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1 Bessel Function Proofs

1.1 Sum of Bessel Functions of First Kind
We begin with the known fact (see section 1.3) that

271 = N7 1 (2) (1)

i.e., the generating function for .J,,(z) is given by e2(=1/%).

Set t = 1 and we see

1=e3(171) = 500 = i 1"J,(2) = i Jo(2) (2)
1= > Ju(2) (3)

1.2 Sum Of Bessel Functions of First Kind Squared
We begin with the known fact (see section 1.3) that

271 = N7 1 (2) (4)

i.e., the generating function for J,(z) is given by e2(=1/%).
Thus we note that

e3(t)es(=t3) — 0 — 1 = ( i t"Jn(z)) ( i (—t)me(z)> (5)

n=—oo m=—0oQ

= ( > t”Jn(2)> ( > (t)m(—l)me(Z)) = ( > t"Jn(z)> ( > )" w(2)

n=—oo m=—00

(Z " Jn(2) ( > (t)mJ_m(z)>) =y ( > t"Jn(z)th_m(z)) (7)

= > () T (2) (8)

So taking only the terms that have ¢° as this must be true order by order (because ¢ is only a
formal variable),

L= )" Y ") Jn(2)0nm = Y J2(2) (9)
or altogether
Y Lz =1 (10)
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1.3 Proof of Bessel Function of First Kind Generating Function

We will prove this by verification.

e3(t=1) = e#t/20-2/(20) _ {i (Zt—l)n} {i } ZZ ( >n+m%

n=0 m=0 n=0 m=0

We now use the substitution j =n —m or n = j + m if you prefer so that

L O R RO

where the definition

50 () S () = () S () e

m=0

Thus, we find

iz sin @

1.3.1 Proof of Expansion of e
Take the generating function (15) and take t = €. One finds

oo

% 719 Z eznGJ
n=—oo
zzsm@ Z e'mGJ
n=—oo
where the identity
ol _ o—if
sinf = 5
1
was used. Note that taking t = e~% then yields
o
e—izsin& _ Z e—inGJn(Z)
n=-—oo

unsurprisingly, as this coincides with § — —6.

(11)

(12)

(13)

(14)

(15)

(19)
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2 Calculus Identities

2.1 Flipping a Derivative
Given % # 0 with f = f(z) we will show

dx

1
- 20)
a (
df é
Let y = f(z) and so by the chain rule
| _df_dfds_djds o
dy dy dardy dxdf
and so
df 1
dx g—f

Note for % = 0 then j—fc =0 as x and f are independent.

2.2 Flipping Partial Derivatives

We will show given (%)m. # 0 with f = f(z, ;) [so that z = z(f, z;)], where x; are all other
variables f depends upon, that

(g_gmi B (g—i})wi (23)

Let z = f(z,x;) be implicitly defined for this function.

Then, (assuming (g—;) = (%)x_ # 0; I will omit the subscript x; indicating variables held

constant from now on.)

[ _ 02 _Of _0fdr _0fdx

=9, 9. 9:9: 010f (24)
Thus,

of 1 oxr 1

9a_ L L (25)

ox g—f of %

For % = 0 then g—jﬁ = 0 as well as f and x are independent of each other.
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2.3 Implicitly Defined Functions Derivatives

Given f(xq1,x2,...) = f(x;) = 0 it will be shown that

of
8xj Oz,
= —— 26
with the assumption that % # 0 for any x;.
We first write out the differential of f
0
! (27)

dfzzaxi da;

and then use that x; = x(z,;) so that

ox;
dz; = Z 0$Z dzy, (28)
i#]
Thus,
B of  Of Ox;
4/ = Z (&Bi * Oz, 89@) d; (29)
i#]
As f =0 then we must have df = 0 and so for each du;
of  Of 0x;
of
Ox; ox;
axi T (31)

Ox;

as desired.

2.4 Chain Rule for Three Variables
Given arelation f(z,y, z) = 0 that implicitly defines z, y, z, as x = z(y, 2), y = y(z, 2), z = z(x,y),

let’s show that for %, g—i, % # 0 that

Ox 0y 0
groYyoz _ _ (32)
0y 0z Ox
which is contrary to naive expectations.
We use the result of section 2.3 that given f(z;) = 0 that
of
81Ej Jr;
gn o (31)
v 8£Bj

So we define f(z,y,z) = 0 that implicitly defines = = z(y, 2), y = (x, 2), and z = (z,y). We then

have
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oroyo: G (EN(E (X
oy0:05 Y (‘) (?) (‘ - .

as desired.

2.5 Even/Odd Symmetry Implied Derivative Conditions

Let there be a function f(x,z;) with the symmetry f(z,x;) = f(—z,2;) where z and z; are
independent variables of f. Then we have (keeping z; variables constant)

9 f(r.r) _OMf(~rm)  0M (Of(aw)d-a\ _ ML (0f(nm)
OxM B oxM 8£CM_1( o(—x) Ox > 8xM—1( d(—x) ( 1)) ”

_ HWW _ (qym? af(_;fifi)

(:v ;)

Takmg = g(z,z;; M) we see

glx, 2y M) = (=) g(—, 25, M) (35)

and so we see that when M is odd then g is odd and when M is even then g is even.

Alternatively, let there be a function f(x,x;) with the symmetry f(z,z;) = —f(—=z,x;) where x
and z; are independent variables of f. Then we have (keeping x; variables constant)

S - Bl C=

_ oM f(—x,xi) _ oM f(—x, ;)
= e =T
(36)
Taking w = h(x,z;; M) we see
h(x, 25 M) = (=) h(—z, 25 M) (37)

and so we see that when M is odd then A is even and when M is even then A is odd.
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2.6 Stokes’ Theorem, Gauss’s Law Corollaries

<>
Let A be a vector, ¢ an arbitrary nonzero constant vector, and S a tensor. Take Stokes’ Theorem
for a surface S (with outward normal i enclosed by a closed curve C' [with d€ being a line element
along the curve ()

/dSﬁ-VxA:]{dﬂ-A (38)
S C

and Gauss’s Law for a volume V' (with outward normal fi) and enclosing surface S

/dVV-A:deﬁ-A (39)
1% S
<> <>
/dVV-S:%dSﬁ-S (40)
1% S
Then we have
/dV Vf:%dSﬁf (41)
v s
/dVVxA:?{dSﬁxA (42)
1% S
/dSﬁfo:]{dEf (43)
S c
/dS(ﬁxV)xA:}{dE X A (44)
S c
[asa-(Vrx Vo= fagr——farg (45)
S c c
The meaning of (i X V) X A is given in index notation as
(ﬁ X V) X A = elimeijknjakAm = nmﬁlAm — nlamAm =VA-u1—nV-A (46)

2.6.1 First Corollary

We begin with (41). We dot ¢ into the left side (using ¢+ Vf = V - (fc) — f¥~<¢ and defining
G = fc) and find

c-/vdvVf:/vdvc-w:/Vdvv-@:%gdsﬁ-%:c-jiﬁf (47)

G

e-(/vde—jiﬁf):o (48)

Since this is true for any arbitrary non-zero vector c, this means that the expression in parentheses
must be 0 identically.

Thus we can write
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2.6.2 Second Corollary

Now we handle (42). We dot c into the left side (using ¢+ V x A =V . (A xc)+ A-¥xT,
A-BxC=C-:A xB (for vectors A, B, C), and defining G = A x c¢) and find

c-/dVVxA:/ch-VxA:/dVV-(Axc):?{dSﬁ-(Axc)
v v \% T S

:j{dSCo(ﬁxA):C-j{dSﬁxA
S

S

é-(/dVVxA—]deﬁxA)_o (50)
14 S

Since this is true for any arbitrary non-zero vector c, this means that the expression in parentheses
must be 0 identically.

(49)

Thus we can write

2.6.3 Third Corollary

Now we handle (43). We dot c into the left side (using A-B x C = C- A x B (for vectors A, B, C),
Vfxc=V x(fc)— fMxT and defining G = fc) and find

c-/dSﬁX Vf:/dSc-ﬁx Vf:/dSﬁ-foc:/dSﬁ-Vx(fc)
S S S s

I
:fcde.(\fc;)/:c-]{cdff

G
é-</SdSﬁ><Vf—7€d£f):0 (52)

Since this is true for any arbitrary non-zero vector c, this means that the expression in parentheses
must be 0 identically.

(51)

Thus we can write

2.6.4 Fourth Corollary

Now we handle (44). We dot c into the left side (using c- (hx V) x A=01-V x (A xc)— [
AV~< — A - V€| and defining G = A x ¢) and find

c-/dS(ﬁx V)xAz/dSc-(ﬁx V)xA:/dSﬁ-Vx(Axc):de - (A xc)
S S S —— C ——
:fdﬁ xA-c:c-j{dE X A
c c
(53)

¢- dS (A x V) x A— ¢ de xA) =0 (54)
yl fae )

Since this is true for any arbitrary non-zero vector c, this means that the expression in parentheses
must be 0 identically.

Thus we can write
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2.6.5 Fifth Corollary
Now we handle (45). We use that Vf x Vg =V x (fVg) = Vf x Vg— fV¥.%xVg or Vfx Vg =

-V x (gVf) = —=Vg x Vf 4+ gV %xVf. Thus defining G = f Vg and H = —¢g Vf,
/del-(foVg):/dSﬁ-Vx(ng):}{dﬁ~ng:}{dgf (55)
s s ~—— C ~ c
G G
/dSﬁ-(fo Vg)z/dSﬁ-Vx(—gi):%dﬁ -—gi:—fdfg (56)
s s ~—— c haand c
H H
Here, we have used that d€- Vg = d¢€- % = dx -g—i = dg where d£ is simply dx along the curve
on C
C. Similarly, d¢- Vf = d¢€- % = dx -g—i = df where d¢ is simply dx along the curve C.

on C

2.7 Switching the Constants in Partial Derivatives

This is a slightly more tricky proposition, but is in fact not so terribly difficult. Consider a func-
tion f(xq1(t), xo(t), ..., z,(t),t) and then another equivalent relationship g(a;(t), ax(t),. .., ay(t),t).
That is f = g, and so we have relationships

zp(t) = xp(ay, as, . .., an,t) (57)
an(t) = ap(x1,29,. .., 2y, 1) (58)
for all n. Note that all the x; are independent of other x; for j # 4, and similarly a; is independent
of a; for j # i. Define x = (z1,29,...,7,) and a = (aj,as,...,a,). For convenience x/ =
(T1,...,@j-1,%j41,...,2,) and analogously a’ = (ay,...,a;-1,a;41,...,a,). Then we can write
f(x) = f(a) = g(a) = g(x) as these are all equivalent formulations. Then we can write the

differential forms as

df_il@i)ﬂ da; + (%{))(dt (59)
df = é (gfi)ai da; + (g—{)a dt (60)
da; = ; (gi;)ﬁj da, (61)
da; = j; (g;;)ﬂ da; (62)

Substitute (62) into (60) and we then have

[ 9f "/ da of
v 2 <aai>ai 2 (af"’j)xj it (E>a « (63)

[0 da; 0
=33 (@), ) o (@), =
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L da; of
-3 (2) (2) we(2) 0 o

= [(22) () ] (2)

where the last line uses tensor notation and is equivalent to the line before it. If we subtract the
original expression from (59) (note that we take i — j in (59) so we are dealing with the same dz;

in each case), we see that we get
of of of
() [3),- () J o

O0=df-df= Z [Z <af)ai (gz)x

because of the independence of the x; [and t], each differential coefficient must equal zero indepen-

dently. And so we find
af B " /of da;
(T%)xj B ; (aai)az‘ (8373'),(;’ (68)
af\ _ (9f
(5).- (&), o

There was nothing special about privileging x and so we could substitute (61) into (59) and we

then have
df = Z (&Ez) i (%)aj da; + (%{)X dt (70)
df = ZZ(@x,) (8$Z)aj da; + (g—{)xdt (71)

=1 j=1

v EEE)E e @ o

7j=1 =1

If we subtract the original expression from (60), we see that we get

oS50, (), (). e (), ()] o

because of the independence of the x; [and ¢], each differential coefficient must equal zero indepen-

dently. And so we find
af "/ of ox;
Z2) = 4
(aaj)aj ; (5$i)xi (aaj)aj (74

(4).- (),

What these say is that if we have a function that we can describe with two sets of variables x and
a, we can change equations with derivatives in x to derivatives in a using the rules in (68) and
(74) (with the partial time derivatives the exact same holding either x or a constant).
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In three dimensions with f(x,

of
(5

or

< ne

).
).
), ),

SIS
< S8 g

,2) = f(a,b,c) this can be written out completely as

D @) @), (@),.E), o

o

).@). @), @) GG,

() ) e,
>bc : (2;”) (%)b ' (%) (%)b (79)

SIS

of oy

). (@) ().,
of Yy

" (8_y)x,z (&) a,b

(), @), e
(@) &), e

You should recognize this as simply applying the chain rule, because that is all it is.
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Figure 1: Geometry with parameterized path s as dashed line.

3 Rankine-Hugoniot Conditions for Conservation Laws

Counsider a conservation law of the form

M) | g Fx) = sx) (82)

ot
We take region 1 to be the inside and region 2 to be the outside with the normal fi pointing from

1 to 2, now suppose we take a path integral along the normal from s; to sy (As = s9 — 51 — 0)
with s parametrizing the path across the 1-2 interface (s is in the i direction). See Figure 1. We

then have
S92 S92 PR 52
/ ds a“a(tx) +/ dsV-F(x):/ ds S (84)

S2 S2 s2

<>
We can parameterize u, S, and F such that they are functions of s (then V. — 11 - %). We then
see that

/ ds %u(s) +/52 ds ﬁ.%ﬁ(s) _ / ds S(s) (6)

S1 S1

S92 S92 S2
/ ds dyu; +/ ds n;0.Fj; = / ds S; (87)
S1 S1 S1

Now let’s integrate from ¢ to a short time later At. If the interface is moving at velocity viu
(which is wholly in the normal direction to the interface) then As /At = fi - vipy = NV ;. We
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t ‘/;nt

t+ At f--------

u; Uy

Figure 2: For integrating along s and t we see what values yield 1 quantities and 2 quantities.
That is, below Vi, we have 2 quantities such as uy and above the Vi, line we have 1 quantities
such as uj.

then see

t+At t+At ED) aF t+At S92
/ dz / dt’ —+ / dt’ / dr - 55 = / dt’ / dz S (88)
S1 S t S1
t+ At t+ At ED) t+ At 592
S1 t t S1 t S1

Because S should be a continuous function of s, as s; — sy gets very small, this contribution
becomes negligible and we find

/82 de (u(s,t+ At) —u(s,t))+/t+m at' - (‘Em £ — syt )) :/t”“ o (90)

S1 t
t+At

[ st a0 a0+ [ d g (Bl t) - Fisit) = | o o

S1 t

and so for small enough As and At we find these to be (see Figure 2)

As (u(s,t+ At) —u(s,t)) + At - (?(32, £) — F(s1, t)) —0 (92)
As (ui(s,t + At) —u;(s,t)) + At ny « (Fji(s2,t) — Fji(s1,t)) =0 (93)
Dividing by At yields with As /At = Vins + B = 7504
As > >
7 (u(s,t+ At) — (s, ) + - (F(SQ, £) — F(s1, )) —0 (94)
% (i, t + ALY — wg(s,8)) + 15 + (Fya(sa,) — Fra(s1,1)) = 0 (95)

We then see that u(s,t+ At ) is u; (the limiting value of u when going to the interface from within
1), and u(s,t) = uy = ug,; (the limiting value of going to the interface from within 2). Thus, with
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Fl = Fy j; and Ez = F; j; defined similarly, we see
o o
Wi Vi —wi v+ 0 (Fo—Fp)| =0
[ul,mjvint,j — Ug;MjVint,j + nj<F2,ji - Fl,ji)] =0
which using [f] = fo — f1 yields

<>
[[ﬁ' F —U(ﬁ’Vint)]] =0

<>
n-[F—vyu]=0

;[ Fji — Vi jus] =0

<>
Note that had we defined V - F = 0, F;; then the result would be

<>
[F—uvyy]-0=0

ni[Fij — wivins ;] = 0

(101)
(102)
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4 Jacobians and Metric Tensors For Common Coordinate
Systems

This appendix lists the most useful curvilinear coordinate system properties and transformations.
It covers (common) cylindrical coordinates, (plasma) cylindrical coordinates, physicists’ spheri-
cal coordinates, primitive toroidal coordinates, plasma toroidal coordinates, and general toroidal
coordinates.

There are in fact quite a few variations in chosen variables, but I have tried to define a consistent
set that are minimally confusing. My common cylindrical coordinates use (r, ¢, Z) with r axial
distance, ¢ the azimuthal angle, and Z the axial height. Mathematicians typically use (p, 0, z)
with p axial distance, 6 the azimuthal angle, and z the axial height. This notation is fine, but can
cause confusion later with spherical coordinates. The plasma toroidal coordinates use (R, Z, ()
where R is an axial distance, Z is an axial height, and ( is an azimuthal angle. Note that { and ¢
point in opposite directions so that (R, Z, () and (r, ¢, Z) are both right-handed coordinates and
the reason for the difference is that the (R, Z, () system can be easily translated into primitive
toroidal coordinates (R — r, Z — (, ¢ — #). The ISO standard for cylindrical coordinates is

(p, 0, 2).

Physicists’ spherical coordinates (r, 6, ¢) have r the radius, € the polar angle, and ¢ the azimuthal
angle. The mathematician’s spherical coordinates are also often given by (r,6,¢) but with 6
meaning azimuthal angle and ¢ the polar angle. This should be avoided as then (7,0, ¢) is not a
right-handed system. The logic is that mathematicians’ cylindrical uses 6 for the azimuth and they
want to keep it there. The problems are many because of this lack of uniformity. I will always only
use the ISO standard, which is the physicists’ notation. Physicists’ notation is also the only one
consistent with how spherical harmonics are compiled. That is spherical harmonics always use 6
as the polar angle, and ¢ as the azimuthal angle. If you are used to the mathematicians’ notation,
I would strongly recommend unlearning it and becoming comfortable with the physicists’ notation
because of the right-handedness and spherical harmonics advantages.

The various toroidal coordinate systems are mostly peculiar to plasma situations, though primitive
toroidal coordinates are fairly well known even in mathematics. They use (7,6, () with r the minor
radius, # is the poloidal angle, and ( is the toroidal angle. The other types of toroidal coordinates
are rarely used, even in plasma physics, and so are listed mostly for completeness.

Note that the metric tensor(s) from coordinate systems (x!, 22, 23) to (£, €2, £3) are given by the
relations

3
o' og? -
9" = 223 S = VeV (103)
3
0 K 896 8x Gx

k=1

with x = zX 4+ yy + 2Z as the position vector. For orthogonal coordinates, off-diagonal (i # j)
terms should be zero. Also note that ¢” = ¢’* and g;; = g;; and Zf’ 21 9i59" = 0.
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Also note that (for the J and J defined below)

1 ox O0x 0x
7 — _ox ox X 105
T=W = Ga v ve T onoe < oe 1)
J=]= Ve V& x Ve = Ve VET x Ve = VER V! x (106)

1.2 .3 ogl oz og3
‘75({;<x17x27x3) - g_g g_gécz % (107)

(é 75 75 ) dz3 923 923

0T 02 ogd

ogt ol ol

Jo g2 9 % B (108)

O(xt, 22, 23) g_g% gﬁ %
oxl 0z2 9z3
This follows from the fact that the determinant of a matrix is the volume of the parallelpiped formed

by creating vectors from the rows (or columns) of the matrix. The volume of a parallelpiped with
vectors ry, ro, r3 pointing from one corner of the parallelepiped has volume ry - ry X r3.

Unfortunately, || and |J| are often both called “the Jacobian”, and even more unfortunately
Jacobian can refer to the Jacobian matrix rather than the determinant of that matrix as | 7| and
|J| are.

It should be noted that for volume element dz'dz?da?, the transformed volume element for
integration is |J|d¢&t dg? dé3.
5 Generic Coordinate Conversion

Here let’s take a coordinate system, (£, €2, €3) which can be written out in Cartesian coordinates
(x,y, z) and assume we know

51 - 51(x7y7 Z) (109>
& =& (z,y,2) (110)
63 :§3<(L',y, Z) (111>

and assume it is invertible (In other words the Jacobian determinant |J| # 0 for this coordinate
system transformation)

x=uxz(E, &, (112)
y=y(£', &8 (113)
2= 2(¢),&2,6%) (114)
So we can then find
B B aérl 352 853
J_vgl-w?xvg?’_a—x-a—xx@—x (115)
7 S 1 B a_x ox ox (116)

§vex Ve oo og
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We can then form the covariant components of the metric tensor g;; = g—g‘i . % with x = xx+yy+2z
a position vector. Note we could write
x = (6% €)%k +y(€h, e, 8)y +2(¢1,€,6%)z (117)

and then we would have as components

2 2 2
_ [ (0x(£,€,8Y) ay(¢',€%,€%) 02(¢4,€%,6%)
gi11 = (( 851 >52’£3> + (( 851 >£2’£3> + (( 861 )527§3> (118>
a 2 a 2 a 2
- (3) + (2)'+ (%)
. (61:(51,52,53)) (0:6(51,52,53)) . (0y(£1,£2,€3)) (ayw,g?,@))
v 3 g’ eV ¢ gV g o¢” 'V ¢ gV g

n (52(61,52763)) (32(61,52,53))
3 ¢’ gk’ ¢ el v

with the ', ', k' not a sum but an even permutation of 1,2,3. Note that g1 is the same, but (118)
explicitly shows the objects held constant.

(120)

Note that we would find the tangent vector basis (sometimes called the “covariant” vector basis,
but remember this is not a great name) as

ox

e = 651 = a—gl (121)
9

e = ep = a—; (122)
9

05 = e = a—; (123)

with J = e; - e3 X e3. Then the tangent-reciprocal vector basis (again, sometimes called the
“contravariant” vector basis, but this is a poor name) as

el =ef = Vel (124)
e = et = V&2 (125)
e = e’ = Ve (126)

Remember we can use reciprocal relations so that [with (¢, ', k") an even cyclic permutation of
(1,2,3)]

Ox ox
ei/ _ Vé_z/ _ ej/ X egs _ ej/ X egs _ agj’ (%-k’ (??>
ey - ey X €t j ox , [ ox % ox
oe " \oe” < oev
8X e'jl X ekl -/ ’ ng/ X ng/
ey = = = Je x e = (7?)

0" e .el’ x e VE" . VeI x VER
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We can then form the contravariant components of the metric tensor ¢/ = e’.e/ = V&'- V&I, We
can define o' = x, 22 = y, and 2® = 2 for convenience, as well. Note we could write

2 2 2
11 agl(l',y, Z) 851(x,y, Z) 861($,y72)
9= (( o1 )) § (( oy )) * (( ) ) 12
851 2 851 2 851 2
()3
ox oy 0z
i 8£1<$1,$2,LE3) 851(1'1,33'2,1'3) a£2<l’1,x2,l’3) 852(1.1737271.3)
g a ( ox? )xj'@k’ ( Oz’ )xi/,x’“/ " ( oz )a}j,,xk/ ( Ox/' >zi/7$k/

+ - a0 - a
al‘l xj/,xk' axj ri’,rk/

(129)
with the ', j’, k' not a sum but an even permutation of 1, 2, 3.
Finally, I will list the Christoffel symbols via
1 [0gi  Ogjr  0Ogij
| A sk I 130
B {aga ot ok (130)
Il = g"Tu; (131)

and list the Christoffel symbols one at a time as a matrix. Thus Ff]f is listed for each k' as a matrix
M with entries M;; given by Ffj/

6 (Common) Cylindrical Coordinates

We have Cartesian (z,y, z) and cylindrical (r, ¢, Z) as our two coordinate systems. (0 < r < oo,
0<p<2m and —o0 < Z < )

We use the equations

r=at 4y (132)
tanp = 2 (133)
x
Z=z (134)
Thus, we find
rdr =zdr +ydy
z Yy . (135)
dr = —dz + =dy = cospdx + sin pdy
r r
dy —yd
sec? pdp = ijl‘#
d , xdy—ydx 2?2 xdy—ydr ady-—ydx cosy sjn(pd (136)
= cos = = — _ T
7 7 ? z? + y? x? 2 4+ y? r Y
dZ = dz (137)
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and so
o & cosp sing 0
or Ody 0z
J= 8(7159072) _ dp O O¢ _ __sing  cosp 0
- a( ) - dx 0 0z - r r
©Y,z 9z 9z 9Z 0 0 1
ox y 0z

cospcosy sinpsing 1

J =

T r T
Note that we then have

e =€ = Vr=cospVr+sinpVy

|Vr| =1
sin coS
el=e’=Vp=— r@Vx—ir L v/
) 2
sin“p +cos?p 1
IVMZ\/ > = -
r r
e =e?=VZ=Vz
|VZ| =1
So that
&' = &" =1 = cos pX + sinpy = < X+ 4 y
’$2+y2 ’I2+y2
&’ =8 =P = —sinpX +cospy = — Y X+ ‘ v
’$2+y2 /$2+y2
& =e"=7=3
The metric tensor is given by g = 377 _ g—ﬁ%. Thus

I =\ oz oy 0z

=cos’p+sinfp+0° =1

Oy 2 Op 2 dp 2
wp _ [ ¥ v i
g (a) +<ay> i (az

sin?  cos? g 1
e * r2 o= r2
2 2 2
gZZ - 8_Z + a_Z + a_Z
ox oy 0z
—0+0+1=1

_ordp orop  orde
Ordr Oydy 0z0z

—sinp COS ¥
r

e

+0=0

=cosy +singp
,
0z 007 ooz
Ox0r Oydy 0z 0z
= cos ¢(0) +sin(0) + 0(1) =0

(138)

(139)

(140)
(141)

(142)

(143)

(144)
(145)

(146)
(147)

(148)

(149)

(150)

(151)

(152)

(153)
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Thus

0907 0007 0007
Or 0r 0Oy 0y 0z 0z

—sinp Cos ¢

In the other direction we would use

and so

P (0) + <2 (0)+0(1)
1 0 0
¢7=10 % 0
0 0 1
T =TCcosp
Yy =rsinp
2 =17

dr = cospdr — rsinpdp
dy = sinpdr 4+ rcospdp
dz = dZ

0
e, =e, = (a—x) = cos @ sin  Vz + sin ¢ sin 8 Vy + cos 6
") o

and so we then have

0
ezzegza—};:rcosgpcosGVx+rsingpcos@Vy—rsinHVz
ox . . .
e3:e¢:%:—rsmgpsm&Vx—i—rcoswsm@Vy
9 oz ¢ cosp —rsing 0
L _ O@,y,2) b o % A
J=J"1= L= 3 2 Z | =] sing rcosp 0
or O 0Z

J =rcospcosp+rsinpsing =1

Note that we then have

X

y

V/

= cos ¢ Vr — rsin ¢ Vi = cos ¢pf — sin p@ =

= sin ¢ Vr 4+ 1 cos p Vip = sin ot + cos p@ =

= VZ =17

Ty
VAR
y . X
+
Ve ey

(154)

(155)

(163)

(164)

(165)

(166)

(167)
(168)

(169)
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The other metric tensor is given by g;; = 22:1 %—?%. Thus

(0 2+ dy 2+ oz 2
I =\ or or or
= cos? @ +sinp + 0% =1

Jpp = a(p 890 a(p

=r?sin® o +r?cos® p + 0 = 7

B % 2+ % 2+ % 2
922 =\ oz PV 07
—04+0+1=1

_ovor g0y | 0:0
Ire = oy Jdp Ordyp  Ordp

= cos p(—rsing) +sinp(rcosg) +0=10

_0z0z Oyoy 020z
92 =oroz " oroz " oroz

= cosp(0) +sinp(0) +0(1) =0

_Ozbz Oyoy 0z0z
Vo2 = 90072 T 0007z T 0p 0z

= —rsinp(0) +rcosp(0) +0(1) =0

Thus

gij =

o O =
o 3o
— o o

Thus we find for the Christoffel symbols that

L [Ogix | Ogjk _ 9gij

Thij = = | == ,

M9 | ogi T ogt T ock

0 0 0
FT’,Z']': 0 —T O

0 0 0

[0 r 0]
Flp,ij: r 0 0

0 0 0

[0 0 O]
Tzi;=10 00

0 0 0

and
Ffj:gklrl,ij

(170)

(171)

(172)

(173)

(174)

(175)

(176)

(177)

(178)

(179)

(180)

(181)
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T
r,

p

z

cCo o oo OO o

0 0
—r 0 (182)
0 0
10
00 (183)
00
00
00 (184)
00

7 (Plasma/Toroidal System) Cylindrical Coordinates

We have Cartesian (x,y, z) and cylindrical (R, Z, () as our two coordinate systems. (0 < R < oo,

—00 < Z <o0,and 0 < ¢ < 27)

We use the equations

R* = 2% + (185)
tan(—¢) = % (186)
Z =z (187)
Thus, we find
RdAR = xdx + ydy
x Y : ) (188)
dR = = dz + In dy = cos(—(¢) dx + sin(—(¢) dy = cos ( dz — sin { dy
9 rdy —ydx
—sec” (d(¢ = — =
5 yde —zdy 2?2 ydr—aody ydr—ady
d¢ = cos” p =y 7 " =" /7 (189)
sin(—() cos(—() sin ¢ cos ¢
= de — dy = — dxr — d
R T rR YTTRYTRY
dZ = dz (190)
and so
OR OR OR :
9z oy 02 cos¢( —sin¢ 0
g2 ARZO o o oz | _ | 0 1 (191)
oz, y, z) 9 I o _sin¢_cosC
ox Oy Oz R R
—cos(cos( sin(sin( 1
J__ _ S 192
(== 00y = 2 (192)
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Note that we then have

e! =eff = VR = cos( V& — sin( Wy

|VR| =1
9 sm( cos ¢
e?=e*= V(= Vz — V
(=-7% = VY
. 9 2
sin“( +cos?( 1
R
e=e?=VI=W2
|VZ| =1
So that
el = &% =R = cos (X —sin(y = Y y
\/x2+y \/ac2+y
A2 AC A . ~ . X ~
e =& =(=—sin(Xx —cos(y = X — vy
/$2+y2 /$2+y2
=8 =7 =1
The metric tensor is given by ¢ = S0 _ gﬁ; 3752. Thus

RR_%2+%2+%2
g_ﬁx dy 0z

=cos?(+sin’(+ 02 =1

ZZ_@_ZQ+8_22+0_ZQ
7 =\ ox dy 0z

—0+0+1=1
o\ [OC\®  [oc\?
¢« [ 2> ) >
g (aw) *‘(ay) *‘(az)
sin?@  cos?( 1
“m T TR

RZ _ OR0Z 0OROZ OROZ
+ =t —
or Ox dy ay dz 0z
= cos ((0) +sin¢(0) +0(1) =0
OROC ORO( OROC
R¢ _
g 8x8x+8y8y+8282
— sin 08
LIS
07 0¢C 07 0C 0Z a¢
zZ¢ _
g 8x8$+8y8y+8z82

— )75+ 0722 (10 =0

=0

= cos(

(193)
(194)

(195)

(196)

(197)
(198)

(199)
(200)

(201)

(202)

(203)

(204)

(205)

(206)

(207)
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Thus
10 0
g7=101 0 (208)
0 0 %
In the other direction we would use
x = Rcos( (209)
y=—Rsin( (210)
2=7Z (211)
e =e Ox cos ( Vr —sin( V. (212)
=€, = o = Xr — Sln
! IR ) ,. Y
ox
e=ez=o-= Vz (213)
e3:e<:g—§:—RsinCVx—Rcos§Vy (214)
and so
dr = cos(dR — Rsin(d( (215)
dy = —sin(dR — Rcos(d( (216)
dz = dZ (217)
and so we then have
Oz Oz Oz .
9R 0Z o cos( 0 —Rsin(
gy =@vE) o o 9 | = | —sin¢ 0 —Recos( (218)
IR, Z,() 9z 0= 02 0 1 0
OR 07 OC
J =—(—Rcos(cos( + Rsin(sin() = R (219)
Note that we then have
N : S . 2 T s y o o2
X =cos( VR — Rsin(V( =cos(R —sin(( = ———=R + ——— 220
. . 4 . (/RN T
= —sin( VR — Rcos( V( = —sin(R — cos (( = ———=R — —— 221
y ¢ (Ve ¢ =R o )
7=V7Z=1 (222)
The other metric tensor is given by g;; = 22:1 %—’gf%. Thus
(0N (YL (Y
IRE =\ R OR OR (223)
=cos?( +sin*¢+ 0?2 =1
(0N (00, (02
922 =\ oz 07z 07 (224)
=0+0+1=1
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_8x2 8y2 02\ >
9@‘(&9‘*&%)*(59

(225)
= R%sin? 4+ R*cos®( + 0 = R?
_dwdr oy oy 0:0:
IRZ2 = 9R0Z T 9ROZ ' OROZ (226)
= cos ((0) + (—sin¢)(0) +0(1) =0
_dwor  oydy 0= 02
IR = BRAC T OROC T OROC (227)
= cosp(—Rsin() —singp(—Rcos() +0=0
_dzdw Oydy 920z
92 = 5z0¢ T azac T 9z ac (228)
= (0)(—Rsin¢) + (0)(—Rcos¢) 4+ (1)0 =0
Thus
10 0
gj=101 0 (229)
00 R
Thus we find for the Christoffel symbols that
1 | Ogix 093’1: 591’3’
D) = — ' AR 230
S {ag o¢ ok (230)
[0 0 0
I'ri;=1(0 0 0 (231)
0 0 —R
[0 0 0
Tzi;=10 0 0 (232)
0 0 0
0 0 R
Teij= 10 0 0 (233)
R 0 0
and
Il = g™y (234)
(0 0 0
rE=10 0 0 (235)
0 0 -R
(0 0 0
I%Z=10 0 0 (236)
0 0 0
(0 0 %
IS, =10 0 0 (237)
L oo
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8 (Physicists’) Spherical Coordinates

We have Cartesian (z,y, z) and spherical (r,6,¢) as our two coordinate systems. (0 < r < oo,
0<0<m 0<p<2m)

We use the equations

rP=a®+y+2° (238)
/72 1 a2
tan = VY & cosf == (239)
z r
tan p = Y (240)
x
. z z z24y? . .. .

Thus, we find (using ¥ = T T cos psin @ and similarly for y and that z = rcos# so

that /22 + y? = rsind)

rdr=xdr+ydy + zdz

(241)

dr = de%—gdy = Edz:cosgosin(‘)dx+singosin@dy—|—cos€dz
r

zxdz+zydy \/mdz
x2 /2 2
sec?0df = VEE = < dx + Y d Ty dz

— — 4y
/2 2
r2\/z2 + o2 r2\/z2 + 42 r (242)

(rcosf)(rsinf cos @) d + (r cos 0)(r sin f sin ) qu_ " sin 0

df = dz
r3sin 6 r3sind r?
_ cos ¢ cos 6 dr 4+ sin p cos 6 dy — sin 6 &
r r r
dy —yd
sec? g — L =y dr
x
dgpzcoszgoxdy_ydx: x? xdy—ydx:xdy—ydx: sin Qo Cosgo dy
x? x2 + 92 x? x2 + 92 rsin 6 7“ sin 6
(243)
and so
% % % cospsinf sinpsing cosd
J— 3(7‘,‘9, SO) _ % g_ ? _ cos g cos 6 sin ¢ cos 6 __sin@ (244>
8(1’7:% Z) é ﬁ ﬁ 7sz1an<p coggo OT
ox Oy 0z rsin 0 rsin 0
7 sin 6 cos o sin cosyp smgpsmH_Sl © 4 cos0 cos @ cos cos p B sin ¢ cos  — sin
r rsin 6 rsin 6 r rsin 6 r rsin 6
(245)
sinf cos? p +sin*p  cos?f 9 9 sin® @ + cos? 0 1
= coS si == = 246
r r + r2sin 6 ( ot sin SO) r2sin 6 r2sin 6 (246)
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Note that we then have

e =€ = Vr =cosysinf Vz + sin psin Vy + cos 0 Vz

|Vrl =1
s 8 cos @ cos 0 sin ¢ cos 6 sin ¢
ee=e"=VI=—-"—"-Vr+ Vy — Vz
r r r
Vo] = \/(coszgo+sin2<p)cos26+sin26 11
B 72 V2
e’ =e= Vp=— ik Vzx + ek Vy

rsind rsind

V| = sinp+cos’e [ 1 1
A r2sin?d  \ r2sin?@  rsind

So that
&' =& =1 = cos psin 6% + sin psin By + cos 6z
2=e"=0= oS  cos 60X + sin p cos 0y — sin 07
&% = &% = p = —sin X + cos Py

The metric tensor is given by ¢ = i:1 gf; %. Thus

Tr_@2+&2+@2
g_ax oy 0z

= cos? @sin? @ + sin? psin? @ + cos? 6 = 1

99_%2+@2+@2
g_(?a: dy 0z

2 2 .9 2 .9
cos“pcos“fd  sin“pcos“f  sin®f 1
d + 27 + =

2 2 2 2
gWP — a_go i -+ 8_(,0 i —+ 3_§0 i

ox dy 0z

sin? ¢ cos? ¢ 1

"~ r2gin%0  r2sin?6 - r2sin’ 4
o _0r00 0roo  oron
0z dx  Oydy 020z

0 i 0 —sinf
:cosgosinﬁ—cossocos +Sin¢sine—smgocos + cos 6 i =0
r
o 0rde _0rdp  0r0p
Ordr Oydy 0z0z
zcosgosinﬁ_s_mgo —i—singosin@co,w +cosf(0) =0
0 rsin 6
000 0800 900y
Ordxr Oydy 0z0z
0 — si i 0 —sinf
_ Cospcos s.lng0+sm<pcos cgsgo N sin (0) = 0
r rsin 6 r rsin 6 r

(247)
(248)

(249)

(250)

(251)

(257)

(258)

(259)

(260)

(261)

(262)

©K. J. Bunkers 28 of 60 Updated April 3, 2020



Kyle Bunkers Math Proofs

Thus
10 0
¢?=10 % 0 (263)
0 0 r2 siln2 0
In the other direction we would use
x =rcospsind (264)
y = rsinpsinf (265)
z =rcosf (266)
ox . : .
e =e, = |— = cos @ sinf Vo — sin g sin 6 Vy (267)
or 0.0
ox . :
e =ey =55 = rcos pcos Vr + rsinpcosf Vy — rsinf Vz (268)
ox . . .
egzew:%:—rsmgpsm@Vx—krcompsmHVy (269)
and so
dz = cospsinfdr + rcospcosf df — rsinpsinf dy (270)
dy = sinpsinfdr 4 rsin @ cos 0 df + r cos ¢ sin f dy (271)
dz = cos@dr — rsinfdo (272)
and so we then have
(. y, 2) or 90 g cospsin® rcospcosf —rsinpsing
J=J"1="12"— % % E% = | sinpsinf rsingpcosf rcosesinf (273)
o(r,0, ) 0z 0z 0Oz cos —rsiné 0
or 00 Oy
J = cos @ ((rcospcosf)(rcospsinf) — (—rsin@sin ) (rsin ¢ cos §))
— —rsinf ((cos psin@)(r cos psinf) — (—rsin ¢ sin #)(sin @ sin 0)) (274)
=r2cos?fsinf + r’sin® 0 = r?sin
Note that we then have
X = cos psinf Vr + rcos p cos 8 VO — rsin ¢ sin 8 Vi
= c0s @ sin O + cos @ cos #O — sin Y@ (275)
T R Tz ~ Yy N
= r+ 0 — @
V2 + 2+ 22 a2+ 22 a4y
v = sin psin @ Vr + rsin ¢ cos 0 VO + r cos ¢ sin Vi
= sin @ sin 6F + sin ¢ cos 00 + cos ) (276)

Y N Yz i z a
= I+ 0+
/x2+y2—|—z2 \/x2+y2\/x2+y2+z2 /x2+y2cp
7 = cos O Vi — rsin @ VO = cos OF — sin 00
~ \/$2+y2 é (277)

z

r
VL S T SRVl S Tl
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The other metric tensor is given by g;; = 22:1 028 02" g

dET eI
Grr = or or or

= cos? @psin? @ + sin? psin? @ + cos? 6 = 1

00 = \ 90 90 90

= r? cos® gpcos 9—1—7“ sin? (pcos 20+ r?sin®0 = r

%
I
= r?sin? psin 0+7‘ cos? @sin® § = r?sin? 0

_0z0z  Oyby  0z0z
90 = 5,00 " oro0 " or oo

2

= cos @ sin §(r cos p cos 0) + sin p sin O(r sin p cos 0) + cos O(—rsin @) =

Oxr dr Oy 8y 0z 0z

Ire = By &p o or &p *or or &p
= cos @ sin O(—rsin ¢ sin 0) + sin @ sin O(r cos psin f) + cos(0) = 0

Oxdx Oydy 0z0z

9= 9605 9600 90 0p

= 1 cos  cos f(—rsin psin @) + rsin ¢ cos O(r cos p sin ) + —rsin 0(0)

Thus
1 0 0
gij=10 r? 0
0 0 r2sin?6

Thus we find for the Christoffel symbols that

T — 1 i Ogjk _ 99i
Mo g T gt T gk
0O O 0
Fr,ij =0 —r 0
_0 0 —rsin®fd
0 r 0
o= |r 0 0
[0 0 r*sinfcosf
[0 0 rsin? 6
Luij = 0 0 r? sin 6 cos 0
o sin?@ r2sinfcosb 0
and
Ff} = g"'T;

=0

(278)

(279)

(280)

(281)

(282)

(283)

(284)

(285)

(286)

(287)

(288)

(289)
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0 0
—r 0 (290)
0 —rsin®f
1 0
0 0 (291)
0 —sinfcosb

I =

)

g

0 1
0 cotd (292)
cotd 0O

Iy =

ij

iy
>
|
T, O OIRO OO O

9 Primitive Toroidal Coordinates

We have Cartesian (z,y, z) and primitive toroidal coordinates (r,6, () as our two coordinate sys-
tems. (0 <7 <o00,0<6<2m and 0 <( < 2n)

We use

r? = (R — Ry)? \/:1:2 + 42 — Ry)? (293)

z
tanf = 294
R—Ry \/xz—l—y — Ry (294)
tan(—¢) = % (295)
=2+ y? (296)
(297)

where \/z3 + y3 = Ry > 0 is a given constant.
Thus, we find

(¢ﬁ:—_3)(%%%?)+m@z (J@azs_RQ(ﬂ%%Q+z@
N VAT Rop 42
\/Z?TyQ)(xdx+ydy)+zdz

ST Rt

_ (R—Ro)cosfdx_ (R— Ry)sin(
r r

= cosfcos(dr — cos(sin(dy +sinfdz

dr =

(1-

dy + sinf dz

(298)

xdz+yd
(Vr?2+y*>— Ry)dz — = T—iyf

(V22 +y?— Ry)?
xdx-‘,— d
(Va2 +y? — Ry)dz — \/ﬁyyy
(VTP Rop + 2
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_ _cos(sind dr + sin ( sin 6 dy + cos &
r
rdy —ydx
sec?(—¢)(—dg) = T
ydr —xdy Yy x
d¢ = cos? = — d
sin cos ¢
=— dx — d
R R Y
and so
or Or Or . .
% ou  Bs cosfcos( —cosfsin( siné
J= 8(7’,9, C) _ & g_ & _ —cos(sin@C sin ( sin 0 C cos
8(m,y,z) g_% g_?é % _sﬁn( _c%s( 6
or Oy 0z R R

L —cos(sinfl ,—cos(, sin¢sinf, —sin(
J—sm@( " ( I ) — . ( 7 ))

cos 6 —cos(

<cos 0 cos (( 7

sin?@  cos?6 1

rR + rR  rR
Note that we then have

)~ (Ceostsing) ()

é =¢&.= Vr =cosfcos(Vx —cosfsin( Vy + sinf Vz

|Vrl =1
cos (sinf sin ( sin 6 cos 6
é2:é9:V9:—§—Vx+C—Vy+ Vz
r r r
cos? ( sin? § + sin® ¢ sin® @ + cos2 @ 1 1
r? r2 r
sin cos
é3=¢6 = V(= — R§Vx— R€Vy
Wd_\/sin%ﬂos?g_ 11
B R2 - VR2 R
So that
€ =&, =1 =cosfcos(X — cosfsin(y + sin 0z
8y =8 =0= — cos ( sin 0X + sin ( sin 0y + cos 0z
&3 = €, = é = —sin(X — cos(y
The metric tensor is given by ¢ = 377 _ g—ﬁ%. Thus

TT_&2+%2+&2
I =\ oz dy 0z

= cos? @ cos?  + cos?fsin® ( +sin?H = 1

(301)

(302)

(303)

(304)

(305)

(316)
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99_%24_@24_@2
g_am dy 0z

cos’(sin®f  sin?(sin?6  cos?d 1
+ + —

r2 r2 r2 r2

ac\?  (9C\?  [o¢)?
#=(a) +(5) * (5)
sin?(  cos?¢ 1
TR OB
o Orodd orod  Ordl
= 5eon t oyay " 520

— cos ( cosf——"—— cosf sin 0 — sin ¢ cos Q—SIHCSIHH + sin 9C0:9 =0
e Oro¢  0ro¢ orog
Ordxr Oydy 0z0z
:COSCCOSH_SIHC—SinCCOSQ_COSC—f—SinQ(O):O
000¢ 000¢ 000C
geC:__ — = >
Jrdx Oydy 0z0z
~ —cos(sinf —sin¢  sin¢sinf —cos( cosf
B r R r R (0)=0
Thus
B 1 0 0
g?=10 % 0
0 0 &
In the other direction we would use
x = Rcos(
y=—Rsin(
z=rsinf
R — Ry =rcosf

or combining, if we so wish

x = (Ry+ rcosf)cos(
y=—(Ry+rcosf)sin(

z=rsind

e =ep= (%> = cosfcos( Vr —cosfsin( Vy +sinf Vz
0,¢

or
€ =€y = % = —rsinfcos( Vx + rsinfsin( Vy + rcos 0 Vz
e; =€ = g—)g = —(Ry +rcosf)sin( Vo — (Ry + rcosf) cos( Vy

(317)

(318)

(319)

(320)

(321)

(322)

(331)

(332)
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and so

dz = cos(dR — Rsin(d¢ (333)
dy = —sin(dR — Rcos(d( (334)
dz =sin@dr + rcos 6 db (335)
dR = cosfdr — rsinfdf (336)
dx = cosfcos(dr —rsinf cos(df — Rsin( d¢ (337)
dy = —cosfsin(dr + rsinfsin(df — Rcos(d¢ (338)

and so we then have
or Ox Oz

B(z,y, 2) or 90 o cosfcos( —rsinflcos( —Rsin(
J=J"'= ALY2 _ % % g—g = | —cosfsin( rsinfsin( —Rcos( (339)
a(r,0,¢) 9z 0z 0z sin 6 r cos 0 0
ar 96 o
J =sinf ((—rsinf cos ()(—Rcos() — (—Rsin()(rsinfsin())
—rcosf (cos B cos((—Rcos() — (—Rsin()(—cosfsin()) (340)

= rRsin’0 + rRcos’ = rR
Note that we then have
X = cosfcos(Vr —rsinfcos( V8 — Rsin( V(

= cosf cos (F — sinf cos (O — sin (¢

(R—Ry)x,. zx s Ya»
_ addy BN 341
R R RS (341)

r— 0+
V2 + /a2 + 2+ 22 a2y 2 + oy + 22 \/mc
Vv = —cosfsin( Vr +rsinfsin( V8 — Rcos ( V(
= — cosOsin (F + sinfsin (0 — cos ¢¢

B-Boly, yz4 76 (342)

rR rR R
_ WPty Ry . yz 6 r¢
\/x2+y2\/x2+y2+z2 \/x2+y2\/x2+y2+22 \/m
Z =sinf Vr 4+ rcos 0 VI
= sin OF + cos 0O
_ BT (343)

r r
z A+\/$2+y2—R0é
iy
V2 +y?+ 22 V2 +y?+ 22

The other metric tensor is given by g¢;; = 22:1 %—’2’;%. Thus

g = (Z—) ¥ (?) ¥ (2—) (344)

= cos? @ cos® ¢ + cos? @sin? ¢ +sin? 0 = 1
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w-(3) + (5) + (3) o

= r2sin% 0 cos® ¢ + r?sin® Osin? ¢ + 12 cos® O = 12

ox\? oy \° 02\°
we=(5) + (5t) (%) (3140
= R%*sin*( 4+ R*cos* ¢ + 0 = R?
OxOx Oydy 0z0z
9= e o0 " oron " or o (347)
= cosfcos((—rsinfcos() — cosfsin((rsinfsinC) + rsinfcosd =0
OxOx Oydy 0z0z
9= arac T arac T arac (348)
= cosfcos((—Rsin() + cosfsin (R cos ¢ + sinf(0) = 0
Ordx Oydy 0z0z
<= Baac " aaac T asac (349)
= —rsinfcos((—Rsin() + rsinfsin((—Rcos() +rcosf(0) =0

Thus
1 0 0
9ij = 0 7"2 0 (350)
0 0 R?
Thus we find for the Christoffel symbols that
1 [0gix  Ogjx  0gij
| . AR 351
=3 o+ e o (351)
[0 0 0
Fr,ij =10 —r 0 (352)
0 0 —Rcost
[0 r 0
Lyij r 0 0 (353)
[0 0 rRsind
[0 0 Rcost
Leij = 0 0 —rRsinf (354)
| Rcost) —rRsinf 0
and
Il = g"Tu; (355)
[0 0 0
=10 —r 0 (356)
0 0 —Rcost
[0 % 0
0
=10 0 (357)
0 0 Zsing
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0 0 e
M=|o0 o —ri (358)
cosf _ rsind 0
R R

10 Plasma Toroidal Coordinates

We have Cartesian (z,y, z) and plasma toroidal coordinates (¢, 0, ¢) as our two coordinate systems.
(1 <y <o00,0<6<2m and 0 < (< 2m)

We use
T
x—aw_cosecosC (359)
Y
y aw_cosesmg (360)
sin 6
- 1
z a¢_COS8 (361)
which means
el_ew_(ﬁ_x) _ acos((1 —1cosh) - asin (1 — 1 cosh) vy asinf v
N )y Y2 — 1(¢ — cos 0)? Y2 — 1(¢ — cos 6)? (1) — cos )
(362)
5 . T e B
e2:e6:8_x:_a\/@/) 1cos(sm€vx_a\/@/) 1s1n(sm0vy+a(1/zcose 1) Ve (363)
00 (¢ — cosf)? (1) — cosh)? (1 — cos 0)?
fd? — 1 /2 — 1
oy me = X Wl eVl (364)
oC 1 — cos 1 — cos @
Taking (define 3 = % and v = % where 72 = 2?2 + y? + 2?2)
Pyt P —14sin’0 Y —cos’d (¢ + cos0)( —€osd) )+ cosf (365)
a? a2 (¢ — cos0)? N (1 — cos 0)? N (¥ —cos@)? 9 —cosb
—cosf(1+ =
’ coi (Tja):>¢2=760829 (366)
y_ VPTG VPET g VPR 36
z  siné sing = sinf /22 42 z ~ sinf (
e +y
2
.2 < 2 .2
_ — 1) =B[(1 - 1
20 = (02— 1) = Bl(1 — st 0)y — 1 (368)
—1) 4a?z?
o 1448 (—a?+a?+y2)% + 2(a + 2% + y2)22 + 24 (369)
sinf = 202 (370)
\/(—a2+x2+y2)2+2(a2+x2+y2)22—|—z4
o= 1+72/a*\” - 4a’2?
= _1—r2/a2 (—a2+a:2+y2)2+2(a2+x2+y2)22+24 (371)

B (a2+m2—|—y2+z2)2
9,2 (a2+x2+y2)+(—a2+x2—|—y2)2+z4
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Thus we can rewrite our expressions as the ugly

(a® + 2% + y* + 2)°

2 372
v 222 (a2 + 22 + y2) + (—a2 + 22 + y2)° + 2 (372)
1 2.2
sin? @ = fy—1) = da”z (373)
1 + ’Yﬁ (—CL2 + l’2 + y2)2 + 2(&2 + ZL’2 + y2)22 + 2’4
tan¢ = 2 (374)
x
So we find
_ 2 _ : 2 _
dp = acos((1 —1cosb) d¢_a\/¢ 1cosC51n9d9_a\/@/) 1sin(d§ (375)
% — 1(1h — cos 9)? (1) — cosh)? 1) — cosf
in((1— 0 2 —1si in 6 21
asin (1 — 1 cos @) ddb — a~/ sm(;m d9+a\/¢ cos € d¢ (376)
2 — 1(¢p — cos 0)? (1 — cosb) 1) — cos
4y = o8 0(yp — cos @) df — sin O( dyp + sin 6 db)
B (¢ — cos0)?
. (377)
sin 6 i + Yeosh — 1 40
= —QqQ— _—_—
(1) — cos )2 a(¢ — cos 6)?
We of course then have
o9 o OY
—_ 09, 0,Q) % W %
J=F = ——20=1 5 & o
d(x,y, 2) & %
or Oy 0z
vV Y2—1lcos¢(1—tcosf) +/9¥2—1(1—1cosf)sin( _(1112—1) sin 0 (378)
_\/w2flllcos§sin6’ _\/1p27?sinCsin€ ¢COSZ,1
(cos 971/(11) sin ¢ cos C(wfcos 0) 8
ay/P2—1 ar/9P2—1
1 (¢ —cosf)?
J=—="""""7 379
Lo (379)

Because of the ugliness of calculating g directly, I use the results of g;; below (414) and invert it
to find.

@ = D@ — cos0)?] 0 0
g7 = 0 (¢ — cos 0)? 0 (380)
0 0 (¢ — 1)(x) — cos 6)?

We can now note that

el =¥ = V= Vi —1(1 —wcose)coscvx_i_ V2 —1(1 —¢cos€)sin§vy_ sin 0(¢y? — 1)

a a a

Vz

(381)
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(¥? —1)(1 — ¢ cosf)?cos® ¢ + (Y2 — 1)(1 — ¢ cosf)?sin® ¢ + (¢? — 1)%sin? 0

| V| = >
a
(¥? —1)(1 = cos6)? + (¢? — 1)?sin® 0
— =
(2 — 1) [f — 2¢ cos O + P*ces’ + ¢? — PpFees?f — I + cos? 0]
— —
(= 1) — cost)?
P
(382)
T 1(4) — cos b
vy = Y1 cosh) (383)
02— of - U — _\/wQ — lacosCSiDG Vs + _\/1#2 — 1asin§sin9 Tyt ¢cosa0 —1 v (384)
, (P2 —1)cos®sin® 0 + (¢ — 1) sin® ¢ sin® 6 + (1 — tp cos 6)?
Vo2 = . -
@ =1)sin® 0+ (1 —¢cosh)? (¢ —cosb)?
B a? B a?
— 0
v = L cost (386)
0 — i — 0
e3 — eC — VC _ (COCSL\//wQLzS]l-nC VZL' + COSGC\(/lbe_Cols ) Vy (387)
VP = (¢ — cos0)%sin® ¢ + (¢ — cos )% cos? ¢ _ (1 —cos 6)? (388)
207 1) 22 1)
1 — cos
| V| = PN/ (389)
o 0w o acos ¢ (1—1 cos 0) _a Y2—1cos(sin@ _a P2 —1sin¢
eun BB E] | RSN e
J = J_l = 97/ ﬁ a—g 8_1({ = asin ¢(1—1 cos 9) _a\/TﬁQ—lSiHCSine an/Y2—1cos(
a(% 07 <) 0z 0z 0Oz \/1/;2—1(11;—0050)2 (—cos 0)* $—cos
oy 90 A —asing a(tpcosf—1) 0
(1p—cos 6)2 (p—cos 6)2
(390)
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~ —asinf ar/9P? — 1cos(sinf ar/19? —1cos(  ar/9? — 1sinCar/1¥? — 1sinsinf
J = () —cos )2 \ (1 — cos 0)? Y —cosf i —cosf (¢ — cos )2
B a(pcosf —1) [ acos((l —1cosl) ar/9? —1cos( B —ay/¥? — 1sin¢ asin(1 — 1 cosh)
(¥ —cost)* \ /2 —1(xp —cosf)? ¢ —cost ¢ —cost % — 1(¢ — cos 0)?
_ a® sin® 0(¢y? —

g (st i)

a®(1 — 1 cosf)?

+ (0 cos0)F (cos ¢* +sin® )
3
— m ((¥* —1)sin® 6 + (1 — ¢ cos6)?)
a3 3
:(w—c0395<(¢2 )(1 — cos?0) + 1 + 21 cos O + 1)? cos 0) (w_aTe)g)(@Z}2+2wCOSO+COSQQ)
_a® (P —cosh)? a?
(¢ —cosB)5 (i —cosh)3
(391)
Note that we then have (using (381) and the following)
. acos((l—cost) a/1? — 1 cos (sinf ay/P? —1 |
T 2 — 1(1) — cos )2 Vi - (¢p — cos6)? Vo= 1 — cos @ SinG Ve (302)
_ cos Cdgl_—cqoﬁsceos 9)7/3 VY - jizzgsmﬁ 5 sincé
g = asin (1 — 1 cosb) Vi — a\/1? — 1sin(sin 6 o+ ar/ % —1 cos ¢ V¢
2 —1(tp — cos)? (¢ — cos 6)? 1 — cosf (393)
_sin Czil_—czbsceos 0)17[3 VP - j:;r;gsm Qé T cos¢é
L sin 6 Pcosh — 1
“= —a(w — cos 6)? v a(w — cos 6)? v 304
__\/¢2—1sin9A ¢0059—1é (394)
N 1 — cosf ¥+ 1 — cos
The metric tensor is given by g¢;; = Zk ) %Ef g—g. Thus
_Ordr  Oyody 0z 0z
9= 555% T 500 T 0909 (395)
(I —4cosb)? (1 — ¢ cosh)? , sin? 0
Dot T D —costy " T G cond (396)
B (1 — 2 cosh)? sin (Y2 —1)  141?cos?d — 2¢ cosf + 1? sin® 6 — sin* 0
S W=D —cosO)t T (Y2 = 1)(¥ —cosO)t (¥? = 1)(¥ — cos6)?
(397)
cos® 0 — 2 cos O +Y* (¢ — cosf)? B 1 208
P = T )6 cond) (07~ D —cosh) (7~ (0 cosh)? (3
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_oz0z  Oyoy 020z
90 = 5000 T 96006 " 06 00

_ (@*=1)sin’0 (Y? —1)sin*6 ., (1 — ) cosh)?
(¢ —cos )t cosC o+ (¢ — cos 0)* i ¢+ (¢ — cos@)?
_ ?sin® @ —sin® 0+ 1 — 2 cos§ + Y?cos? 6 cos? O — 2 cos O + 2
B (1 — cos6)* B (¢ — cos6)*
(¥ —cosh)® 1
906 = (¢ — cos0)* (¢ — cos )2
_ Ozdx  Oydy 0z0z
%= Gcac T acac T acac
I et B -1 o W1
9¢¢ = (¢ — cos )2 sin” ¢ + (1) — cos 0)? cos”( = (¢p — cosB)?

_9z0z  Oydy 0920z
W= 5000 " ap o0 | oy oo

B 1 —1cosb cos ¢ B
W - 1(¢) — cos 6)?

V1?2 — 1(1) — cos 6)? .

VW? — 1sinf
(¢ — cos0)? cos6

(¢ — cos0)?

N ( 1 —1)cosh ) C) (—\Mﬂ_lsmesin()

i (w_—sizs&ev) <<ﬁcfscis_ e)l)

(Ycosf —1)\/y* —1sinf  sinf

Gy =

2 — 1(1p — cos0)4

(Ysinfcostd —1 0
(¢ — cosB)* B

_0vdr dydy | 00
=g ac T owac T oy ac

B 1 —1cosf cos ¢ B
A\ 2= 1(¢) — cos 6)?

N ( 1 —cost sinC) (vwzco—sl s C)

Wf—lw — cos0)?
“ (= anp) ©

1 —1cosf .
g¢,< = —mSIDCCOSC—f—

(v —

1 —1cosb
os0)

ssin¢cos( =0

_0z0z  Oyoy 020z
Y= B0ac T 90c " 98 ac

_ <_\/d}2—1sin9 C) (_ W_lsmg) . (_\/¢2—1smesmc
(1 — cos0)?

(1 — cos )2 s

() 0

1) — cos

(399)

(400)
(401)
(402)
(403)
(404)

(405)

(406)

(407)

(408)
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Goc = (Ef;:%;f (sin( cos¢ —sin( cos() = 0. (413)
Hence we have altogether
[(v* = 1)(v — cos )] 0 0
9ij = 0 (¢ — cos )2 0 (414)
0 0 (¢* — 1)(xp — cos )2

Thus we find for the Christoffel symbols that

1 [0gix | Ogji _ 9gi

r —sinf
o ety @D U
Fwﬂ'j — W O O (416)
i 0 0 0
B sin 0
oy 0 0
Tpij = 0 Tcost 0 (417)
(y*—1)sinf
i 0 0 (4—cos0)°
[0 0 0
—(1?—1)sin6
FC,ij =10 w? O) ) (1p—cos 6)3 (418)
—(9*—1)sin
_O (p—cos 6)3 0
and
Il = g"Ty; (419)
r —sin @
" fs(i)nG p—cos 6 0
Fz] — m 0 0 (420)
0 0 0
B sin 6
,|Tmeo o 0 Y
Fij = 0 Pp—cos 6 ( ) O) (421>
1p*—1)sin 6
L 0 0 p—cos
[0 0 0
—sinf
Fz'gj =10 7(‘) P 1—cos f (422)
_O p—cos 6 0

11 General Toroidal Coordinates

We have Cartesian (x,y, z) and plasma toroidal coordinates (7, 0, {) as our two coordinate systems.
(o0 < T<00,0<60<2m and 0 < (¢ < 27)
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We use
sinh 7
v aCOShT —cos 0 cos ¢ (423)
sinh 7
=g————— I 424
4 aCOShT—COSQSng (424)
in 6
L — (425)

cosh T — cosf

Note that we then have sinh 7 = /92 — 1 and cosh7 = \/1 + sinh? 7 = /92 = ¢ as a connection

to our previous coordinates (this would then restrict 0 < 7 < oo, which is actually nicer as it
removes the sgn(7) functions in some relations).

Thus we can rewrite our expressions as the ugly

(a®> + 2%+ 9>+ z2)2

cosh® 7 = 5 (426)
222 (a® + 22 +y?) + (—a? + 22 + y2)" + 24
—1 4 2,2
sinzg = 20 =1 _ @z (427)
1_‘_75 (—a2—i—a:2+y2)2+2(a2+:€2—|—y2)z2—|—z4
tan¢ = 2 (428)
x

These are so painfully ugly that we will calculate the Jacobian matrix via determining the results
the “other way” first and inverting the matrix.

Note that one can write

PP =2+ (429)

di = (p+a)+2° (430)

d3=(p—a)?+2* (431)

el = 2—; (432)

cosf = % (433)

So we find

e
dy =a (t(;hC:SE 7;5(5)86’)62 sin¢dr —a (cossillllf'l T_S:;Seg)Q sin ¢ d6 + aﬁ cosCd¢  (435)
e o0
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which means

o —o ox 1 —coshTcosd 0Vr 4+ 1 —cosh7cosf . (v asin @ sinh 7 v
=e, == =a cosOVr + a sin — 2
! N )y, (cosh T — cos 0)? (cosh T — cos 0)? Y (cosh T — cos )2
(437)
ox a sinh 7sin 6 cos ¢ a sinh 7 sin fsin cosfcosht — 1
62269:%:—( o 7 Ve > Vy+a 5 (438)
cosh T — cosf) (cosh T — cos ) (cosh T — cos 0)
ox a sinh 7 sin ¢ asinh 7 cos ¢
=e¢=—=——"Vr+ —=> 439
s =% ¢ cosh T — cosf x+cosh7—cose (439)
dz Oz Oz 1—cosh T cos 6 sinh 7 sin 0 sinh 7
. a( y Z) ? ? g a(tltosh ‘r}?cos 9)02 C.OSC _a(coqhg—cpsg)Q C?SC _acos.h ;—cos@
TR A A S Rl I 7 e
or 06 —a (cosh T—cos 6)2 (cosh T—cos 6)2 0
(440)
7 sin @ sinh 7 sinh 7 sin ¢ cos asinh T cos ¢
=— —a
(cosh T — cos 0)? (cosh T — cos 6)2 cosh T — cos 6
asinh 7sin ¢ asinh 7sin 6 sin
cosh T — cosf (cosh T — cos 0)?
cosfcoshT —1 (a(l — coshtcosf)cos( asinhTcos(
(cosh T — cos 0)? (coshT —cos#)?  coshT — cosé
N o
T — T —
a®sin? @ sinh® 7 9 . 9 a*(1 — cosh 7 cosf)? sinh 7 9 . 9
~ (coshT — cos )5 (cos™Csin”C) + (cosh T — cos #)° (cos ¢* +sin”()
3 qj h
= (cosi:il C(7)-S g ((cosh® 7 — 1)(1 — cos® @) + (1 — cos f cosh 7)?)
3 &3 h 3 o3 h
= i ST g (coshT — cos6)* = ( i SR T e
cosh T — cos cosh T — cos
Note that we then have (using (454) and the following equations)
1 — cosh 0 inh 7 sin ¢ inh
X=a COSHT €5 cosCVT —a SR TSI COSCVQ—asm—TSinCVC
(cosh T — cos 0)? (cosh T — cos 0)? cosh 7 — cosf (442)
1 — cosh 7 cost sinh 7 sin 0 N 2
_ p_ SIATSMY s — i
cosh T —cos 7 cosh 7 — cos cos (6 —sgn(7) sin ¢¢
1 — cosh 0 inh 7 sin 6 inh
Vy=a COSAT €08 sin( Vr —a PR 7 510 sinCVG—i—aLcosCV(
(cosh T — cos 9)? (cosh T — cos 9)? cosh T — cos @ (443)
_1—coshrcos€ o sinhTsinf . Cé+ (7) Cé
= coshr —cosf T T coshr —cosf SEINT 08
5 — : si}r:&s_inhTe)2 VT+G<COSiCOihT —9)12 o
cosh 7 — cos cosh T — cos (444)
sin @ sinh 7 cosfcosht —1 4

A~

— T
cosh 7 — cos @ cosh 7 — cos @
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The metric tensor is given by g;; = 22:1 %—?%. Thus

g Owdr Oyoy  0:0:
a?  Oror Oror OroT

1 — coshTcos@ 2 1 —coshtcosf . 2 —sin@sinh 2
= ( cosC | + ( sinC | + ( E

cosh T — cos 0)? cosh 7 — cos 0)? cosh T — cos 6

(1 —cosh7cos)? + sin®fsinh®7 1 —2cosh7 cosf + cosh® 7 cos? § + sin® @ sinh’ 7

(cosh T — cos 6)4 B (cosh T — cos 6)4
1 — 2cosh 7 cosf + cosh® 7 + sin® §(sinh® 7 — cosh®7) 1 — 2cosh T cos6 + cosh? 7 — sin® §

(cosh T — cos 0)* B (cosh T — cos #)*

cos?# — 2cosh7cos@ + cosh® 7 (cosh7 — cos 6)? 1

(cosh T — cos 6)* "~ (coshT —cosf)*  (coshT — cos )2

(445)
G _Ordx oyoy  0:0:
a2 Ot 00  Oro Orob

1 — coshTcos@ —sinh 7sin 0

= cos ( 5 COS ¢

(cosh T — cos#)? (cosh T — cos9)
1 —coshtcosf . —sinh 7sin 6

(cosh T — cos 9)? S (cosh T — cos )2 sing (446)

—sin@sinhT cosfcosht —1

(cosh T — cos 0)? (cosh T — cos #)?
(1 — cosf cosh 7)(sin 0 sinh 7) ,
N (cosh T — cos 0)* (cos™¢ sin¢ —1) =0

g Dwdr  Oydy  0:0:
a2 0rac  oraC | aroc

1 — coshTcosf sinh 7 i 1 —coshtcosf . sinh 7
= — cos sin
(cosh T — cos )2 2

(1 — coshTcosf) .
= (cosh 7 — cos0)? sin(cos((—1+1)=0

cosC+0

sin
cosh 7 — cos 0 (cosh T — cos0) cosh T — cos 6

(447)
wo _000r  Oy0y 020
a® 00060 0000 06006
—sinh 7sin 6 2 —sinh7sinf . ? cosfcosht —1 \?
- ((coshT — cos 0)? cos C) * ((coshT — cos 0)? S C) i ((coshT — oS 9)2>
sinh® 7sin*6 + (1 — cosf cosh7)?  sinh®7sin®6 4+ 1 — 2 cosh 7 cos § + cos? § cosh” 7
(cosh T — cos 6)4 B (cosh T — cos 6)4

sinh® 7sin? 6 + (1 — sin®0) cosh® 7 + 1 — 2cosh7cos @  —sin® 6 + cosh® 7 + 1 — 2 cosh 7 cos

(cosh T — cos 0)* B (cosh T — cos 0)*

cosh® 7 — 2cosh 7 cos@ + cos?  (cosh T — cos 6)? 1

(cosh 1 — cos 6)* ~ (coshT —cosf)*  (coshT — cosf)?

(448)

2
goc _0r0r  OyOdy 020z g3 _ (449)
2  900C  909C 909

©K. J. Bunkers 44 of 60 Updated April 3, 2020



Kyle Bunkers Math Proofs

g _Oadz  Oydy  0:0:
a2 9COC  OCIC IO

450
sinh 7 in¢ 2 n sinh 7 ¢ 2 40 sinh? 7 (450)
= —-——————s5in —————————COS =
cosh 7 — cos @ cosh T — cos 6 (cosh T — cos 0)?
Thus, we find
a2
(cosh T—cos 6)2 02 0
9ij = 0 (coshTa—COSQ)2 0 : (451>
0 0 a?sinh? 7
(cosh T—cos 6)2
We of course then have
or Ot Ot
T BN
Ox,y,2) | 88 o 5
ox . dy 0z (452>
cos ¢(1—cos 6 cosh 7) sin ¢(1—cos 6 cosh T) __sin@sinht
— __cos( s?n 6 sinh 7 __sing sian 0 sinh T cos @ cos% 7—1
(cos §—cosh ’T'sLCSCh 7sin¢  (cosh T—cos Q?CSCh T cos ( 8
_ 3
7 1 (COShT' cos ) (453)
J ad3sinh 7
This then gives us (utilizing (1 — zy)? + (1 — 2?)(y® — 1) = (x — y)?)
1 — cosf cosh in (1 — cos @ cosh in @ sinh
ol — o7 — v7_:cosC( cos f cosh T) varsmg( cos ) cosh 1) Vy+—S1n sinh7 (454)
a a a
|2 (1 — cosfcosh7)?cos? ¢ + (1 — cosf cosh7)?sin? ¢ + sin? @ sinh? 7
T =
a2
(1 —cosfcoshT)?+sin’fsinh*7 (1 — cosfcosht)?+ (1 — cos?f)(cosh’ T — 1)
B a? N a?
_ (coshT — cos)?
— p”
(455)

Vr| = cosh 7'a— cos (456)

02— of — Vh— _cos(sinfsinh T i+ _sin¢sinfsinh 7 Wy + cosfcosht —1 Vs (457)
a
,  sinh®7sin?# cos? ¢ + sinh® 7 sin? @sin® ¢ + (1 — cosh 7 cos 6)?
| VO|* = — s
sinh? 7sin?# + (1 — cosh7cosf)?  (coshT — cos#)?
h7 — cosf
V0] = cosh T — cos (459)
a

= o = V( = (cosf — coshaT) csch 7 sin ¢ Vs + (coshT — COSCLQ) csch 7 cos ¢ v (460)

VP = (cosh T — cos )2 csch® 7sin® ¢ + (cosh 7 — cos#)? esch® 7 cos? ¢ (cosh T — cos 6)?
B a? B a2 sinh® 7
(461)
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cosh T — cosf

(| = , 462
Vel a|sinh 7| (462)
Note that
h 7—cos 0)?
(cos Ta2cos ) 0 0
. _ 2
R 0 M 0 (463)
0 0 (cosh 7—cos 0)?
a2 sinh? 7
Thus we find for the Christoffel symbols that
T, = 1 gk Ogju _ 99i (464)
MiT g | ogi T ogt T ok
 —a®sinh® 7 —a?sin? 6 0
(coshT—cos6)3  (cosh T—Ccos 0)3
_ —a?sin? 9 a? sinh? T
Pr,ij | (coshT—cos6)3  (coshT—cos )3 0 <465>
0 0 a? sinh 7(cosh T cos §—1)
(cosh T—cos 6)3
a®sin? 0 —a?sinh 7 0
(cosh T—cos 0)3 (coshQT—c2os 0)3
_ —a“sinh 1 a® sin” 6
Fevij | (coshT—cos6)3  (cosh7T—cos )3 0 (466)
0 0 a? sin @ sinh® 7
| (cosh T—cos 6)3
B 0 0 a? sinh 7(1—cosh 7 cos 6)
(cosh T—cos 6)3
~a? sin Osi
e = 0 0 e (467)
a?sinh 7(1—cosh7cosf)  —q2sin@sinh? 0
L (cosh T—cos 6)3 (cosh T—cos 6)3
and
k ki
Uiy =97 T (468)
r —sinh7 —sin @ 0
cosh T—cos 6 cosh.Tﬁcos 0
T o_ — sin sinh T
Fij — | coshT—cosf  coshT—cos@ 0 (469>
0 0 sinh 7(cos § cosh 7—1)
L cosh T—cos 0
sin 0 —sinh T 0
0 cosh T—}fos 0  cosh T.—CGOS 0
_ —sinh T —sin
Fij | coshT—cos#  coshT—cosf 0 (470)
0 0 sinh 7 sin 0
L cosh 7—cos 6
i 1—cosh 7 cos 6
0 0 sinh 7(cosh 7—cos 0)
ng - 0 0 cos;jlilceos 0 (471>
1—cosh 7 cosé —sinf 0
| sinh 7(cosh7—cos@)  coshT—cos@

12 Differential Operators in Coordinate Systems

The following will show the gradient, curl, and divergence of quantities in various coordinate
<>
systems. To summarize, for scalar f, vector A, and second order tensor T we find

i Of
¢!

Vf=e (472)
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I will use that

0A N\
VA = ( 5 5]’“ A rk]> e (473)
v.oa-Lt? (T4 (474)
VR
E Gijk 814]
(V x A)F = 7 o (475)
PEY 1 ajTij i
V-T= (7 oE +Tlrg,> e; (476)
Vx%—eijke el(a + T, ) (477)
- j k af ip
A = A1) + A(2)8° + A(3)&° (478)
o 3
T = Z i,j)é'e (479)

to put vectors and tensors in their standard form (the basis vectors are the normalized tangent-
reciprocal basis vectors).

12.1

We use the right handed coordinates (r,

12.1.1 Gradient

(Common) Cylindrical Coordinates

0, 7). Here J =r.

First the gradient of a scalar is found via

Vf=¢€" 8f+ v f+e 297
or %) 0z (480)
— a_ff- af A @+ ﬁ 7
~ Or r 84,0 8Z
The gradient of a vector is given by
B _0A,  0A(r)
(VA)(r,r) = (VA),, = o = oy (481)
1 104, A, LO[rA(e)]  Alp)  0A(p)
(VA)(r¢) = T(VA) ror 2 r Or roor (482)
_ _0A;  0A(Z)
(VA)(r,Z) = (VA)z = == —5 (483)
1 1 [0A, A\ 0A(r)  A(p)
(VA)(o,r) = (VA), = 1 (G0 = o) = 2l - & (a5
1 1 0A, 10A(p)  A(r)
(VA)(p,0) = 5(VA)pp = (rAr o ) B , (485)
1 _10Az  10A(Z)
(VA)(9.2) = H(VA)z = 252 = 1220 (156)
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(VA)(Z,r) = (VA)z = 38127’ _ 52‘2)
(VAZ,¢) = ~(VA)z, = (6’5;) _ 2Aie)
(VA)(Z.2) = (VA)z, = 27 = 2212

As a matrix where rows represent the first index and columns the second index

OA(r) OA(p) 0A(Z)

or or ar
104017 Ale) 12A() | Al)  104(2)
r r r Oy r r  O0¢
OA(r) OA(p) 0A(Z)

0z 0Z 0Z

12.1.2 Divergence
The divergence of a vector is found by

~19(rA")  19(rA?)  10(rA?)
D P
_100AW) | 194(¢) | 0A(Z)

r  Or r Oy 07

The divergence of a second order tensor is found by

(v = (v Ty = 1 (A T ST e

_1opT( )] | 10T(pr) | 0T(Z,r) _ T(e )
o or r o dy 0Z r

<> <>
. _ LTV — o
(V-T)(p)=r(V-T) Tr o + 90 57

_0T(ry)  10T(p9) | OT(Z,¢)  T(r¢)+T(p:1)
or r o Oy oz r
_100T(r o) 10T(e,0) | OT(Z¢)  T(pr)
r or r Op 07 r
1 (8(7’TTZ) N o(r7#?) N 8(7’TZZ))

Wﬁ)(z):(v%)z:? or Oy 0z

10[rT(r, ¢)] N 10T (p, Z) N oT(Z,7)

r or r Ody 07

12.1.3 Curl

The curl of a vector is given by

1 (8(7“T“P) orT?) | 8(7’TZ‘P)) A

(V x A)(r) = (V x A) = % (% _ %) _ % (&;EOZ) - 8[7"(;42(90)]

Op 07
_104(Z) _0A(p)
o Oy 07

(487)

(488)

(489)

(490)

(491)

(492)

(493)

(494)

(495)

(496)
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(VxA)p)=r(VxA)P= (M 5Az) _ (GA(T) B aA(Z))

oz or oz or
B OA(r) B 0A(Z)
YA or

(V x A)(Z) = (V x A)? = % (8/1@ B OA,,) _ % <6[7"A(g0)] B OA(r)
)

10PAY)] 1040
o Or r Oy

The curl of a second order tensor is given by

1 T T T
(VX%)(/]”T):(V.:E‘))TT:;((? ZT‘_a <P'I‘)_ Zp

Op 0z r2
_101(Z,r)  0T(p,r) T(Z.p)
o Oy 07 r
< 0Tz, 0T,,\ Tz
¥ x B)ir) = 1w By, = (T - D) 4 T
102y 0T | T
r o 0y 0z r
~ 0Tz, @T[’DZ
v x By 2) = (v -y, = 1 (2 - G

10T(2,2)  9T(p,2)
S Oy 07

> > 1 /0T,, 0Tz,
— . P — _
(VxT)(p,r)=r(V-T)* Tr ( 57 o )

_ oT(r,r) 9T(Z,r)

0z or
o o 1 /0T., OTy,
T = LT == Y L
(VxT)(p,p) = (V-T), =~ ( 57 5 ) +

_OT(r,e) 0T(Z,¢)  T(Z¢)
07 or r

(V x T) (¢, Z) = (V- T)%, = % (3T1~Z aTZZ)

_OT(r,Z) OT(Z,%)

oz or

oz  or

(Vx%)(Z,r):(V-¥)i:1(%—%> &
T

Tz,
712

_l_

or Op r2
IT (e, r) 1 8T(r r)  T(r,p)
= +
or r r
(Vx%)(zﬂp): < 8TW_8TW> T e
or r r

0T(s0s0) 1(‘9T( ©) T(,)_T(W)
or r o Op T

(497)

(498)

(499)

(500)

(501)

(502)

(503)

(504)

(505)

(506)
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87“ 890

(V x TY(Z,2) = (V- T)%, — % (GT@Z 8TTZ>

_0T(p,Z) 10T(r,Z) (507)

87" r asp
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12.2 (Plasma/Toroidal System) Cylindrical Coordinates
We use the right handed coordinates (R, Z, (). Here J = R.

12.2.1 Gradient

First the gradient of a scalar is found via

_ rOf of | 9f
Vi=etopteiaz e ag
Of 4 f f »

= apR+oz2+ }_za_cc

The gradient of a vector is given by

(VA)(R, R) = (VA) g = 85]1%1% _ 313;3)

(VA)(R,() = %(VA)RC (% _ %) R(‘?[Rafgo] B A;C) _DA©Q)
(VA)(Z R) = (VA)z = 8 = 22U

(VA)(Z 2) = (VA)z, = 27 = 2212

(VA)(Z,Q) = £(VA)z = (%@) _ 240

(VA)(G B) = (VA)n = 7 (f’faic _ %) _ %Gg@ _AQ
(VA)(G.7) = +(VA)ez = (854}) _ %3‘2(?

(VA)((,Q) = Rz(VA) 1;2 (ARR 8524) :%agéo AS%R)

As a matrix where rows represent the first index and columns the second index

DA(R) DA(Z) DA(C)

IR a9 IOR,

DA(R) 0A(Z) 9A(C)

Z 07 07z
10408 a) 18z 1oad” am
R 0C R R 0C R 0¢C R

12.2.2 Divergence

The divergence of a vector is given by

1 O(RA™) 19(RA%) 10(RA)
R OR R 08Z R ¢

_ 1 I(RA(R)) iaA(Z)+0A(C)
R OR R 0Z ¢

V.A=

(508)

(509)
(510)

(511)

(512)
(513)

(514)
(515)
(516)

(517)

(518)

(519)
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The divergence of a second order tensor is given by

vy m) = (v e (L AP S s
R OR 07 ¢ (520)
_1ORT(R,R)) 0T(Z,R) 10T((,R) T(Q)
"~ R OR Y R o R
o e 1 (3(RTFZ)  9(RT??)  O(RT)
VR@ == g ( OR S ) (521)
_10[RT(R,Z2)] 0T(Z,Z) 109T(2)
R orR oz TR ac
=P B 1 (O(RTT) O(RT*) a(RT<<)> TR 4 TR
(V-T)(¢)=R(V-T) —RR< TR S —
_OT(R,Q) | 0T(Z,¢) | 19T(¢.Q) , T(R,()+T((,R)
~~9r "oz "R ¢ + R (522)
_ 1I[RT(R, Q)] n T(Z,¢) N 19T(¢¢) n T(( R)
R OR 0Z R O R
12.2.3 Curl
The curl of a vector is given by
_ r_ 1 (0Ac 0Az\ _ 1 (I[RA(()] 0A(Z)
(VX A)E) = (V x A) _R(az ag)_R( 07 B¢ ) (523
_9A(C)  10A(2)
T 9Z R &
(VxA)(Z):(VxA)Z:l(%—%)
R\ a¢ OR (524)
~19AR)  9A(Q)
R 9  OR
(V% A)Q) = RV x A) = 7 (88% —%)
525)
1 (0A(R)  9A(Z) (
"R ( 0Z  OR )
The curl of a second order tensor is given by
(V x T)(R,R) = (V x T)& — % (ag’? - ag?z) + %;
_OT(CR) 10T(ZR) T(Z) (526)
- 9Z R & TR
“~ > 1 /0T, oT
(VxT)R,Z)=(VxT)E =— ( Z ZZ)
27 R\ 07 ¢ (527)

AT, Z)  10T(Z,7)
- OR R &
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T 1 pag 1 (0T oT RT

(VX T)(R,Q) = £(V x T)ff = = ( T _ 8?) _ Bl
9T ¢ 19T(Z,¢) T(ZR) (528)
B oz N E 8C‘ B R

(V x T)(Z,R) = (V- T)% = % (aggg B aaT;zR) ) 7;;;
_ 10T(R,R) OT((,R) T(R,() (529)
"R 9o  OR R

B - v R (G - G
_19T(R,z) 9T, Z) (530)
“ R  OR
T 1 pns 1 (0Tr 0T, RTpp + L
_LOT(R.Q)  IT(Q) | T(RR)+T((Q) (531)
R X OR R

(V< T)(C.B) = AV T, = B (0% . 68T§R>
_9T(Z,R) OT(R,R) (532)
) Y/

(V x T)(¢, Z) = R(V - T)S, = R% (aaTéZ B 867’;2)
_0T(Z,Z) OT(R,Z) (533)
- OR  0Z
o pad oT oT T

534

_0T(z,() O0I(R. () T(Z)Q)
~ 0OR Y4 R
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12.3 (Physicists’) Spherical Coordinates
We use the right handed coordinates (r, 6, ¢). Here J = r?sin6.

12.3.1 Gradient

First the gradient of a scalar is found via

O 0f | of
Vf—ea+e89 6@

_ 0 10T, L OF, )
or r 00 rsinf Op
The gradient of a vector is given by
(9A 0A(r)
(VA)(r,r) = (VA),, ar =3 (536)
0Ag A\ _ 10[rA(0)] A(0)  O0A(0)
(VA)(r,0) = (VA)re = < 5 ) i =g, (537)
__1 _ L (04, A\ _ 1OrA(p)] - Alp) _ 0A(p)
(VA)(r ) = Tsine(VA)w ~ rsind ( or r ) Cr Or r Or (538)
1[04, A 1L0A(r)  A(9)
(VA)(0,r) = (VA) = ( ) e (539)
B 1 8149 10A(0) | Alr)
(VA)(6,0) = - ( Ar ) 1040) A (540)
1 0A, Ag,cosf
(VA)O,¢) = 5= (VA)gp = - < 50 g > )
1 OsinfA(p)]  Alp)cot
"~ rsinf 00 r
1 1 0A, A, 1 0A(r)  Alp)
(VA)(e,r) = rsiné’(VA>w ~ rsinf <% T) ~ rsinf Oy r (542)
1 1 04 1 0A(f) A(p)cotd
(VAP = g VA0 = g (T~ A 00) = g g ;o )
(VA)(p,9) = =——=5=(VA),, = ,12 8A¢,+A ,rsin @ + Agsind cosf
r2sin” 0 r2sin® 6 \ Oy (544)
1 0A(p) A(r)  A(f)cotd
= — +——+
rsinf Oy 7 sin 6 r
As a matrix where rows represent the first index and columns the second index
- DA(r) DA(0) 0A(y)
1 oa0S 1 (oA 1 osing AL
r sin %
r ( 26 A(e)) r ( a6 +A(r)) reind ( gy Alp)eos 6)
1 OA(r) , 1 0A(0) 1 0A(p)
rsin 6 ( Op Ali) sin 0) rsin 6 ( dp A(p) cost sin @ D + A(r) + A(0) cos 0

(545)
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12.3.2 Divergence

The divergence of a vector is given by
1 O(r*sinfAn) N 1 9(r’sinfA%) N 1 9(r*sinfA¥)
r2sin 6 or r2sin 6 00 r2sin 6 Op
1 O(r*A(r)) N 1 O[sinfA(0)] N 1 0A(p)
r2 Or rsin 6 00 rsinf Oy

The divergence of a second order tensor is given by

1 (8(\7T’“’") . o(JT) L o(JTer)

V-.A=

(546)

(V-T)(r) = (V- T) = - T> s 0T

r2sin 6 or 00 Oy
_ LT (r,r)] N 1 O[sindT(6,r)] N 1 9T (p,r) T(0,0)+T(p,9)
o2 or rsin 6 00 rsinf Oy r
(547)
(V- T)(0) = r(V - T)
r a<jTr9) a(jTGH) a(jTgoG) Tr@ + Tﬁr ]
— _ TP
Tang ( o + 20 + 90 +r . rsin @ cos 6
10[rT(r,0)] 1 O[sind7T(6,0)] 1 0T(p,0) T(r,0)+T0,r) cotlT(p,p)
== +— +— - -
r or rsin 6 00 rsinf  Jy r r
B i@[?ﬁT(r, 0)] N 1 J[sinf7(6,0)) N 1 90T(p,0) n T(0,r) N cot 0T (v, p)
o2 or rsin 6 00 rsinf Oy r r
(548)

(V- T)(g) = rsin6(V - T)?
: T 0 T s
_ rsinf (8(jT ) N ITT?) N 8(\7TW)> +rsing <T Y4 T7

+ cot [T + T*"ﬂ)

r2siné or 00 Op r
_ LolrT(rp)] | 10T(0,0) | L T(p.e)  T(no)+ T(e.r) | orpll0o0) + T(p,0)
r or r 00 rsinf Oy r r
_ 10 T(re)] 1 Osin®T(0.9)] 1 0T(pp)  T(pr) T(¢,0)
T2 or +rsin9 00 +Tsin9 Op + r ot r
(549)
12.3.3 Curl
The curl of a vector is given by
B .1 04, 0Ay
(Vx A)(r) = (VX A) = r2sin 6 ( 00 Oy ) (550)
1 OBinfA(p)] 1 JA(9)
rsin 6 00 rsinf Oy
(V x A)(0) = r(V x A) =r— g (%‘4” - ‘954@)
r?sin ® r (551)

1 0A(r) _la[rA(gp)]
~ rsinf dyp r or
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(VxA)p)=rsinf(V x A)¥ =

rsin 6 <8A9 8Ar)

~ r2sinf \ Or 06 (552)
_ 10[rA(9)]  10A(r)
o ar v 09
The curl of a second order tensor is given by
o o 1 (9T, 9T\ Tp,— T

(VxT)(rr) = (V< T, = 2 sin 0 < 35 E > * Tcgsin; 553

~ 1 OFsin0T(e,r)] 1 9T(0,r) N T(0,p) —T(p,0) (553)
rsin 6 00 rsinf Oy r
hag 1 = 1 dT g Ty cot 0Ty, + 1T,
(VXT)(T’G):;(VXT)'QZ7°3Sin9 ( 85 a 890) 7“3:in0 - £54
1 9sinfT(p,0)] 1 97(0.0) N cot0T(8,)+T(p,7) (554)
7 sin 6 00 rsinf Oy r
<> Ad .
(VxT)(r,p) = rsinﬁ(v x T),
1 oT,, 0Ty, cotO0T,, +r sin? 0 Ty, — sin 6 cos 0 Tyy

" r3sin?0 ( 90 B¢ ) a 3 sin? 0 (555)

1 9sin®0T(p, )] 1 0T (0,¢) cotf[T(p,0)+T(0,0)]+T(0,r)
rsin® 6 00  rsing Op B r
g g r oT,, 0T, T,

(VX T)(0,7) = (V- T, = 72 sin 0 < dp 8;‘0 ) a rr3sif10 556
1 OT(r,r)  10[rT(p,7)]  T(r,¢) (556)
©rsind Oy o or o
pus pad? 1 Ty 0T\  ~Tpp — cot 0T,

(VX T)(0,0)=(V-T)y= 5 ( 9 or ) i -

1 0T(r,0) 10[r*T(p,0)] T(p,0)—cotdT(r,p)
" rsind Op 2 or * r
o 1 o 1 (9T, 9T, 22 4 psin® O T, + sinf cos 0 Ty

(V< T)(0,0) = sinH(V . T)?w T 12?0 ( 39;J a 8?}) * 72 sin? f

1 IT(r,p)  100*T(p, )]  T(psp) +T(r,r) +T(r,0)

" rsind Op 2 or - r
(558)

< . < rsin@ [(0T1y. 07T, rsin@ T,

(V xT)(p,r)=rsinf(V-T)% = 2 sin ( o o0 ) r(r2sin 0) (550)
_1opT(0,r)]  10T(r,r) N T(r,0)

r or r 00 r .
< g sinf [ OT, oT, R of B

(V xT)(p,0) =sind(V-T)% = e ( 87?9 — 099> + sin H—TTQ e 560)

_ 10[p*T(0,0)]  10T(r,0) N T(0,60)—T(r,r)
72 or r 00 r
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o < 1 Ty, 0T, cot§T,, — Loe
(V x T)(p.p) = (V- T2, = ( ) i

r2sin@ \ Or 00 r2sinf (561)
1 0[r*T (0, ¢)] 1 9sind@T(r,9)]  cotOT(r,p)—T(0,p)
= - — +
r2 or rsinf 00 r
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12.4 Primitive Toroidal Coordinates

We use the right handed coordinates (r,0, (). Here J = rR = r(Ro + r cos ).

12.4.1 Gradient

First the gradient of a scalar is found via

00 0
o1t oo o
0 f 1075 10/, (562)
o Ty % Ea_gc
The gradient of a vector is given by
0A, 0A
(VA)(r,r) = (VA),, = ar = a£r> (563)
0Ay A o[rA(6 A(9) 0A(#
(VA)(r,0) = %WA)M (8—7? - 79) [TGT( I _ 5 ) _ af« ) (564)
0A; A 0 1 [RA A 0
(VA)(r,() = %(VA)rg = = ( - ) == | 87"(0] - (C)RCOS (565)
1 1 (0A, A 10A A(6
(VA)(O,1) = -(VA)y, = - ( B el (566)
(VA)(0,0) %(VA) (%";" + Arr) 13’3(9 ) 4 Aff) (567)
(VA)(0,¢) = TR<VA)€C 1 <88/2< Acr sin@)
. (568)
1 I[RA(Q)]  A(Q) smé’
rR 90 R
0A, A 0 1 0A A 0
(VA)((,r) = %(VA)@ = % < i C?S ) == aér) = (C);os (569)
(VA)(¢,0) = iRWA)w ! @f? ACTSM) - %agée) = A(Ci;m@ (570)
0A ApRsin 6
(VA)(GQ) = g VA)ge = R; ( S+ AuReosd - _n)
1 0A(C) |, A(r)cosf  A(f)sind (571)
TR R R
As a matrix where rows represent the first index and columns the second index
' 240 0 OARAG) ‘
8)7“ — A(C) cos 9)
1 aA 1 (0A(6 1 ,
. ( ) -\ o AW R (;— A(K) Sme)
1 ( 1(;1 — A(Q) cos@) % (%@ — A(Q) 51n9> <8A2C A(r)cos 0 + A(6) sin 6 |
(572)
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12.4.2 Divergence

The divergence of a vector is given by

V.A_ 1 O(rRA") 1 9(rRA%) 1 O(rRA¥)
T OR O or rR 00 "R Oy
1 9[PRA()] | 1 9[RA(D)] | 10A()

=R or rR 00 TR ac

(573)

The divergence of a second order tensor is given by

g <~ rr Or Cr
(V) = (v By = L (ATE AT AT

OlrRT (r,r)] N 1 9[RT(6,r)] N 10T(¢r) T(6,6) cosfT(CC)

1
rR or rR 00 R OC r R

(V-T)(0) = (V- T)

r (O(JT)  O(JT?) O(JT) " +T7T7 R .

R ( or + 90 + ac ) +T—T —l—?“; sin 0T (575)
1 O[RT(r,0)] L O[RT(6,0)] it aT(¢,0) N TO,r)+T(r,0) sinf

ar ‘R 00 R oC . 5 TG0
(V- T)(C) = R(V - T)¢

) —rT% — RcosO T
(574)

r¢ 0¢ 44 "¢ cr be <
R (8(jT ) AIT)  AIT ))+RCOSQ%_TR$H@%

" rR\ or 90 ¢
_ Lo T Q) 107(6,0)  1T(C.C) T+ TCr) (8.0 +T(¢,6)

r or r 00 R OC R R

(576)

12.4.3 Curl

The curl of a vector is given by

(577)

C10A(r)  19[RA(Q) (578)

"R & R or
(VxA)(c)zR(vXA><:£(%_M)

(579)
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The curl of a second order tensor is given by

(V x T)(r,r) = (V x T, =

1 (8TCT 8T9r> n COSGT@C _ ng

rR\ 90 O rRR 1R (580)
_LARTGN)  LOT(0.r) | cosIT(O0,0) _ T(C.0)
rR ol R OC R r
hag B 1 = . 1 8TC9 B 0T Tgrr B ng?‘ sin
(V X T)(T, 9) - T(V X T)-H - r2R ( o0 aC ) 2R Rr2R (581)
_LARTGO)  19T(0.0) | T(Gr) _ T(0.Q)sin0
- rR 06 R O R R
> 1 <+
(V x T)(r,0) = (¥ x T
1 8T¢< _ aTgc T“T sin 6 TQQR sin 6 . TQTR cos
By ( 20 o > TR T TR By (582)
1 O[R*T(¢, Q)] B laT(G,C) n sin0[T(¢,¢)sinf +T(0,0)] —T(0,r)cosb
CrR2 00 R 0C R
> B e T aTr,,_@Tgr _TTCCOSQ
(VxT)0,r)=r(V-T), = T ( ac 7 R -
_10T(r,r)  10[RT(¢,r)]  T(r,()cosb
R OC R Or R
pRg o . pEaH 1 0T,y 8TC9 TC@ TrCT sin 6
(VxT)(0,0)=(V-T),= ( ac o + = + R s
AoTe) 1 arRTG O], T(.6) Tl Q)sind
R OC rR or r R
© r © r oT, oT, Teecos  T..Rcosf T,pRsin6
P _ vy r¢ Ol 45 rr T
(VD0 =5V-Tc=zp ( o o )T TRR TR Ry
_10T0:0) 1 ARTC Q] (TG0 + Tl )] cost — T(r,6)sin
"R A R or R
(585)
(v x B)(¢.r) = BV -y = 2L (T O T
rR\ Or ol (586)
LT 107(r) | T(0)
oy or r 00 r
pR - R 2 R Ty B T, B T.,.r The
(V X T)(Cve) - 7(V . T)-Q - rrR ( or o0 > r2 TTQ (587)
B i(‘?[ﬁT(Q, 0)] 19T(r,0) T(r,r)+1T(6,0)
S o2 or r 00 r
g 1 o7, oT, ToecosO + T,..rsinf
(VX T)(¢Q) = (V- T), = T :
or 00 rRR (588)

_ 1 OlrRT(6,Q)] _ Lé‘[ T(r,¢)]  T(0,¢) cosd + T(r,()sind

rR or rR 00 R
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