Kyle Bunkers Differential Equation Solution Generation

1 General Idea

Given a differential equation, y(z) like

d2
==Xy (1)

dz?

and the given solution y = A cos(Az)+ Bsin(Az), it is possible to generate the differential equations
for more general solutions, like (A cos(5z?) + Bsin(5z7)).

This is useful for more complicated differential equations as it gives us a simple way to get the
answer.

I will compile a list of such generalized differential equations and solutions below, but first let’s
outline the approach. It is easiest with linear differential equations, though my final example will
show it is possible to use this method with nonlinear differential equations.

Start with a linear differential equation of the form

2 an(@ v (2)

with the known solution y = f(z). We then generalize the solution by using the trial solution
fs(z) =z f(z) into the differential equation. This will yield

> ) o 0 () )

n

This will have extra terms compared to (2). In fact we can use that
n

g0t =3 () @ =3 () e (@)

=0

with (a); the falling factorial and (Z = % = #'k), corresponding to n choose k. We see that
this implies that the [ = 0 term yields
1
d"f
@ D
(0 g ©)

Note that we then have
n dn lf dnf n o dnflf
S 3 (1) it =S (§) w5+ S0 30 (7 0

d» 47— l

=S g (’;) @S ®)
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We can then rewrite the above in the form

n —1
max dkys
> o) (9)
k=0
where the y, = 2% f(z) is used instead of . This simply uses the relationships developed above.

And so the differential equation obeyed by ys = x%f(x) is given by (where we combine the top
equation into a single bottom equation)

d™y, d o
D0 g~ DBl i =0 (10)

d"ys

Now we move on to putting in the f(5z?) dependence. Then we simply use the chain rule with
fs(BxY) = g(t) and so t = Pz and so we have

de dtk =0 (12>

tee/y

(where we note that z® — GaTv

~). This is the same as (11) in form.

We then switch the g—; terms to terms involving % and we have the fully generalized answer.

One can note that one way of using the chain rule is to use

n! d(m1+---+mn)f(g) n @ m;
dl’nf( g(x)) = Z (my)) (1™ (mg!)(21)m2 - - - (my,!) (n!)mn dglmit+ma) ]1_[1 (d$j> (13)

n! dlmittma) f(g)y Lo /1 dig\™
- 14
dx"f( 9(x)) = Z (ma)(ma!) - -+ (my!) dglm+- +m”) 31;[1 (j! dxﬂ) (14)
with mq, ..., m, being nonnegative integers satisfying
1l-m+2-mog+---+n-m,=n (15)

This is called Fad di Bruno’s formula.

The following derivations will elucidate the method.
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2 Harmonic Oscillator Differential Equation

Let’s use
d?y
da?
and the given solution y = Acos(z) + Bsin(x). For simplicity, let’s work with y = cos(z) alone,
as everything will work equally well for B sin(z). We begin by solving for ys = 2%y. First we have

==y (16)

d 1 dy s dy
_ L) = o a=Jd _ IS a~d 17
d:c(y) ar® Ty +x 1 ozx—irx 1 (17)
and so
d2y3 d2 « d a—1 ady «
daz2+)\y52@($ y)—ir)\x:a(ax y+w a)—l—m Ay (18)
d d?
= ala —1)z° %y + 204:50"1% + :r;ad—xy + 2% \y (19)
a:a(jfc—%/\y):o
Hence the extra terms are
dy
-1 a—2 9 a—1-"J 20
ala — 1)z %y + 2ax gy (20)
Ys | 200 (dys  ys
DA —aZ 21
ala >:132+a: (dm a:p) (21)
ys | 20dys  2a%y,
DA L 22
afla—1) x? + x dx x? (22)
Hence the differential equation that has the solution y; = x® cos(Az) is given by
d?y, ys  2odys 202y,
AYs — -1 =+ — — =0 23
dx2+ Y [a(a )x2+x dz x? (23)
d?y,  2adys 202 — a(a —1)
_e A s =0 24
dz? =z dx + ( * x? ) Y (24)
d*y,  2adys ala+1)
= A —— )y, =0 25
dz? z dx * ( * x? Y (25)

Now to generalize to y; = 7% cos(3x7) we use that we can rewrite this as y, = t*/Vy(t) = 2%/ Vy,(z)
with ¢ = 27 (and so z® e/ 7) (we only care about the dependence as multiplying by a constant
doesn’t change the differential equation) and so it satisfies

d*yy 29 dy; G
_ I 14 22 = 2
ATE R TR R yr =0 (26)
and now use that g—; = Byz7! so that

dyy _dedyy 1 dy (27)

dt dt de  pryxr~! dx
d*y; 1 dyy 1 dPy,
- 1— ) =2 I 28
dez p2y2x0-t (( V) dz * 27~ da? (28)
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and hence we find

d*y; 25 dyy 2(5+1)
e T\ e ju=0 )
. a2 1y ( SER)Y
322022 dg2 | B24222-1 dz Ba) Byart da 32727 Yr
d*yy  dyy ((1=7) =20 5 (% + 1)
6272x27—2 dax2 + dzx BQ’}/Q«T?Y_I 1+ W Yr = 0 (31)

d?y;  dyy (1-7—2a 2.2 29-2 , ala+7)

=7 - = 32
da? i dz x G x? vy =0 (82)
dny

dz?

dx

dys (1=~ —2
+ U (—TT O‘) + <6272:c2” + —O‘(O‘xj 7)) yr=0  (33)

So we see that the generalized harmonic oscillator differential equation

d2? | dx

T
has solutions

y = Az cos(fz”) + Ba® sin(fx”)

with A and B constants to fit initial conditions.

d? dy (1 —~v—2
y+_y( Vw 04) +<5272x272+a(a—;7))y:0
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3 Bessel Differential Equation
The differential equation is given by

Qdy dy 2
7+x_x+(l~ _n)y 0

d?y 1dy n?
- 1—— |y=
dx2+xdx+( xZ)y

(36)

(37)

with solutions y = AJ,(z) + BJ_,(x) for non-integer n and y = AJ,(z) + CY,(z) for integer n
with Y,,(x) sometimes denoted N, (z) to avoid confusion with spherical harmonics. J, is the nth
order Bessel function of the first kind and N, (z) is the nth order Bessel function of the second

kind with A, B, C and constants that allow fitting of boundary/initial conditions.

We see that
dys d ady
dx dx(x y) =z y+x dx
d2y d o dy dy de
S I -1 a—2 2 a—1-9 a” J
o2 ds ( “ly+a dx) ala— 1)z "y + 20 T e

So let’s put in ys(z) = z%y(x) into the left hand side of (59) and find

d?y, 1 dy, n?
- R )
dz? + r dz + 2 4

az 1d, N n?
—@(ﬁ ?J)+E£($ y)+a (1—§)y

d d? 1 d 2
= (a(a — a2y + an”“ld—y + x"—y> + = (ax“‘ly + x“—y) + z“ (1 — n—2) y
i x i i

d?y 1dy n? dy
a | = J 1 - — 2 a—1-"J a—2 -1
(dx2+xdx+( x2>y)—|— o (ala—=1)+a)y

-~

=0

dy
-9 a—1-"J a—2 2
ax dr +x (a ) Y
_ «dy 2 2 2a0 (dys Ys o?
_.T(I dx)+x a(xy)—x dr Yz +x2y8
_ 2ady, — 20?2 2ady,  o®
+ —2% — Vs
r dx x r dr =z

Hence the differential equation for y, = x“y is given by

d?y,  1dys n? 2adys o
+ -+ 1_:)3_ el e e L =0

dz? =z dzx z dz
d?y, 1 —2ady, a? —n?
1 s =0
dz? * z dz + * z2 y

(38)

(39)

(47)

(48)

Now to generalize to y; = 2%y(827) we use that we can rewrite this as y, = t*/7y;(t) = 2%/ 7y,(z)
with ¢ = 27 (and so 2 /) (we only care about the dependence as multiplying by a constant
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doesn’t change the differential equation) and so it satisfies

2
d’y; | 1— 25 dyy o
12 + p E-ﬁ- 1+ s yr =0 (49)
Using that & = fyz7~! with t = $27 we have
d dzd 1 d
Yr _ XYy _ 4y (50)
dt dt de  pryxr-! dx
d*yy 1 dyy 1 d%ys
— — A I
dez2 B2yl ((1 e dz * 71 da? (51)
and hence we find
1 d?y; 11—~ dyy 1- 2% 1 dyy 3—5 -n
(ﬁ272x27—2 A2 + 322021 dy B 57957—1@ 1+ 322727 yr =0 (52)
o (12
L &y dyy (1m0 -25)) (), 5 0 (53)
B2~2027-2 g2 dz 22271 B2~2727 Yr =
2
1 d?y;  dy; 1 -2« % -n
32422292 dg? do B22g21 L+ 322027 yr =0 (54)
d’y;  dys (1-2a 2.2,2y-2 a® —n’y
— 4+ = — e —— =0 55
da? * dx x e * x v (55)
So we see that the generalized Bessel differential equation
d?y dy (12« ., a?—n?y?
@—Fa( - >+(ﬁ272$2’y 2+T>y=0 (56)
has solutions
) Az J, (Ba7) + Ba®J_,(BxY) n is a non-integer (57)
Y Az J,(BxY) + Cz®*N,(BzY) n is an integer
with A, B, and C constants to fit initial conditions.
4 Modified Bessel Differential Equation
The differential equation is given by
d’y | dy
SL‘2@ +ros - (2> +n*)y =0 (58)
d?y 1dy n?
—J 2214+ =0 59
dx2+xdx (+x2)y (59)

with solutions y = Al,(x) + BI_,(z) for non-integer n and y = Al,(z) + CK,(x) for integer n .
I,, is the nth order modified Bessel function of the first kind and K, (z) is the nth order modified
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Bessel function of the second kind with A, B, C' and constants that allow fitting of boundary /initial
conditions.

We see that
ij; - % (ag: Yy+z %) =aa— 12" %y + 2a$a_1j—i + ZEO‘% (61)
So let’s put in ys(x) = x%y(x) into the left hand side of (59) and find
i (1)
- L it - (145 (63)
= (a(a — 1)z %y + 204950‘_1% + xa%> + i <owc"‘_1y + xo‘j—z) -z (1 + Z—z) y (64)
~ .
= 20027 2 1002 (o) (66)
— 2?@ ( O‘g—z) + 27 2a? (2%y) = 2% (iy; - %) aiys (67)
Hence the differential equation for y, = x“y is given by
b (L [ ] w
R i G L ®

Now to generalize to y; = 2%y(B27) we use that we can rewrite this as y, = t*/7y;(t) = 2%/ Vy,(z)
with ¢ = 327 (and so 2% o t*/7) (we only care about the dependence as multiplying by a constant
doesn’t change the differential equation) and so it satisfies

2
dyy 125 dy o
a2 + / E—i— 1+ % Yy =0 (71)

Using that g—i = Byx7~1 with t = 27 we have

dy; dedyy 1 dyy
(72)
dt — dt dz  Bryal da
d2y; 1 dyy 1 dPyy
a? ~ Fyra (“ T T e (73)
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and hence we find

d2yf

1 -y dyp\  1=25 1 dy nTy
— — 11 =0 74
<5272x27—2 dz? ' B2y2pl dx) Brr Byzr! dx + 322027 Ys (74)
a 2 a?
Ly dyy (Lot =25)) [ oSy (75)
32720272 2 dz 322271 322027 Ys
2
1 d*y;  dyy 1 -2« n® — %
32422212 dz? dz \ 22221 — |1+ 324227 yr =0 (76)
d?y dys (1 -2« ., ny?—a?
dxj + dlf ( - ) + <5272x2” Tt )yf =0 (77
So we see that the generalized Bessel differential equation
d?y  dy /1 -2« ., n*y?—a?
@‘i‘@( - )+(5272$27 2+T>y:0 (78)
has solutions
y— {Aa:o‘[n(ﬁﬂ) + Bx“I_,(fx7) n is a non-integer (79)

Ax®L,(Bz7) + Cx* K, (Bx7)

n is an integer

with A, B, and C' constants to fit initial conditions.
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5 Airy Differential Equation

Here we have the differential equation

d?y

The solutions are y = AAi(z) + BBi(z) with A and B being integration constants. Following the
method we use y; = 2%y and find using (4) that

((if: = % (%) = ax® 'y + xaj—i = %ys + IBO‘% (81)
((1:1291;3/25 =ala— 1)z %y + an“_lj—z_ + xa% (82)
yielding for the left hand side of (80)
((fxy; — Y (83)
= (a(a 1)z 2y+2axo‘_1% + “%) — 2%(zy) (84)
= ala —1)z° %y + ano‘lg—:yc + (% - xy) (85)
—

ala—1D)a* 2y + 20&0‘_1£ = 04(0;2_ D s 2?& (xo‘j—z) (86)
_ a(axZ— b, 2?04 (ii:s B %y) (87)
_ a? — a2— 202 ) Z?Oz(ilzj (88)

And so the differential equation for y, is given by
- [T 200D, ] w0
R (P (o1)

Now to generalize to y; = 2%y(827) we use that we can rewrite this as y, = t*/7y;(t) = 2%/ 7y,(z)
with ¢ = 27 (and so 2 e/ 7) (we only care about the dependence as multiplying by a constant
doesn’t change the differential equation) and so it satisfies

d2yf 2% dyf g(g+1)
S S R e A =0 92
a2t 2 Yr (92)
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And so using that %

= Byx7~! with t = 327 we have

dyy dadyy 1 dyy (93)
dt  dt de  Braz-l dx
d?y, 1 dPyy 1—v dyy 94
de2 ﬁ272x27—2 dz2 527%27_1 dr ( )
and hence we find
1 d -5 d 27 1 d (541
—— Yy + Y Yy _ Y ﬂ _ ﬁm’y _ 'Y(’Y ) yr = 0 (95)
B22x27=2 da? PPyl da Bxy \ fyxr—1 dx B2y
1 d2 1— 22 1 d S(5+1
b - o PR A A
ﬁ272$2772 d$2 52721.2771 Bl-'y B,-yx’yfl dx B2x2fy
1 a2 1—y—2a\d S5 +1
= 2y (g BN o o
B2y222-2 (g2 B2y2zn-1 | dx B2
d?y; 1 —v—2a) dyy 3 2 32 ala+7)
— - =0 (98
dx2+< x )dx pe x? vs (98)
So we see that the generalized Airy differential equation
d?y 1—v—2a)\ dy 3 9 3,0 la+9)
< - 7 =0 99
dx2+< x )dx (5’}’55 x? Y (99)
has solutions
y = Az®Ai(pz") + Ba®Bi(fz") (100)

with A and B constants to fit initial conditions.
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6 Nonlinear Differential Equation log

Consider

dy  (dy\’

— — ] =0 101

da? + (dx (101)
with solution y = In(A + Bz) with A and B integration constants. We will find that we can still
apply our previous rules and generate a generalized differential equation.

Following the method we use ys = z%y/d. We add in the § because as it is no longer a linear

differential equation we cannot expect ay(x) with a a complex number and y(z) to be a solution
to the same differential equation. We find using (4)

dy, d »*dy « x* dy

— 5 = ar® ty/s —ys + ——= 102
dx dx<xy/) ar y/+5d my+§dx (102)
d?y,  ala—1)2°?y 20z tdy 2*d?%

= e 1
da? ) + 0 dx + o dx? (103)

yielding for the left hand side of (101)

d?y, | (dys\’

da? * dx (104)
rd®y 2a , dy ala—1) ., 1 [/ . dy 2\

_rtdly | 20, dy o dy 105
R R I B “52 ””d“‘x Y (105)
d’y 20 , dy  ala—1) ,, dy 200 5, 4 dy a* L, 4 o

T = J = a—1-d S\ o 20— = 2« 1
T R I B 7 +52‘” VTt Y (106)

x® [ d?y dy\? a~ dy\? 20, dy  ala—1) ., 20 o, , dy = aFp?e?
A i =J Il =J 2 a—1-9 AW ) a— 2 20-1,
6(dx2+<dx) —l—(5 )<dx + 5 + Ty + Ty — + Yy

dx ) )2 dx )2
=0
(107)
1dy\? 2o ., dy ala—1) 20 dy a?x?2
— 2a — 5z —J /" a-1-d a—2 2a—1, —J 1
(= I)<5dx> T LT T P VTR VT e Y (108)
1 dy o) > 2a (dys « ala—1)
— 2a0 oe5 s s = s = 3 — 2,
(x v ) o dx a“y + z \dz 27 + 2 Y
200 dy,
- ( b ) st (109)
1 o? 2adys  ala+1) 2 dys a?
(20 ays 2 cady, aloTl) s o dys Qg
- (33 ® <x2a ( ) x2a+1 Ys + r20+2 S) + r dr 72 Ys T Ys dz 2 Ys
(110)
(e _22 O (dy T, 200 dy,  o% ,
dx 22 x> \ dx por1¥o Qg gar2¥s
20 dy, a( Do, % 2
r dr a2 (111)
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and so altogether the left hand side gives

dy;\> 0 [dys\® 208 dys o2 s 2adys  ala+1)
~ 2 0 s ot rary, 112
( dz ) x® ( dz > i oy pers T T 22 7 (112)
So our differential equation for y; is
d?y, dy dy § (dy,\? 226 dy, o2 , 2ady, ofa+1)
- - sy - - 5 Ys| = 0
da? * x L(Zafj/z x> \ dx - por1 Qg — gerzs * x dx 2 Y
(113)

- Ys ()
zotl?  dgy  goat2”s z dz 2

Ys = 0
(114)

zo \ dz

2y, 0 (dy,\? 206 dy, a% , 2ady, ala+1)
+ TR
dz? 2

Now to generalize to y, = x®y(5z") we use that we can rewrite this as y;, = %yf(t) = %ys(I)

with ¢ = Bz”. We can no longer ignore the factor 5~%/7 because this is no longer a linear differential
equation. So we use that & = /7 in our previous equation and a — a//. We use that % = Byx7 !
with t = 827 so that we have

dyy _dedy, 1 dyy (115)
dt dt de Pzt dx
def _ 1 d2yf 1- 7 dyf (116)
ds2 3220272 dz2 | B2y2p1 dg
and hence we find
2
d2 5 (dy\? 2% dy, (2) 9, 20ay, o(e+
dez  tely \ dt ta/ 17 qe o2 Yl e 12
L Ay Gy dyp) B 1 dyp)
52723:27—2 dz2 B272x2y—1 dz ﬁa/yxa ﬁfyx'y—l dz
2
a Qo o a/ a afa
6a/7+1xa+7yf/8fyx'y_1 dz ﬁa/’Y'f‘QIOH‘Q"/yf Bx’Y /nyx’y_l dz ﬁ2x2"/ yr
1 deer -9 dyr) 1 1 dyr\’
62,}/2'1.27—2 dJ]Q /6272'%27—1 dz xro /B,Yx'y—l dz
2
22 dy <Q> 20 dyy  5(§+1)
v f gl 2 Yr | 1 \y _
o @27xa+27—1yf dz + 52$a+27yf o 5272x2'y—1 dz 52$27 Yr = 0 (119)
1 d*y;  dyy 1—7 20 1 dys\? 20 dys
32427272 (g2 + dz \ B2y2z2-1 - 3227271 + 322 gat2r—2 dr | 32A2got2r—1 Yr dz
a? ala +
+ padlaty, g (120)

220ty f B2~2727 f

dy; 1 (dyy 2_ 2aydyf+ o? e dy; (1-79-2a +a(a+’y)
dz?2  zo \ dz zo 17 QT per2?f T gy T 2

yr=0  (121)
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So we see that the generalized logarithm differential equation

d*y; 1 (dys 2 2 dyy  o* , dys (1—7—2a« ala+7)
w2 T\ ) Tt t et g, +—— =0

dz? ¢ \ dx x T
has solutions

yr = 2% In(A + Bfz7)

with A and B constants to fit initial conditions.

(122)

(123)
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