¢ — cosfh)? (38)
_ Ozdx  Oydy 0z0z
9 =cac T acac T acac (39)
R et T -1 0. W21
933 = (b — cos 6)? S ¢ + (v — cos )2 cos”¢ (vp — cos )2 (40)
Ordxr 0Oydy 0z0z (41)

912:%%—#%%4—%%
(et (5
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1 —1cosf ) VY? —1sinf
*(JW?1¢—mwﬁ““><“@izaﬁ”mQ

—sin6 Yeosh — 1
(=) (o) "
_ (¢cost —1)y/9? —1sinf  sinf(¢ysinfcost — 1 _0 (43)
2 = 2 — 1(1) — cos 0)4 (¢ — cos)* N
_Ordx  Oydy 020z
=59+ apac * avac "
_ 1 — pcosd cos ——¢2_1Sin§
B VU2 —1(1h — cos )2 Y — cost
1 —1cosf . V2 —1
i <\/ﬁ(¢—6089)2 s1n§> <¢—COSQCOSC>
—sind
() © (45>
1—1cost . 1 —1cosf .
913:-ﬁsm{cos(%-ﬁsmgcosg:o (46)

_0z0z  OyOy 0z0z
95 = 50ac T 900c " 90 ac

:<_ﬁﬁ;E£L%Q(ifﬁ;gmﬁ+<_ﬁﬁ;ﬁﬁamg<Jﬁtiw%)

(1 — cos 9)? —cosf (1 — cos 9)? — cosf
Yeosh — 1
() © )
~ (*—1)sind
g2 = (¢ — cos )3

(sin  cos ¢ —sin( cos() = 0. (49)

Hence we have altogether

(2 = 1) (¢ = cos0)2] 0 0
Gij = |: 0 (¢ — cos )2 0 ] (50)
0 0 (¢? —1)(¢p — cos )2

And so the Jacobian is the inverse of the square root of the determinant of this matrix (i.e.,
V9 = 1/J with g the determinant of g;;). Hence

1 P2=T 1

-2 _ o oo o I

J (2—=T)(p — cos )2 (1) — cos0)? (¢p — cos )2 (Y —cosf)™ =T = (¢ —cosf)”. (51)
Had we kept the a we would have simply retained an a? throughout the gi; calculations leading to
(¥ = cos0)”

a3

T 2=0a —cosh) = T = (52)

We note that for a having units of meters, then the Jacobian at the very least has the correct
units.
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Let’s look at the case for general toroidal coordinates (7,6, (), (21)

sinh 7 ¢ sinh 7 in¢ sin ¢ (21)
=a————— COS =a————5 =0——
T oshr — cosd » YT Coshr —cosf 0 0 T Yeoshr —cosf
So then,
10x  cosh7(coshT — cosf) — sinh® 7 cosh® 7 — cosh 7 cos § — sinh® 7
= cos( = cos ¢
a ot (cosh T — cos 0)? (cosh T — cos 0)?
(53)
1 — coshTcost ¢
= cos
(cosh T — cos0)?
10y  coshr(coshT — cosf) — sinh® 7 | cosh? 7 — cosh 7 cos§ — sinh® 7 ¢
A sin( = sin
a 0T (cosh T — cos0)? (cosh T — cos 0)? (54)
1 —cosh7cosf . ¢
= sin
(cosh T — cos#)?
10z —sinfsinh 7
i 55
a0t (coshT — cosf)? (55)
10z —sinh 7sin 6
it 56
adf  (cosht — cosf)? cos6 (56)
10y —sinh 7sin 0
et A i 57
a0  (coshT — cosf)? sin g (57)
10z  cosf(coshT —cosf) —sin®f  cosfcosht — (cos?f + sin”0)
adld (cosh T — cos 0)? B (cosh T — cos0)? (59)
~ cosfcosht —1
(coshT — cos0)?
10x sinh 7 ,
Ea_g ~ coshT — cosd sing (59)
10y sinh 7
B 60
ad( coshT — cosf cos G (60)
10z
2220 61
¥ (61)
and thus,
g _dror gy 020
a2 9ror  Oror  Oror
1 — cosh 7 cos 6 ¢ 2+ 1 —coshTcosf . ¢ 2+ —sinfsinhr \°
= cos sin
(cosh T — cos 6)? (cosh T — cos 9)? (cosh T — cos 6)2
(1 —coshTcos)? +sin®fsinh*7 1 —2coshtcosf + cosh’® 7 cos? § + sin® f sinh® 7
B (cosh T — cos 0)% B (cosh T — cos 0)%
_ 1—2cosh7cosf + cosh’ 7 + sin® f(sinh® 7 — cosh’7) 1 — 2cosh7 cosf + cosh® 7 — sin* 6
B (cosh T — cos 0)* B (cosh T — cos 0)4
~ cos®f — 2cosh T cosf + cosh?  (coshT —cos)® 1
(coshT — cos9)4 ~ (coshT —cosf)*  (coshT — cos )2
(62)
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pa_0nds  oydy  0:0:
a2 Ot 00  Oros Ot ob
1 — coshTcos@ —sinh 7sin @
= cos ( 2 cos (

(cosh T — cos 0)? (cosh T — cos @
1 —coshtcosf —sinh 7 sin 6

(cosh T — cos 0)? S (cosh T — cos 6)? sin (63)

—sinf@sinht™ cosfcosht —1

(cosh 7 — cos #)? (cosh T — cos 6)?
(1 — cosf cosh 7)(sin f sinh 7) ,
= (coshr — cos0)! (cos2 ¢ +sin® ¢ — 1) =0
g Ordr oydy  9:0:
a2 9toC  OrIdC Ot

1 — coshTcosf sinh 7 . 1 —coshTcost . sinh 7

= — ————————————————————e. —_— 0
(cosh T — cos 0)? €85 oshT —cosf (cosh T — cos 0)? S Cosh T — cos 6 cos G+
1 — cosh 0
- ((coshcos 2222)2) sinCcosC(—14+1)=0
I _
(64)
go1  Oxdxr Oydy 020z g
g oy ZI7g L Zr 7 _J12 65
@ 000r  900r 0001  a? (65)

gn 020z Oydy 0:02
a2 9098 0000 0906
—sinh 7sin @ 2 —sinh7sinf . 2 cosfcosht — 1 \?
= ( )2COSC +< )QSIHC +

cosh 7 — cos 6 cosh T — cos 6 (cosh T — cos 0)?

_ sinh®7sin®f + (1 — cosfcosh7)?  sinh’7sin®6 + 1 — 2cosh 7 cosf + cos? § cosh® 7

(cosh T — cos 0)4 B (cosh T — cos 0)4

_ sinh®7sin®@ + (1 — sin®#) cosh® 7+ 1 — 2cosh7cos§  —sin*@ + cosh? 7 + 1 — 2 cosh 7 cos 6

B (coshT — cos 0)* B (coshT — cos0)4

~ cosh®7 —2cosh7cosf + cos?0  (coshT —cosf)? 1

(cosh T — cos 9)4 ~ (coshT —cosf)*  (coshT — cos )2
(66)

gz Oxdr Oydy 020z g%
g2 oz ZI g TR 82 67
2 000C 260¢ " a0ac o (67)
&_&U&U 8y@ 8,282_@:0 (68)

2 oCor acor acor a2

g2 Ox0dr Oydy 020z

2 9Co0 acos T acae
—sinh 7 . —sinh 7sin 8 sinh 7 —sinh 7sin 0

os( +

cosh 7 —cosf (cosh T — cos9)? cosh 7 —cosf (cosh T — cos0)? sing +0 (69)
sinh® 7 sin 6
= —14+1)=0
(coshT — cos )3 (=1+1)

Hagzeltine & Meiss 7 of 24



Kyle Bunkers HWO1 Sec. 2 Plasma Confinement

gss _ 0z0x  Oydy 020z
a2 9caC " acac T acac

70
sinh 7 in¢ 2 n sinh 7 ¢ 2 40 sinh? 7 (70)
= ————— <in —————— oS =
cosh T — cos 6 cosh T — cos 6 (cosh T — cos9)?
Thus, we find
a2
(cosh T—cos 6)2 02 0
9ij = 0 (cosh 7'a—cos 0)2 0 : (71>
0 0 a? sinh? 7

(cosh T—cos 6)2

And so the Jacobian is the inverse of the square root of the determinant of this matrix (i.e.,
V9 = 1/J with g the determinant of g;;). Hence

6 iy 3
72 a® sinh® 7 (cosh T — cos9)
= = 2
J (cosh T — cos )8 =>J a3 sinh T (72)
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2 Verify Identities Verify (2.30), (2.31), and (2.32).

(9 N\ oA
i L o (O9mk | Ogmi  Ogjk
Il = 59 (agj e " gen ) (2.31)

(there is an inconsistency in Hazeltine and Meiss that has a minus sign in the above equation (2.30).
This is due to a change in definition from a previous (non-Dover) edition in the contravariant and
covariant derivatives) and

A=V ATV M) = (= ). 2.32
v Ve o <2J v XVS) j@&(ﬂ) (2:32)
Solution:
We know that for covariant components

0A , o’

)= A, V= A

and so for contravariant components we require in analogy

DA\ o

oA 0 L0E™\  0ATOE™ ;0™
s ~ a5 (45 ) ~ 56 06 ¥ v )
i m 2 ¢m ¢ r
_oaoen |y € da o (76)
087 0¢t \8:16’“8# 9¢7 9¢"
rm
QAT OE™ R
= 96 o¢ + AT, (77)
Now if we use (104) as an alternate expression for I} we see that we can write it as
DA OE™ LOE™ 922t
RS A Ozt OEIDEH (78)
i m m ) 2 .l
_ 814’ 8{1 Akﬁg, o ax (79)
087 0¢ o0& Ozt 06I0Ew
%v/_/
ri,
DA OE™ RO
= —— + A" =TI"
ol og T g (80)
DA pi | O™
(5 + ) 5 e
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and hence we have

. 0A
A= 55

+ AT,

Now let’s prove the relation on I';.

0
oci
DAY

J aé-

oAk ;
(Akg + AR AT, ) + A Arg

73

and

o | |
e (AlguAF) = AlgjnAF + Al gy, A"

A gjk

DAY . QAR

¢’
DAY OA*
=Aj——r oE + AT, AC 4 Ak¥ + A IH A

B OAI i
2 (A% ).

3

and (85) and (89) should equal each other so

9iki =0

=
agjk
o0&

so permuting the indices and using that both g;; = g;; and F;k = I‘};j we find

%ggf = Gmlji + gL
?9?’5 Imil i A Gmi Tk
- g} = gl
N
o852

= M‘*’gmarz +mepﬂ;/+gmj ik —

= 20m; 1

(ATgjnA¥) = Algiu A" + Algp; A" + Al g AL

Ak
=A;— + A P3€A€+A3Akgjkz+Aka—+AkF

+ AR g7, A" AT Jikoe + Al g Tk Af

(82)

(83)
(84)

(85)

(90)

(91)
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=
; ¢" (Ogjr  0gij  Ogk;
ing, m — 9_ (9 L
g gm] ik 2 ( 851 + aé-k aé-] (98>
on ik =T, (99)

now letting p — ¢, © — 7, and j — m then we find

i gmi OGmk agjm _ agkj
b= (agf ogk ogm (100)
i 9" (09mk | Ogmi  Ogjk
Iy = % < 6+ o~ oen (101)
which is (2.31) as desired.
[Note that this means
; L, [ 0 [0z 0z 0 [ 0xt Ox 0 [0xt Ox*
=37 (56 || * 2t oo ~ o6 oo e
X 2 I = X 2
g "9t 02176‘+r8x5 02t N Ox* 0255“_F _r ‘_rﬁié o2t
T2 | 0EmOLIOER T QLR OEIOE™ T OE™ DEROET OEk OEmAEI

i
02t 0%t 9gh og™ ozt 9%t 0¢ 9t 0Pt
I Oem DEIaEE — Dur 9" OE™ OEIOEF | DT Da DEIOER

- agz azxé
I 9at EIOEK

(103)

(104)

which can be used for F;'-k rather than the definition given in Hazeltine.] There is an inconsistency
in Hazeltine, we should have (and there was in previous editions)

OA;
Aij = 56 T AT (105)
Al = 55 AT, (106)

with their definition of Ffj We see this because here we have

p Ozt dx™ 9%k

Y98t 081 dxtox™ (107)
while in virtually every other book we have
ko 92 ko 92,0
w08 0w 0 0w (108)
T 02t 980T Oxt LI OE!
We find that
k ko
Il =Tl (109)
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The nonequivalency of these two definitions is seen by

0 04 _og 0 (on' 08 o o
Oxt O€i0g — Ozt 0&3 \ O&™ Oxm OEi
B (9_5’“ ozt ocm 9*a™ 8_:1:58:757” o%¢r oE™ Oz™ 0%’ (111)
© Oxt \OET Oxm OLIOET T LT OE OEIx™  Ox™ & OEIDET
B 3_5’“ foaling 8_5’“8_1,’((%5 ox™ %" 8_5’“ o8 Oz 9xt (1)
C 02t 0EI0ET T Ozt 0T OET Ot DxsOx™ - Ozt Ox™ OE OEIOET
. (113)
8_§kﬁ_xzﬁxs dz™ 9% 9E" Jam og” 02 (114)
Oxt O 081 O€t QxsOx™  Ox™ OEF Oxt OEIOET
. 0?2t
02t
ko= _ = Tk
I = —5ega = T4 (116)
The divergence comes from
_ 0A' i Ak _ oA’ 1 im ((OGmr | O _ 0Gi k
VA= e Al = S0+ o (88 + e agm)A (117)
Now because of the symmetry ¢ = ¢* we have
imagmk m imagik
and so (117) reduces to
-+ —g"——A". 11
e 27 o (119)
Now using that (g;;)~" (i.e. the inverse of g;;) is g”. We also note by linear algebra that
y ij
(69 = (120)
g=">_ giC¥ (121)

where g = det g;; and C¥ is the cofactor matrix of g”/. Looking more closely at this we then find

So that altogether
i 109 (123)
9 99i;
Hazeltine & Meiss 12 of 24
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and so (119) reduces to (g = J %)

0A" 11 0g Ogim b 0A 1 9g
e T 2gagm 0 = o T agagr
. i 2 2 i 2 1
i DAL TPOT . 0A Lo 00y
oi T2 o T e T o€
oA 0Tt 0 (A
=g TIANGe =T g <_)

proving (2.32) as desired.

(124)
(125)

(126)

Hagzeltine & Meiss
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3 Ordinary, Covariant, and Contravariant Components in Coordinate Systems

Com-

pute the ordinary, covariant, and contravariant components of the vector field A = Z in cylindrical

coordinates and primitive toroidal coordinates.
R=+/2?>+9?
Y= tan~! <Q>
x

J =z

r=+/(R— Ry)?+ 22

Hztanl( Z )

R— Ry
¢=—p

Solution:

Let’s begin with cylindrical coordinates. It is simple to see that
% =17+ 0R+0p
in ordinary vectors.

The contravariant components are given from A* = A - V& so that

AR =5 . VR=1%- M =0
a2+ y?
A”zi-V(pzi-V[tan*1<y)}
T
A A~ Y .~ T
:z-<xx2+y2+yx2+y2>:0
A2 =3.VZ=2-2=1

Leading to absolutely no surprises.

I find it easiest to get the covariant quantities by finding the metric

(cylindrical coordinates)

(toroidal coordinates)

(127)

(128)

(129)

(130)

(131)

tensor g;;. It is easy from the

definition of (cylindrical coordinates) to get ¢g*/, which then just needs to be inverted.

gftr — %g_f ?9_];88_]; %g_]j (132)
2 2
:xzin xQZ_yz—l—O:l (133)
g — %Z_ﬂi g_fg_jJrg_fg_f (134)
- \/:ﬁL—i—y?ﬁ_ﬁyQ + \/#y”?iyz +0=0 (135)
ng:%g_i+g_jg_§+g_fjg_f:0 (136)
Hazeltine & Meiss 14 of 24
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dp dp Lo dp Op Lo dp Op
Oz dr Oy dy 0z 0z

IQ y2

— 0:—
R N R LR
oZ _ &p@Z Lo 5908Z Lo 8@62
dx dx Oy dy = 0z 0z
2z 040Z 0Z0Z 0Z0Z

8xax+8y8y+azaz

P _

=0

1

Seeing that this is a diagonal matrix then g;; = g% and so the covariant components are

Ag = grrA" =0
Ay, = gy, A7 =0
Az = gz2A7 =
Again nothing too surprising.
Now let’s do the primitive toroidal coordinates.

In ordinary vectors we would simply have

% = sin O + cos 0.

It is easy to see this always points in the z direction by looking at the angles 6 = 0, /2.

Now the contravariant components are given by

V(R — Ro) + 72 \/(R RO) +Z2 \/(R Ry)? + 22

AT:Z-Vr:2-<x(R Ro) 2 +Z/5Z +ZZZ (B~ Ro) % + 792

Aezi.VQZZ.V[tanl (R—ZRO }

(137)
(138)
(139)

(140)

(141)
(142)
(143)

(144)

(145)

(146)

(147)

:z.<x(R_R°>%—Z%+yR Ro)gff — 2705 A(R—Ro)%—f—sz%a—z())

(R— Ro)? + 22 R-—RZ+22 " (R_R)p+22
R~ Ry
AG
(R— Ro)? + 22

(148)

(149)

(150)

Now I still think it’s easiest to get covariant components with the metric tensor, although this is
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more labor-intensive than cylindrical coordinates.

oror Oror Oror

g :%%—Fa—ya—y—F&& (151)
_ Rt | (R R”ﬂw4- Z~ (152)
(R—Ro)>?+22 (R—Ry)*+22 (R—Ry)*+ 22
rr ( 0) +Z2
~ ARy 7" (153)

T9_8r89 or 00  Or o

900z | By0y | 8202 (154)
— T _ T B y
_ (R RO) /x2+y2 Z\/ﬁ ?2 (R R()) 2+y Z\/m
VR= R+ 22 (R=Ro)* + 22 \/(R— Ry + 2% (R — Ro)* + 22
Z R— Ry
* 155
VR 7R R+ 7 (155)
2442 + 2.2 + ]-
0 _ _ z +y z +y B
oro¢  ordg 8r ¢
e _
9" = oxor oy ay t 9202 (157)
- = s T = - ———+0 (158)
N Y Y Y s Y
R—R
r¢ _ 0 B B
TP AE T 2 (#y —ye) =0 (159)
0000 0000 00060
gp _ OV OO0 o000 o000
9" = oror Toyoy " 0z0- (160)
DR s A B e e
"= R o ; (162)
TR RS ZF (B- R 7
000¢ 00OC 999
0 _
g o &v oy 8y 8y * o 0z 0z (163)
— Y
= oo N TV +0 (164)
( ) +ZQ‘/$2+y2 (R_RO)2+Z2\/W
—Z
¢ = (22 + 1?)[(R — Ro)? + Z2] (zy —yz) =0 (165)
cc _ 9¢O¢ | 9¢a¢ | 0CIg 66,
Oz Ox 8y 8y 0z 0z
2 2
¢ _ x Yy _ 1 _ b
g (.1'2 +y2>2 + (1.2 +y2)2 $2 +y2 RZ. (167)
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Now we see all the off-diagonal elements are again zero so that g;; = gﬁ again. And so the covariant
components are given by

A = goar =12 2 (168)
T r
R — Ry)
Ap = gopA’ = [(R — Ry)* + 72 ( ¥ ___—R- 1
0= 9o I o)+ 2°] (R 1 72 R — Ry (169)
AC = ggcAC = 0 (170)

We note that the covariant, contravariant, and ordinary vector components look rather different,
but they are consistent with

A = A, V¢ (171)
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4 Curl of Vector Field Compute the curl of A =r V(.

Now we see that the covariant components of A are simply

A, =0, ,A=0 , A-=r (172)
We have a formula for the contravariant components of B = V x A with
B' = jeijkaa_?f- (173)
Now from the work of (151) to (167) we see that
g=detgy;=(R— Ry’ +2°=1" (174)
72:9_1=>\7=%- (175)

Now we only need to calculate eijk% which is extremely simplified thanks to A, being the only
nonzero coordinate (let » — 1, § — 2, and ¢ — 3 for the Levi-Civita symbol).

DA 04y OA; DA

B =gy ey =5 0= % (176)
DA DA DA DA
o, O 94 _ g 94 94
B = o teoncy, ar _  or (177)
B¢ = ew% + eggr% 0-0=0 (178)

00

or

Given that A; = r we see that (using the chain rule for partial differentiation which can recycle
results from g™ in (151) to (167))

0Ac Or Ordx Ordy Oroz
—_— = — = — — _— _— ]-
20 00 0x00 0yl | 9200 (179)
(R B RO) \/aszyQ 7”2 <R B RO) :L‘g—i-y2 7"2 A 7”2
— - - - = T TE=T) (180)
Iy Ve ’
(R — Ro)T (R — Ro)’f’ Zr Z 2(R — Ro)
_ _ _ 181
7 -z "EkR-RmR, "\B-R Z (181)
DA, Z* —2(R — Ry)?
= 182
90 ~ ' Z(R— Ry) (182)
0A;  or
2 1 1
or or (183)
So we find that
(L) (2 2B R)*\ _ Z*— 2R - Ro)’
n T Z(R—R(]) n Z(R—Ro)
gLyt (15
T
B¢ =0
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5 Show Symplectic Form and E x B drift Suppose the action is given by
S:/EA-dx—egodt . (185)
c

Show that the symplectic form is the antisymmetric matrix ¢;;, B¥/(Jc) and that the equations of
motion give the £ x B drift.

Solution:

We may rewrite this as

S = / EA X — egp] dt (186)
to see that this gives a much better form for integration. We may then interpret our answer as
S:/[A-X—H]dt (187)
and so
H(x) = e (188)
Alx) = EA (189)

which then allows us to use the symplectic form as

04 OA A,

T ozt 0xi | migpm
where m and ¢ both run through ¢, 7, k with k # 4, j and €;; = 1. It is easy then to see from
0A

(190)

wij

=
0A, B*
0A B*
Ekijfkméﬁ = 6kij7 (193)
0A B*
(6z'm5j£ - 5i£5mj) %,ﬁ = 5kij7 (194)
0A; 0A B*
Oxi 0w Mg 199
Note that the above identity is true regardless of our k which can be shown by using
B* J 0A 0A
Wij = 5ijk7 = GijkﬁkméjaTni = (8im0j¢ — 0igOmyj) %ni (196)
0A; 0A
C 9t dad (197)
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So that

Bk
Wij = Ez'jk7 (198)

Now because A = €A then we may interpret (where B? are the contravariant components of the
magnetic field B.)

; 0A
B = jGijk% (199)
A 0Ag e e
B'=Je€ijjr—=DB"-. 200
J€ish 0x ¢ c (200)
and so
eB*
Wij = Gijk% (201>
Which I assume was normalized as
0
=
eBk 0
i = 68;; (203)
B* 0
€igh o4 = a;; (204)
In which the electric charge was cancelled out as it was common to both terms.
In any case the equation of motion is then (letting E; = —%)

B* . 0
€ijk 47 = 2 —E;

Jco Ox

(205)
eijkeeminBmfuj = — T cepmi BmE" = T c€pimE; By, (206)

(8;¢0km — OjmOu) B* Bt = T c€4im Fi B (207)
B,,B™v, — ByBjv' = J ey Ei By, (208)
B> -B(B-v)=cE x B, (209)

and so we see that in the perpendicular direction to B we have

B*v, =cE x B (210)
cE xB
VI=—p (211)

as desired.
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6 Charged Particle Motion in Magnetic Field Discuss the motion of a charged particle
in the magnetic field B = 2z. Use of the Hamiltonian (2.48) may prove advantageous. Compare
your results to the guiding-center equations, and explain the limitations of the latter.

1 e |2
’Hz—‘p——A‘ +ed (2.48)
2m c
Solution:

Let’s first find a possible A from the equation

VxA=B=u1z: (212)
a{;z = — % =0 (213)
aai - aajiz =0 (214)
% - ag; = = (215)
And looking at the last equation we see that
A, — / 88_14; dz = %2 + const. (216)

72

So we see that A, = % will work just fine. As an aside, I'm bothered by the inconsistent units

and so will have x — ax where ax has the units of magnetic field.

Then we have the Hamiltonian in the form
1 2 2 2 e’ 2 €
= % Dy —|—py + p; + gAy — 25Aypy (217)

2 2 2 2 4 2
-+ D, +D; e‘a ex
LRE TR e, (218)

2

1
’H:—‘p—EA
2m c

H:

:L‘ —
2m 8mc? 2me
Hence we have for Hamilton’s equations

- OH
— - 219
P = (219)
. 2
— 220
il (220)
2
Py eat
_ Py 221
y m 2mcx ( )
. Pz
— 222
T (222)
and
- OH
N — - 223
b= (223)
e*at ,  ea’p,
y = _ 9294
P 2mc? me (224)
by =0 (225)
P> = 0. (226)
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The last two equations imply that p, = p,, and p, = p,, are constants and are whatever their

initial value is. The remaining equations then state that

Dz
m
. efat 5 ea’py,
Pe = S10 — ——
2me me
2
. P eq
g bw _ €07 o
m  2mc
. P p
=2 = =2t +
m m

We can get an interesting equation by taking (228) over (227) to find

dpa 204 3 ea’py
dt dpx __ 2mc? me L
dz 7 Da
dt dz m
Y d
2.4 2
et ea’py,
D) r ——=x
2c &

1, 05 74
LR

/m@z/vw—M
¢
2

(227)
(228)

(229)

(230)

(231)

(232)
(233)

(234)

where £/2 is some constant. These give phase space trajectories. Solving for p, we find

= i-\/é’ —dz? + %x‘l.

These can be plotted for various £ yielding Figure 2.

(235)
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Figure 2: Phase space trajectory for various E for 6 = 2 and v = .1 so that the separatrix is at
E=%2 =4 _1,
4

4y

Then we see that there are unbounded trajectories as well as bounded ones because of the separa-
trix.

Now for g we see that if % > 2%20:62 for any values then it is possible for y to oscillate. If %1 =0
then y will simply explode in the negative direction and be completely unbounded. This means

that it is possible for y to oscillate if x is bounded, but otherwise will surely explode as well.

We can see this as for a particular p, (using the same ¢ and v as before) we can plot y-z and
y-p, for various values of E. These result in figures 3a and 3b. The different E only move the
central point of the hyperbolas up or down the y axis, just as the different p, move the parabola’s
y intercept up and down.

The guiding centers state

ExB (236)
Ug | C B2
d )
é‘;” —yb - VB(X) (237)
1 d A
w Bx 0, *pvB (238)

where u is the guiding center velocity, and X is the guiding center position. For our given B with
no E we see that

o = 0 (239)
d
_:;;” — up-%=0 (240)
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¥y
i 61
—By, =2
\ 22 4t
_pnu :3
4+ Py =4
_pnu :5
—Py, =6
‘ P,
2 4 ‘
4 2 2 4
2+
Al

(a) Plot of « and y for various p,, and m =1. (b) Plot for p,, = 2.2, m = 1 for various E.
We see that the curves morph from parabolas
to hyperbolas.

1 duo Y
- B B 242
wL = opB Xy T oaP v (242)
1
= ek X ik + %z X% = —%y (243)

and so it really poorly captures the behavior. It does get the parallel direction correct, but fails
to capture the X direction and also suggests that g is constant while it depends heavily on z. The
greatest limitation is that | VB| = 1 and so for the region where z < 1 we have VBl % > 1, and

B
so it is a poor description as the particle isn’t necessarily constrained as we have seen above.
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